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UNITARY EXTENSIONS AND POLAR
DECOMPOSITIONS IN A C*-ALGEBRA

GERT K. PEDERSEN

INTRODUCTION

If T is a bounded operator on some Hilbert space 2, it has a polar decom-
position 7=V|T| in B(s#). The partial isometry V relates the operators |T| (=(T*T)"?)
and |T%| (= (TT**=V|T|V*), and in particular it implements the Murray-von
Neumann equivalence between the spectral projections E(A) and F(A) for |T] and
{71, respectively, corresponding to any Borel set A in R, not containing zero.
For the set {0} the operator ¥ gives no information, and we have to use other
means, such as the index of T, to relate the kernels of T and T*.

If now A is taken to be an interval [0, J], then clearly the spectral projections
E(A) and F(A) will have a greater chance of becoming equivalent, the greater o is.
Indeed, £(A) = F(A) = [ if 6 = || T}. It was shown by Olsen in [4, Section 3] that
if T is an element in a von Neumann algebra 9 of operators on 2, then the
infimum of numbers & such that

() E([0, o)) ~ ([0, 3]

(equivalence in 2A) is precisely the distance from T to the group GL(2) of invertible
elements in UA. Equivalently, dist(7, GL()) is the infimum of numbers é for which
the partial isometry VE(]S, || T|j]) has a unitary extension in o, i.e.

(#%) UEQ, | TID = VEQo, | TiD,

for some unitary U in U. To see that the first condition implies the seemingly
stronger second condition, note that if E([0, 6]) and F([0, d]) are equivalent by a
partial isometry W in 9, then

U= W+ VEQ,|iTi])

will be a unitary in 9 satisfying (x+).
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The object of this note is to establish Olsen’s result in a C*-algebraic setting.
This statement requires careful explanation; because if T is an element of a
C+-algebra A of operators on #, we do not, in general, expect either the partial
isometry V' from its polar decomposition, or the spectral projections from T
and |{T*| to belong to . To be precise we shall therefore say that a partial isometry
Vo in B(s#) has a unitary extension in U, if

Vo = UViV, (= V,¥3U)

for some unitary U in 2. In this strong form the second condition, above, makes
sense; and we propose to show that dist(7, GL(U)) is precisely the infimum of
&’s for which (+#) is satisfied.

The key to our proof is an ingenious result by Reérdam, reproduced here
for the reader’s convenience as Lemma 1. Rordam uses it in [7] to complete the
theory of convex combinations of unitary operators, started in [3] and developed
with special emphasis on von Neumann algebras in [5]. He shows that the formulas
and results from [5] can be carried over to any C*#-algebra. The only modifications
arise from the fact that in von Neumann algebras one has the miraculous appearance
of unitary approximations, established by Olsen in [4]. Thus some formulas, which
in a von Neumann algebra are stated with 2 “<”’, will in a C¥-algebra only be
valid with a “<”,

NOTATION

Let T be an clement in a unital C*¥-algebra U of operators on some Hilbert
space #. We have the polar decomposition T' = V|7, where |T| = (T*T)** ¢ A
and Ve A”. In general, V¢ A, but we know that Vf({T\)e A for every f in
C(sp(IT)) with f(0) = 0 (cf. [1, Lemma 2.1]). Let E(2) and F(}) denote the spectral
measures for [T and 7%, respectively, and for notational convenience put

Ey = EQL AT, F = FQ4L LT

Note that VE, = F,V for every A > 0 and, more generally, Vf(T)) = f(T*)V
for every Borel function f on R.
For fixed numbers § and y, 0 < y < 8, we shall need the continuous func-

tions fand g on R, given by
0 0ty

fO=q¢—nB—~n7, y<t<B; gm:{
1 B<t
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RESULTS
LemMma 1. (Rerdam). If A € GL(W) with ||T— Al <y, then the element
B =g (|T*NA* (1 — (T + VAIT]

belongs to GL(W) and satisfies BE; = VE;.

Proof. Clearly B e ¥, and since f(t) = 1 for t > B it follows that BE, = VE,.
To show that B is invertible, consider the element

C =f(IT}) — A*Vg(ITDAIT).
Noting that f(|T]) = |T|V*Vg(IT1)f(|T}), we see that
C = (TWW* — A*)Ve(ITHAITY) = (T* — A¥W(1g)(T)).

