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STABLE RANK FOR A CERTAIN CLASS
OF TYPE I C*-ALGEBRAS

VICTOR NISTOR

In {11] M. A. Riefell introduced the notion of topological stable rank of a
C*-algebra A as the least integer » such that any n-tuple (x,, ..., x,) € A" can be
approximated arbitrarily close by an n-tuple of elements of A (/f denotes the alge-
bra A + C1) which generate A as a left ideal (if no such integer exists we take the
topological stable rank of 4 to be co). One of the reasons to study the topological
stable rank is that it can be used to obtain cancellation theorems for projective
modules as done in [12, 14, 15]. As shown in [3] the topological stable rank and
the Bass stable rank coincide for C*-algebras. We shall denote their common value
for a C*-algebra A by sr(4) (the stable rank of A).

It is known [1] that for a separable type 1 C*-algebra A there exists a compo-
sition series with continuous trace subquotients. We shall find the value of the stable
rank of A for a separable C*-algebra with a finite such composition series with
locally trivial quotients (Theorem 7). This result generalises results from [8, 11, 14].
It also clarifies and simplifies the proof of [8]. We improve a theorem of [11] concern-
ing the value of sr(4) in terms of sr(I) and of sr(4/I) for I a certain continuous trace
ideal and show that sr(4 ® B) < sr(4) + sr(B) for certain separable C*.algebras
of type I, see also [8].

I want to express my gratitude to my adviser, Professor Dan Voiculescu,
for his constant support.

The following facts can be found in [1]. Let I be a C*-algebra. We shall denote
by I the spectrum of I and by m([) the linear span of the set of those ¥ € 7, such
that the function 7 — trn(x) is continuous on T (3.1.5, 4.5.2). One says that I is of
continuous trace if m(I) (which is an ideal) is dense in I (4.5.3). In this case Iis
separated and 7 is isomorphic to a C#%-algebra corresponding to a continuous
field & = (T}, .4, T) of elementary C*-algebras on I. Moreover &/ satisfies Fell’s
condition (10.5.4, 10.5.7, 10.5.8).

Let M(T) be the algebra of multipliers of / ([91). If h € M(I) then it can be iden-
tified with a certain function ¢t - b(¢) € M(I,)) on 1.
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We recall that for a topological space T the covering dimension, dim(7),
is the least integer n, such that each open cover of T has an open rafinement such
that each point is contained in at most 2 + 1 sets. If no such integer exists dim(7) :=
= co. If T is a compact metric space then all definitions of dimension are equivalent
(see [6)]).

We shall suppose that T, the spectrum of /, has finite covering dimension,

Let t s a{tye (), ., t = blt)e M(l,), be two positive elements of I and of
M(I), respectively. We shall suppose that b(t) is not of finite rank for any te T.

We shall denote by y, the characteristic function of the set A.

LEMMA 1. Under the above hypothesis there exists a function t — v(t) e 1,
defined on T, for T compact, which gives an element of I satisfying:

Q.1 Zn lg'w)(a(t)) < 0H()e(r) < 74 00(@1)) = s(a(r))
12 HOWY* < 7 (BIN) = SO

Jor any te T.

Proof. The assumptions and Lemma 10.7.11 of [1] give for [ and T = I

(i) a finite open cover (j‘l, A T") of 7, with T; closed;

(i) for any je{l,...,n} a continuous field ((”j(’)),erj- r;) of Hilbert
spaces and isomorphisms h; from //T; onto &/(#;) — the CCR-C*-algebra
induced by #; ([1], 10.7.2);

(iii) for any i, je{l....,n} an isomorphism g, (¢t):# (t) > A (t) for
teT;; = T;n T; which induces /1;i;* from sZ(#;/T;;) onto Z(H;{T;);

(iv) Forany je {1, ...,a} two numbers 0 < ¢; < b; < 1/2 such that (g;, b;) &

nola(t)) = O on T;.
Denote by ¢; = (a; + b;)/2 and by pi(t;) = /r'/.[,.j_oo] (a(1))) which belongs to

sZ(#;) due to (iv). Let us denote by b,(1) = hj(b(*)), t € T;.
We shall solve the following technical problem:

Problem (P). Construct for any jei{l,...,n} a continuous function
t = ui(t) € #(# (1)) which gives a partial isometry in 2/(5;) with the properties:

@) uF(ut) =pt) on T;,
(b) u(t)*g;j()u(t) =0 on T for i #j,
© uw()ui(t) < s(b(1)) on T;.

