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SUFFICIENT CONDITIONS FOR MEMBERSHIP
IN THE CLASSES A AND Ay,

BEBE PRUNARU

INTRODUCTION

Let # be a separable, infinite dimensional, complex Hilbert space and let
L(#) denote the algebra of all bounded linear operators on .

This paper deals with some recent aspects of the theory of ultraweakly closed
suba]gebrasi of £(o#) (dual algebras). We shall give some new criteria for member-
ship in the classes A and ANO ,appearing in t_he theory of dual algg:bras. These classes
of operators, as well as the classes A,, n > 1, were introduced in [2] and studied in
an extensive literature ; the paper [3] is a standard reference for the situation until
1985. The class A(##) is related to the invariant subspace problem for those contrac-
tions T in Z(H#) for which o(T) o T.

In [2] it was conjectured that A=A, and there is a hope that this conjecture
is true. Thus it is important to find criteria for membership in the class A(5#).

On the other hand, operators in the class A‘\.0 have some remarkable proper-
ties (for example, they are reflexive and have a rich invariant subspace lattice
(see [3])). Various criteria for membership in the class A.\‘o were established,

but few criteria that an absolutely continuous contraction belongs to A(#) are
known,

The content of the paper is the following.

In the first section we recall some notations and basic definitions from the
theory of dual algebras.

In the second section a certain growth condition on the resolvent of a con-
traction is reviewed and it is shown that this condition ensures the membership
in the class A(s#). This result improves similar ones obtained in [1] and [5].

In the last section, a new criterium that a dual algebra has property (Aso) is
given. As a corollary, we obtain an improvement of [3, Lemma 7.6].
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1. PRELIMINARIES

In this section we shall recall some definitions from the theory of dual algebras.

Let C,(5#) denote the Banach space of trace-class operators on 5 equipped
with the trace-norm || ;. Then Z(2#) is identified with the dual space of C,(.#),
via the bilinear map

(T, LY == t(TL), Te L(#), Le C(¥).

A weak®-closed subalgebra of Z(#) that contains 1, is called a dual algebra.
If o7 < #(#) is a dual algebra, then &/ is identified with the dual space of the

Banach space Q., === Cy(s#)/*sZ, via the bilinear map
{T,[L)) = te(TL), Te <, [L[]JeQ,.
If x and y are vectors from 4, then x®y denotes the rank-one¢ operator
(x@) @) =(z )y zeHA.

Suppose that & < L(#°) is a dual algebra and # is a cardinal number satis-
fying 1 < n < N,. Then &7 is said to have property (A,) if for every system {[L;]:
0 < i, j < n} of elements from Q. there exist vectors {x;, };: 0 <i,j <n} in
S¥ such that

(L] = [®y), O0<ij<a

Let D={zeC;z <1} and T =¢D. A subsct S < D is said to be domi-
nating (for T) if almost every point of T is a nontangential limit of a sequence of
points from S.

As usual, we denote by H® the Banach algebra of all bounded analytic func-
tions on D.

For an absolutely continuous contraction 7" in Z(#), the dual algebra gener-
ated by T in Z(3¢) will be denoted by 7, and the predual of &/ will be denoted
by Or.

The class A(5) consists of all absolutely continuous contractions in Z(#)
for which the Sz.-Nagy-—Foias functional calculus @, is an isometry. For such T,
@ is a weak™ homeomorphism between H*® and £/, and for every i€ D, there
exists a unique element [C;] in Qy such that

(@), [C;]> =f(?) V¥ feH™

If » is a cardinal number satisfying 1 < n < N, then A, denotes the class of all
T € A for which &/, has property (A,).
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2. THE CLASS A(#)

If T is a contraction in #(#') and 0 < 0 < |, then we put
. 1
L(T)y=(MDna(TH u {). e D\o(T): 0T — A > ,_,__}_

These sets were introduced in [1], where it was shown that if T is completely
nonunitary and if all these sets are dominating for T, then T € A.

More recently, it was shown in [5] that if there exists some 0, satisfying 0 < 0 <
< 1/2, such that {,(T) is dominating for T, then 7 € A. Our improvement of these
results is the following:

THEOREM 2.1. Suppose T is an absolutely continuous contraction in F(3)

such that for some 0 satisfying 0 < 0 < 1, the set {(T) is dominating for T. Then
TeA.

