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TYPE CLASSIFICATION OF VON NEUMANN ALGEBRAS
IN THE FRAMEWORK OF TOMITA-TAKESAKI THEORY
AND ARVESON’S SPECTRAL THEORY

LIANG SEN wU

The theory of traces has occupied a central place in the classical theory of
von Neumann algebras, and it still plays a vital role in the modern theory of von
Neumann algebras. On the other hand, the advent of Tomita-Takesaki theory
changed the scope of the theory of von Neumann algebras significantly. Curiously
however, Tomita-Takesaki theory was not used in the type classification of von Neu-
mann algebras, despite its success in the structure analysis of type IIT von Neumann
algebras. Thus, currently one must develop the projection lattice analysis for the
type classification and prove the existence of a semi-finite normal trace on a semi-
-finite von Necumann algebra. Furthermore the existence proof of a trace is non-
-constructive,

The aim of the paper is to point out that the type classification of von Neu-
mann algebras is entirely possible within the frame of Tomita-Takeski theory with
help from Arveson’s spectral theory of one paramcter automorphism groups. At
this point, one should note that Tomita-Takesaki thcory can be developed from
the double commutation theorem of J. von Neumann and Kaplansky's density
theorem together with the standard theory of closed unbounded operators.

The existence of a faithful semi-finitc normal trace is characterized by the
global innerness of the modular automorphism group and the construction of a
trace is explicitly given by Pedersen-Tzkesaki [4]. Therefore, the only missing link
between Tomita-Takesaki theory and the theory of traces is the implication of the
type ! property in the sense of the projection lattice from the global outerness of
the modular automorphism groups.

DezriNnrioN 1. 1) We say that a von Neumann algebra 2t is semi-finite if
the modular automorphism group {6?} of a faithful semi-finite normal weight ¢
on M is implemented by a strongly ccntinuous one parameter unitary group {u(s)}
in M.
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i) We say that a von Neumann algebra I is purely infinite if it has no
non-trivial semi-finite reduced algebras.

Note that the above semi-finiteness does not depend on the choicz of ¢ by
the Connes’ cocycle Racon-Nikodym theorem, which is free from the thcory of
trace.

We now present our main results.

THECREM 1. i) Every von Neumann algebra M is a direct sum of a sewi-finite
von Neumann algebra and a purely infinite von Neumann algebra.
1y If M is purely infinite, then there is no non-zero finite projection iin WN.

Assertion 1) is known Decause it simply asserts that a fixing one paramster
automorphism group spiits into the direct sum of the inner part and the proparly
outer part, [3]. But we present a proof for completeness.

Proof. i) Represent 9t on a Hilbert space $. For 2 non-zero ¢ € Proi(IN),
suposse M, is semi-finitc. Then chooss a faithful scmi-finite normal weight o on
M. and ¥ on ..., where z is the central support of e. Let p- . ¢ + & on M,
Then o(e) - ¢ and of [, = ¢?. We claim that {67} is inner on M.. L2t {ie))

be a onc parameter unitary group in IR, such that of =: Ad{u(z)), t ¢ R. Since =
is the central support of e, we know that [MeH] -« 29. Definc
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Here each V(z) is an iscmetry from Me$H onto MeH, so that it can te extended to a
unitary on z$, which we denote by ¥'(¢) again. The one parameter group property of

V(t) and the continuity property of V(z) follow now easily. It is straightforward
to see that V(r) € ..

For every a e M, , we have

Vit)a y xeé;, = Z of(axu(t)e¢; =
i1

= of(a) 3] ot(x)ulet, = F@V(D) S xie;.
=1 i1

Thus, of = Ad(V(?)), t € R. Therefore 9, is semi-finite.

Let {z;} be a maximal family of orthogonal central projections in MM such
that M, is semi-finite. Then with z = ¥ z;, M, is semi-finite. By the maximality of
{z;} and the above arguments, M,__ is purely infinite. Q.E.D.

Fora> 0, let E=y be the characteristic function over [a, +00).
[a, -+ 00)

For each x €M, let x = uh = ku be the polar decomposition and set w,(x) ==
= uE,(h). We then have

v (x%) = WE,(K) = E(hu* = (uE(h)* = ()",
so that
u (x*) = u,(x)*, a> 0.

LiMMA L. For every £ € 9, we have
o0
Ixel = \ Ju, ()17 da
0

o0

Proof. We simply compute, with spectral decomposition |x| = S)L de(%)
0

2 dl|e(Ael? =

%[} = (x*x& [ &) =

oL §

= {2 ateamere = — {aaiz e =

= {1yt vetiga = s <l do = e einaa

Q.E.D.
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To prove the absence of a finite non-zero projection in purely infinite von
Neumann algebra 9, it suffices to prove that cvery o-finite projection is infinite in
the sense of the projection lattice. Thus, we may assume that 9 is o-finite purely
infinite von Neumann algebra.