Let us observe that if we can solve Problem (P) then we can solve the corres-
ponding problem with p; replaced in (a) by g; such that 0 < ¢; < p;, for uj = u;g;
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will satisfy (a), (b), (c) in this new form. We may suppose then that p; defines a trivial
vector bundle of rank r; on 7;. Then Problem (P) is equivalent to :

Problem (P;). Construct continuous sections ¢ el; for je{l,..., n}
ief{l, ..., r;} such that

’

(a’) (6{(2‘)3 g_]k(t)ig(t)) = 5ic'5jk on Tjka
() Eit) e b()# () on T,.

We shall solve now Problem (P,).

Let us suppose that we have defined the sections &f for k < jand 1 <igr,
and that we have extended the sections (¥ = gjkéf-‘,k <m, 1 <i<r from T
to all of T; such that (£¥(2), CZ"(t)) = Oyw0; for t € T. Let p(t) be the orthogonal
projection onto the linear span of the vectors {¥(¢) fork < m, 1 <i < r,. Then

(L — p(£))b(t)# i(t) defines a continuous field of Hilbert spaces on T; of infinite
dimension in each point. The proof of 10.8.7 of [1] shows, using Michael’s theorem

[4], that we can extend (7, ..., CZ.':” to T;, or, if m =j, that we can find sections
&, ..., & with the desired properties. Problem (P,) is trus solved.
j

To obtain the function v we shall choose a partition of unity (¢;)j-, sub-
ordinated to the cover (7, ..., T,). Then @}*;%(u;) are well defined elements
of I and their sum v satisfies our requirements.

Let 0 -1 - A4 — B —0 be a short exact sequence of C*-algebras, when [ is
as above.

To any point € T = I corresponds an ideal J, < B in the following way :
the representation ¢ has a unique (up to equivalence) extension to a representation
of A on i, (the Hilbert space of ¢). The kernel of the induced map B — L ()] 4 (5))
will be denoted by J, (remember that ¢(I) = A (#,) because any C*-algebra of
continuous trace is a CCR-C*-algebra). See also {10], Definition 1.7.

LeEMMA 2. Let I be a closed two-sided ideal of A with continuous trace. We
shall suppose that dim(s#,) = oo for any te T =1 Then sr(4) < max{sr(4/I), 2}.

Proof. Let us suppose that s = max{sr(4/I), 2} < co; otherwise the lemma
is obvious. Also, we may suppose that 4 has unit.

Let x,,...,x,€ A, n the quotient map A — 4/I, ¢ > 0. We may suppose
that, after a small perturbation, n(x;), ..., n(x,) generate 4/I as a left ideal. We
want to show that there exist xj, ..., x; which generate 4 as a left ideal and such
that |ix; — xjll < ¢ for any j € {l, ..., s}. This will show that sr(4) < s.

Let x =[xy, ..., x,'e M, (4), y = x*x = xfx, + ... + x¥x,.



368 VICTOR NISTOR

By the assumption there exists # > 0 such that n(y) = #. Let f:[0, o0) —
— {0, 1] be a continuous function, f(t) = 1 for t € [0, #/2], suppf < [0, 4), z = f(3) & L.
The set of points # € T on which ||z(z)|] < #/4 has a compact complement K; in T.
Let K be a compact neighborhood of K;, ¢ a continuous function with values in
[0,1, =1 on K;, ¢ =0 off K.

Let 4, y > 0 to be specified later and let g : [0, oo) — [0, 1] be a continuous
function vanishing off [0, §] such that g(0) = 1. We want to apply Lemma 1 for
M(D)|K, a =z|K, b=g(x*)|K to obtain a v such that

(2.1) T @) < 0(1)0(1)

and if / is a continuous function on [0, co) with values in [0, 1] such that [0, d]
< h-({1}), {29, o0) = 1~%({0}) then

2.2 h(xx®)()e(t) = v(r)

(we have denoted by z(r) (h(xx*)(z)) the image of z(h(xx*)) in I, (M(l))). All
we have to check is that b(z) is nowhere of finite rank. Let us suppose that b(z) is of
finite rank for some r € K. Let B denote A/I, T the operator x(¢) and [#] the ortho-
gonal projection onto the closure of the space 5. If b(¢) is of finite rank then 4(¢) >
# 1 —[RanT] and ker7 is finite dimensional from the assumption that
n(y) = i > 0. This means that T is a Fredholm operator. Since we have
an injection B[J, = L(H ) A (# ) by the very definition of J,, we obtain that
the image of x(¢) in M, ,(B/J,) is invertible. Since s > 2 this means that M (B
contain two isometries with orthogonal ranges. 5#, is infinite dimensional and B
has unit, hence J, # B. Proposition 6.5 of [11] shows that sr(M(B/J)) = cc
and hence ([i1], Theorems 6.1 and 4.3) sr(B) = oc, contradicting our assumption.