Proof. Fix a nonconstant f in H® such that |[fll,, = 1 and take a sequence
(A2 = Lo(T) such that Iim |f(2,)] = [|flle = 1.

If 2, € o(T)n D for all n = 1, then one knows from [6] that f(2,) € o(f(T)) for
all n 21, hence | =1lim|f(A,)] < AT < |lfli == 1. Thus we may suppose,

n—-oo

by taking a subsequence, that 1,e {(T)\o(T) and f(2,) €D\ o(f(T)), for
all n > 1.

It follows from the invariant form of Schwartz’s lemma ([7], Chapter I) that
we have

JO—fC) | N 2=2

< |

1~f(/1..)f(2)l {1 =T,z

for all » > 1 and z € D. Hence there exist functions i, € H®, |jh,lle < 1, such
that

]_”(_z_)_;__[(,_") = h,(2) iz .;'_"~ , zeD,n>=1
1 _f(/ln)f‘(z) 1 — ).”Z

Since the functional calculus is a norm-decreasing algebra homomorphism, it fol-
lows easily that

(AT) — fAN M — fONTIDhAT) = (T — )" — 4,T).
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By a short calculation (see [9], p. 263), we obtain

0 < (T — 27— 4D < (T = 2) U = 4,T); <

< AT — fON M — fOIMDN <
< U+ 201 — [fCI (AT — £ 1]
hence

1—0
2001 — 1fG))

for all n > 1.

LUAT) — O >

Thus o(f(T)HNT # O and the proof is complete.

RemaRrk. The proof works equally if we replace £(o#) by an arbitrary unital
Banach algebra 4 and f— f(T) by a norm contractive unital homomorphism
@: H® = % with the property that for some 0 < 0 < 1, the set:

Lo(e) =D na(x) Y {/‘- eDNo(x): 0 (v — )7 > ) ]i'll}
— |4

is dominating for T. (Here x = ¢(z).)

Now suppose that 7" is a given completely non-unitary contraction in & (),
write Dy« : ([ -- T*TY?, D_s == (I — TT*)"*® and define the subspaces &, and
o of S to be the closures of the ranges of Dy and D« respectively.

The analytic function @1 defined on D by

Or(2) = (—T + AD(I — i TH)'Dp) |21, %€D

satisfies [|@rll, < 1 (cf. [9], p. 238) and the contractive analytic function {Zy, & =,

O} is called the characteristic function of 7.

THEOREM 2.2. Suppose T is a completely ron-unitary contraction in L(H#') and
{91, Dps, Or} is its characteristic function. If there exists 0, satisfying 0 < 0 <1,

such that the following set
L(T) = (D n o(T)) U {2€DN\o(T) ;0001 > 1}

is dominating for T, then T € A.
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Proof. 1t follows from ([9], p. 259) that 2 € D\o(7) if and only if On(2)
is boundedly invertible, hence the definition of the set {y(T) is consistent. Now,
if 2 € ¢{(T)\o(T) then we have (cf. [9], p. 263):

102(A) M = (T — H)~I — AT)|

and the proof goes like in the above theorem.

This last result offers a methed to construct various examples of contractions
in A, by using the functicral mcdel asscciated with a given contractive analytic
function.

3. SUFFICIENT CONDITIONS FOR MEMBERSHIP IN A‘\.
0

In this section we shall give a new sufficient condition that a given dual algebra
-/ have property (A.\‘O)'

The main result is the following:

THEOREM 3. Supfose o < LK) is a dual algebra and that there exlst
sequences {x,} ('nd (v, 2., in the unit tall of H such that

o) sup | (Tx,, y)I = ||T)l, Te&, NeN,
n>N
and

1
ﬁ) “[Xn®xm]“9 ll[.)’n@.ym]!L H[Xn®ym]” < _2"_‘_;" s n,me N’ n # m.
Suprose also that {[L, j]},-, i»1 15 a given doubly indexed family of elements of Q.
and € > 0. Then there exist sequences {u;}°, and {v;}., from H satisfying

<T, [Lu]> = <T7 [ui®vj]>’ Te As 1 < i’ .] < ©0.