Let ¢ be a faithful normal state.

LemMA 2. For cvery ¢ >0 and a non-zero e € Proj(M) there exists
J € Proj(MM) such that

ex2f, fSe—f
o(f) =z (1 — e)g(e).

Proof. Let p € Proj(M), p # 0. Then Arveson’s spectral theory shows that

the modular operator 4, for the restriction ¢, of ¢ on M, must be unbounded.
I
co

Let 2 > 1, and Aop = S).dlE(/’.) be the spectral decomposition.

9

If xiup € [I — E(x)] $, then we have

" o 3

w1 1/2 . .
xR, 12 = 4,0, B = \ AAIEQ)xE, |? =

D' §

oo (=]
- S I EGY*E, P > S AVEGYxE, | = 2jxE, .
o -3
Hence we get f]x*g"opflz > ex[fxé,ppl!? By Lemma 1, we have

S (9%, [P da > o S Ju, (0%, | da
0 0

Thus we must have

| 4 2 £ 2
luy 2()*Eo I* 2 atllir () 117 > 0
for some a > 0. This means that, with ¥ = uV-(x) € M,, we have

ouu®) = op(u™u).
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Therefore, we conclude that for any « > 1 and p € Proj(M), p # 0, there exists a
pair ¢, r of non-zero projections in 9, such that ¢ ~ » and ¢(q) > agp(r). By the
usual exhaustion argument, we get projections s, ¢ in 9, such that s ~ ¢, svt=¢
and ¢(t) = ap(s). Let f = e — 5. Then we have

f=svt—s~t—sAt<t~s

so that f < s =e —f But

o(f)

o(e) — p(s) > ple) — —1 o) > ( - %) 9(0).

. 1
Therefore, with & = -, we conclude that
£

fse—f and o(f) = (1 — e)ple)
Q.E.D.
Proof of Theorem 1 (ii). Fix 0 < ¢ < 1, and choose a projection ¢(0) in M such
that @(e(0)) > 1 — & and e(0) < 1 — e(0). Let e(1) < I — e(0) be a projection such
that e(0) ~ e(l). Choose a partial isometry u(1) such that w(1)*u(1) = ¢(0) and
u(Lyu(ly* = e(1). Set u(0) = e(0). By induction, we choose a system

{u(s), e(s):s = (s, ..., 5,) € {0,1}"}

of partial isometries and projections such that
a) @(e(0,)) Z (1 — &Me(e(0,-1));
b) e(s) L e(t), s # t;
€) e((Sy, oy s Sp_1)) Z €(S1, . oeySu1, O) A+ e(sy s .nnySym1, 1);
d) ulsy, 55, .0y Sue1, 0) = ulsy, ..., 5,-1)€(0,), u(Sy, Soy .oy Sy_q, 1) =
= u(sy, .- S-1)u(0,-4, 1);
e) u(s)*u(s) = e(0,), u(s)u(s)* = e(s).

Lemma 2 guarantees the induction steps. The projection {e(0,) : n € N} is decreas-
ing and ¢(e(0,)) > JJ (1 — ). Hence we have ¢(0x) = lim ¢(0,) € Proj(M) and
k=1 n-oo

e(0x) # 0.
For every s = (s,) € {0, 1} such that 5, = 0 for k > n, we set

e(s) = u(sy, ..., s,)e0uls,, ..., s,)*

Then {e(s)} is an orthogonal family of mutually equivalent projections. Therefore,
the identity can not be a finite projection.
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Since the above is true for every reduced algebra of M, M has no finite non-
-Zero projection, Q.E.D.

If {07} is inner, there exists a faithful semi-finite normal trace T on M, which
1s explicitly constructed from ¢ in [4].

DeriniTioN. The von Neumann algebra I is properly 1-infinite if z(z) =
= +oo for every non-zero z € Proj("M n IN').

THrOREM 2. If 9% is properly t-infinite, then M is properly infinite in the sense
of projection lattice.

Proof. Without less of generality, we can suppose that M is o-finite. Because
of semi-finiteness of M, there exists e € Proj("™M) such that 7(e) < +oo, z(e) = I.

We choose {e;};cs as the maximal family of disjoint mutually equivalent
projections of Proj(M) such that e ~ e;.

Suppose M were not properly-infinite in the sense of projection lattice. Then J
is a finite set, say J = {1.2, ..., n}, otherwise, I will be properly infinite. Let f =

n
+= Y, ¢;. By the maximality of {e;};es
i1

e I—{f
By comparability theorem, there exists p€ 3, p # O,

ep 2 (I—f)p

p="Y ep+I—1p,
j 1

n

w(p) = Y, wle;p) + (T —f)p) <

j
< nt(e) + t(e) < + oo,

which contradicts properly t-infiniteness of 9R. Q.E.D.
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