Consequently

NN < 1T* — A*)| Ifglleo < | T — Ally ™ < 1.
It follows that I — C e GL(2). Finally,

A*g(|IT*)B =1 — f(T)) + A*g(IT*) VAIT|) =

=I—f(IT) + A*V(f2) (T) =I—C;

which proves that B, being a quotient of invertible elements, is itself invertible.
LemMA 2. If BEy = VE; for some B in GL(), then FyB*~* = F,V (= VE;).
Proof. We have E; = B-VE,, whence
B-1Fy = B IFVV* = B-WE,V* = E V™.
Thus FyB*~) = VE; = FyV.

LEmMMA 3. If B > y > dist(T, GL(A)), and if A € GL(U) with [T — A} < y;
then with B as in Lemma 1 and with h(t) = (t — B)v 0 we have for every ¢ > ¢
that

Ay = B(h + &)({T})) e GL(20),

and |T — Aol < B + € Bl
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Proof. Since Be GL() and /1 > 0 it follows that A4, € GL(). Morcover,
as h(iT) = Egh(iT)), we have
T Ay =V'T\— Bi(T)) — Be =
=VTI —Vh(T)—eB=V(T —hT)) — B,
whence [T - A, < B + &8
Levva 4. For every & > dist(T, GL(H)) there is an element B, in GL()

such that
ByE, = F3B, = F;V = VE;.

Proof. Choose f# and v with dist(T, GL(2)) < B < y < 0. Then take A, as
in Lemma 3 for an appropriate choice of 4 in GL(A) and &£ > 0, such that
T -+ Ay < d. Now use Lemma 1 with 4, in place of 4, and with some new func-
tions f, and g, arising from numbers f, and y,, such that || T — A, < y, < f, < 6.
Call the resulting element By. Thus B, € GL(2), and B,£; = VE, since ¢ > f,.
From the formulas in Lemma 1 and Lemma 3 it follows that

By - VA(T) = gy '(T*)AG (1 = fo)(T) =
=gy (T*)B*~Yh + &) }(TH (1 — fo).T)).
Tnvoking Lemma 2 this implies that
F;By — F;V = Fy(By — Vfiy(IT}) =
=gy '(T#)FB*~(h + &) (T (1 — fo)(T) =
= g '(T*DFV(h + &) 1CTIL — )T =
= V(go(h + &) "'(THE1 — fo)iTi) = 0,

since fo(1) = 1 for ¢+ = o. This completes the proof.

THEOREM 5. If T € W there is for every o > dist(T, GL() a unitary U in A
such that UE; = VE;,.

Proof. Take B, as in Lemma 4, and let B; = U;B,, be its polar decompo-
sition. Then U is unitary in 2, and since

BiByE, = B{VE, = BYF,V =

= (FB)*V = (FsV)*V = VF,V = E,
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it follows that |By|E; = (BfB,)/*E; = Ej5; whence

UE; = U|BoIE5 = BE; = VE;,
as desired.

COROLLARY 6. For every T in W, dist(T, GL()) is the infimum of numbers &
for which the partial isometry VE; has a unitary extension in .

Proof. From the theorem we see that it suffices to show that if VE, = UE;
for some unitary U in 2, then § = dist(T, GL(N)). But with ity =¢ -6 v 0
and ¢ > 0 we see as in Lemma 3 that 4, = U(/ + &) ({T]) belongs to GL{A) and
that T — Ayli £ § + ¢. As ¢ is arbitrary, the conclusion follows.

CoROLLARY 7. For each T in U, the spectral projections for |T| and \T*,
corresponding to the interval |0,38)], are unitarily equivalent in W, whenever
o > dist(T, GLQI)).

® CoroLLARY 8. If T € A with polar decomposition T = V|T), then the element
Vh('T)) admits a unitary polar decomposition in N whenever h € C(R) and h(t) =0
for all 1 < 6 for some & > dist(T, GL()).

PROPOSITION 9. If T'e W with polar decomposiiion T = V|T|, and if the
partial isometry VE; admits a unitary extension in N, i.e., VE; = UEj, then

IT--Ul<(TH—=1HvE+ D
Proof. Since UE; = F,U and U(I — E;) = (I — F,)U, it follows that
T — Ul =|(VIT| — U)E; + I — Ep|l =
=||F(V|Ti — U)E; + (I — F)(ViT| — UM — Ej)|, =
=[BT — VEs|lv I~ F) (VIT! - U1 — Epi <
S IT = LivHTIT — EJ + U < (1T — D v (G + 1).

Using Theorem 5 we can now give a proof of Rerdam’s result, [7, Theorem 2.73,
which is quite close to Olsen’s original von Neumann algebra argument from [4].