[>2]

1If, moreover, Z ML 1IP2 < o0, j 21, and Y L;;]M? < o0, i = 1, then the above
=1

sequernices {ui} .1 and {v;}3°., can be chosen to satisfy

j=1

lall < (5 LA™ +s), 1<i<oo
ard -

I < (B 1EEpe+e), 1<) <o

In particular, sZ has property (Ay)
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Before proving this theorem, we need two lemmas that are similar with (i8],
Lemmas 3.9 and 3.10). If ¥ < #, we denote by span(¥#) the set of all finiic Lncar
combinations of clements from &.

Lemya 3.2, Suppose &/ < L(H) is a dual algebra with propertics ) end
B). Let N>0 arnd suppose w;€spani{x,; n 21}, vyespaniy,; nz 1, ad
fe7 o
Wiihicijor © Qo

Assume that
M@l — Ll <e;, 1<i,j<$ N

Let V <y, jo < Nand iei 0 <6 < &gy - Then there exist u] € span{y,;n>1;
0

and 0 €spaniy,: n = 1} such that
0

Ay &)L ;10 <9,

070

B) ,:[M;@l". ] o [[‘," ]'. < 8,“ f‘l)i' each ia
JO j“ jo

Q) (v ®ul--[L, A<, ;  for each j,
) [

D) "l —u t<e

3
O]
~
T~
'
~
[

< £, ;
Iy 0 0

Proof. Let [K]=[L]--{u, ®t;] Set d = {K}.
0 0

0

We may assume that ¢ > O since otherwise we can simply take u] =, and
0 it

g . .
0<p< min (-‘ oo — Ll — [m@fﬂl‘)-

1<i, iaN \ 4

It follows from property ) of &7, that we may may choose m € Z* large czougl
such that

n . . p
P <2 and max ([x,&ul. w®r])< )
1(:’,j<N 2’1"‘!11

for all » > m.
Since <7 has also property «), it follows from ({3], Propesition 1.21) that the

closed akbcolutcly convex hull of the set {[x,&,]: # > m} equals the closed unit

- n

ke
ballin @, . We may therefore choose k€ Z*,%,, ..., €C such that } 'z, < 1
i1
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and

“1' 'K} y L ]1 0

ar -3Y Ll Xy i®ym i < e
iél * ¥ ! 4([

k
Choose 74, ...,7.,€ C such that y} =o,d, 1 i< k. Set s = Y, ViXu+; and
i:1

k
2 =Y ¥i¥m+;- We claim that we may take
s

s r —_
ul.n = ui0 + s and vjo = vju + ¢
First, observe that
k \
I, +8)—u, IF= 3 [ vivms: | <
o ¢ i1 A|

k

< z h}ilg + Z lyxyjl I(xm+is xm+j)l< d + ,0 < 8,'01‘0
i1 i,j=1
i#j

and likewise [(v, + ) —v. |2 <e, . .
10 '/0 IOJO

Next, we show that we may satisfy condition A. We have:
i, + 9@, + 01 —(L, 1 <
o 0 0’8

<l ®2,1 = [L, 1+ 5@l + s@0, 1] + v, @]l <

<

3 k
[ VeXn i ® Y] ’v‘,-y.,,+,.] — K] N + [ls®0, ) + I, ®71l <

feel jeu1

N

& k
2 ’yl?[xm+i®ym+i] - [K]” * z I‘y‘yj‘ [![x"'+i ® .ym+j]” +

1=1 ij-1
i%j

k S )
Z 17l H[”io®ym+i]” < ‘?4‘ +3p <o.

i=1

k
+ 21 I‘))l‘ [l[xm+i®yj0]H +

Finally, note that

I, + @0 — L, Il <l @) — [L, Il +

B .
+ 2}1 il %,+:@0]ll < sl.oj for each j
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and similarly
|][ui®(vj + )] — [L,.J. i < & for each /.
o 0 [

The proof is complete.

By N? successive applications of the preceding lemma we immediately obtain
the following result:

LeMMA 3.3. Let o < P(#) be a dual algebra which satisfies the hypothesis
of Theorem 4.1.

Let N > 0,u; € span{s,;n > 1}, v; € span{y, 1a = 1} and {(L;}}; <i, jen< Q-
Assume that

Hw®v] — Ll <e; 1<i,j<N

and let 0 < 6;; < ¢g;; for 1 <i,j< N.
Then there exist u; € span{x,; n > 1} and v} € span{y,; n > 1} such that

A) [[ui®v;] — [Lyj]l < 8;; for all i, j,
N
B) fiui — up| < Y, (e, for all i,
Jj 1
) N
C)uti — il < E (e:;)2  for all j.