THEOREM 10. If AN is a unital C*-algebra with unitary group U, and T is
a non-invertible element in W with a = dist(T, GL(N)), then

dist(T, Q1) = (|T) — D v @ + 1).
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Proof. As observed by Olsen in Section 3 of {4], wehave !'T'— W !> "T -1
and

I T — W) = |[[—WTj| 2 r(I—W*T) 2 1 + 1,

for every W in % (). Here r denotes the spectral radius, and the last inequality
stems from the fact that sp(W+T) contains a disk with center 0 and radius z,
cf. [4, Corollary 2.10]. Thus

dist(T, Z(W) = (7 — D v+ 1).

The converse inequality is established in analogy with [4, Lemma 3.3], by
combining Theorem 5 and Proposition 9.

COROLLARY 11. If T'e N such that
x = dist(T, GL(W) < |iTif — 2,

then T admits a unitary approximant U, viz. a unitary extension of the partial
isometry VE;, where 2 < & < ||T|| — 2.

Proof. By Theorem 5 we can find U in () with UE; = VE;. Thus by
Proposition 9 and Theorem 10 we have

[T—Ui<WT|—Dv@+1)=
= (jIT) — D v+ 1) = dist(T, #(A)).

REMARK 12. We see from Proposition 9 and Theorem 10 that if we can
take 0 = a in Theorem 5, 1.e. if we can find U in #(%) such that UE, = VE,,
then U is an approximant to 7 in (). If A is a von Neumann algebra, this
case can be equivalently expressed by asking that the element T, = Vi ('T)),
where /,(t) = (¢t — «) v0, has index zero in W. Now we know from [4] that
unitary approximants do exist (at least when o > 0), so one might wonder whether
T, (the canonical approximant to 7 in GL()~) always has index zero. Unfor-
tunately this is not the case. To obtain a counterexample it suffices to take W =B{¥# ).
V' a non-unitary isometry, and A a positive operator without eigenvalues but
with sp{4) = [0, 1]. Then with T = V(4 + I) we have

dist(T, GL(s¢)) = 1

by Theorem 5, since all non-zero spectral projections of A are infinite-dimensional.
Thus

T, = Vin(IT1) = V4,

and clearly 7; has negative index.
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ReMark 13. If T is a normal operator in a von Neumann algebra A
then dist(7, GL(A)) = 0, and we can find a unitary extension in 20 of the partial
isometry ¥V in the polar decomposition T = V'T|, viz. U =V + I — V*V. Any
such U will be an approximant to T in #(¥), cf. [4, Proposition 3.1].

If 9 is only a C“‘-élgebra, the normal case is far from trivial. Tn fact, a
normal operator T in 9 need not have the form T = U|T| for some unitary U
in A; it may have dist(7, GL(20)) > 0; and it need not have a unitary approxi-
mant. To exemplify the difficulties, take A = C(X) for some compact Hausdorff
space X and consider 7 in 2. For é > 0 put

X, = {xe X|ITX)| > 8},

and define the unitary function Vj : X; — T by Vy(x) = T(x) |T(x)| . Considering
the problem of extending V, from X; to X as a unitary function, we see from
Theorem 5 that it can be done for &> dist(7T, GL(?()), but not for § <dist(7, GL(2D)).
It follows from the next example that we may not be able to find a unitary extension
for 0 = dist(T, GL(20)), cf. Remark 12,

ExampLE 14. There is a compact subset X of C, such that the identical

function T given by T(z) =z, z€ X, does not admit a unitary approximant
in C(X).

Proof. Let D = {z € C||z] < 1} and choose a decreasing sequence (r,) in R
such that r, =3 and r, — 1. Put

X=y{zeC|l|z| =1} uD.

The function T given by T(z) = z is a generator for C(X) and sp(T) = X. Since
for any ¢ > 0 we can find 2 not in X with |A] < 1 + g, we see that

o = dist(T, GL(C(X)) < 1.

On the other hand, if 4 € GL(C(X)) and ||T — 4| < 1 — ¢ for some ¢ > 0, then
the winding number around O for the curve {A(z) | |z} = #} must be 1 if r =1.
But, of course, it must be 0 if » = 0; and it must vary continuously with r, a
contradiction. Thus no such A4 exists, and « = 1. Obviously ||T} =3 (=r,), so
by Theorem 10 we have

dist(T, %(C(X)) = ||T|| — 1 =2 + 1 = 2.

Suppose now that U was a unitary function on X with T — Uj = 2.
Thus |U(z) — z| € 2 for every z in X. This implies that the winding number
for the curve {U(z) ||z =} is 1 for every r =r,. By continuity the winding
number is therefore also 1 for r = 1. But the number must be 0 for r =0 and

must vary continuously for 0 < r € 1; a contradiction. Thus no unitary approxi-
mant exists.
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