Proof of Theorem 3.1. First, we suppose that {[L;]} < Q., i,j > 1 satisfy

¥ L < o for all j > 1
i1

and

(>
¥ L2 <oco  for all i > 1.
j=1

Set u® = ¢ =0 forall i,j > 1.
We choose by induction sequences {u{¥}° gand {v{9}2, (i,j = 1) in #, such
that

1

) E@d) — Iyl < sy

1<i,j<k,
b) U =" =0 fori>k and j >k,

¢) fuf® — ufE DI < WLI® + % for 1 <i<k,
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k 1
d) il — w0l < 3 HLGIY + e

=1

1
&) I — oI < ML + = for 1 <j <k,

« 1
£) Mok — o2l < 3 MLl + -

izl

Suppose for the moment that these sequences {#¥} and {+{V} (i,j = 1)
have been constructed to satisfy the above inequalities.
Let ¢ = 1. Then:

oo i-1
Y, I — uf Dl = 3 — ufD) -+ D — w0 +
k=1 k=1

o i 1
£ N WO <0k LA+
kit 2

+ % ( Ll + --) ¥ I+
kST 2k 2
It follows that the sequence {u{*}, is norm convergent to some u; € 5,

with

il < 35 WL + -

1

Similarly, for each j, the sequence {v{®}£., converges in norm to some v; € #

o0
and lv;[| < Y, [I[L;]I* + 1/2/72. Finally, from a) we deduce that
fc

[, ® v] =[L;] i,j> 1.

Thus, to complete the proof in this case, it suffices to construct, by induction, the
sequences {6}, and {v\O}2,.

Letn > 0. Suppose that {«{?, ..., u{™} and {v{¥ ..., v{"} have been constructed
for every i,j = 1 to satisfy a) — f) for the appropriate values of k, and the further
induction hypothesis that each «{*) for 0 < k < nandi > 1 belongs to span{x,:n>1}
(i.e., is some finite linear combination of vectors in the sequence {x,}) and similarly
for the v(® relative to the sequence {y,}. By Lemma 3.3 (with N = n + 1), there
exist u("*D e span{x,,k > 1} and vy*Pespan{y, k =21} A <ij<n+1),
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such that

: - 1
;[ZIQHD @ l.(_n-i-l)] . [L, _]1‘ < . —— y
‘ ’ T 4 122

. nol 1
I.Ui("ﬂ) 1,}0)“ < 2.1 |.[“}") ® 1:}”)] . [Lij]ullz +
A 21+2
G 2 R A @ / !
hp(r+1) )y N Amy C 2 .
liLJ l_[ [N < ,'21 .A[“l ® l’J ] [Lu]” + 2,]+2 .
Letl < /i<n+ [. Thenwhave:
o1
[+ g g "2 T @ o) - [L)E + _1.... <
L ¢ I‘\'l‘ J J AR 2n+2\
J

LR | ‘ 1 . 1
- . (v T gL, L N
s,—é'l i + L+ prs S NIL; eadlM2 + .
and similarly
-ogn o 2 1 .
Y < L M for < <a s L

Since u{, = ¢, = 0, we obtain

a1l 1

;:“5;" 11) - ugn;blf: < Z El[ul{rl—l,)l U}")] - [Ln+1,_i]“1/2 + _.n o <
~ 42
n--1 ) “1/e 1
< 2 z.[Ln-i-l,j]‘:- “+ '271_'34
j=1
and
(ns ) nil . 1
o — oiil < z [L: e ad M2 + '2"”':-
il

Now, set u{") = p{"*D == 0 for all 7,j>n + 1. Thus we have construcied

by induction the required sequences.
If {[L;]};j>1 © Q.r do not satisfy the above conditions, we can proceed

like in the proof of ([8], Theorem 3.14) and the proof is complete.
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CoroLLARY 4.4, Suppose T € A, and that there exist sequences {x,}3., and

a3 in the unit ball of # such that

and

8]

5]

«) Sup |((T)%, 3] = fleos f€ H, NeN
B 105 @ %l 104 @ Yol 15, ® 3l <

Jor all n,me N, n # m.

Then T e A_\.o .

Proof. Just apply Theorem 3.1, with & — /.

RiMmark. Corollary 3.4 generalizes a similar result obtained in [3], Lemma 7.6.
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