Denote by u = pve 7, X’ =x + yu =[x ... x;J.

For t¢ K, we obtain using (2.1)

(X" x() = (x*x)) + Y™y + xFu + yutu) >
2.3)
> (/2 - 20) — 20 + 1) > pid — 20x7 + Dy,
For te Ki, ¢(r) = [ and hence by functional calculus

(X=X W) = (XN + e + (e + xPe) 2

(2.4) = (Fx)0) + V(3 X) — 2yllvEx]] >

= 72— 2ylivix]]  for 9% < 5/2.
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By (2.2) we have
2.5 lvex|| = [[o*h(xx®)x|| < [Jh(xx¥)x]| < 262

Let us choose y and & such that 0 < y < ¢, 2y(||x|| + 1) < /8, 6Y* < y and
such that [|x" — x|l < 2y implies that a(x3), ..., n{xy) still generate 4 as a left
ideal. Then (2.3), (2.4) and (2.5) show that there exists A > 0 such that (x"*x")(¢) > A
for te T. Let ¢ be a pure state, n, the GNS representation associated with ¢. If
T, € I then e(x'*x') 2 2> 0; if 7 (I) = {0} then ¢(x"*x) = @'(n(x"*x")) > 0 since
X1, ..., x; generate A/ as a left ideal (¢’ is the induced state on 4/I).We may con-
clude then that there exists 2' > 0 such that x;*x] 4+ ... + x/*x; > A’ and hence
that «,, ..., x] generate A as a left ideal.

The following lemma is an unpublished result of G. Nagy.

LEMMA 3. Let 0 I —> A - B—0 be an exact sequence of C*-algebras,
such that st(l) = st(B) = 1. Then st(A) =1 if and only if the index morphism
0 : Ky(B) = Ko(D) is zero.

Proof. Suppose first that sr(4) = 1. Choose u a unitary in M,(B) and v € M,(A)

a lifting of u. Choose also w € M,(A) an invertible element close enough to v such
that n(w) represents the same class as u does in K, (B). Obviously §([n(w)]) = 0.
Conversely, we know that sr(4) =1 if and only if sr(4d ® %) =1 ([l1],

Theorem 3.6). Let u € A @ A, ¢ > 0. There exists an invertible element ve A @ B
such that ||n(u) — v]] < e. Since 6([v]) =0, there exists an invertible element

P o
we A ® A such that n(w) = v. Let woe # ® A be such that n(wy) = v = =(w)
and jju — wy|| <e, then wwy, € 1 + # ® I. Choose an invertible element x € 1 +

+ & ® Isuch that {|x — w-lwy]| < ||w|| " — lju — wyl]) then wx is invertible and
wx — ul] < ||jwax — wol + [lwe — ull < ||wlllw]l (e — |jwo — ul]) + |jwo — u|| =&

We shall study next the opposite case, namely for 7 a two-sided ideal of con-
tinuous trace such that the associated field of elementary C*-algebras J = ((1)),er, 1)

(T = I — the spectrum of I, I, = I/kert), be locally trivial with 7, a finite dimensional
simple C*-algebra. Let T, = T be the set of those ¢ € T such that I, = M, (C).
By the assumption of locally triviality each T, is open. Since T =\ T,, T, is also

n=1
closed. Let 7, correspond to the ideal I, c I, T, = 7,, then I is the ¢o-direct sum
of the C#-algebras /,.
We notice that for a separable C#-algebra I of continuous trace the spectrum

T=1 (which is a locally compact Hausdorff space [1]) is a separable o-compact
metric space.



370 VICTOR NISTOR

We shall use the following technical result due to A. J.-L. Sheu ([14], Propo-
sition 3.15):

LeMMA 4. Let {J,}, ¢, be anet of closed ideals (ordered by inclusion) of a unital
C#-algebra A with J = the closure of the union of J,'s. If K, are closed ideals of A
such that J; - K; = 0 for all . € A then st(A) = max|sr(A}J), st(4/K;) |/ € A}.

LemMma 5. a) Let 4 be a CH-algebra, I = A a closed two-sided ideal as above

then
S st(A4) = max{sr(l), st(4/D)}.
b) If [ is separabie then
(5.2) st(J) = sup {{(dim(T,,) — 1)/2n}’ + 1}.

nzl

(Here {X)' denotes the least integer i, m > Xx.)

Proof. a) Let A = {U < T|U open and relatively compact in T}, Jy the
ideal of A corresponding to U, K, the ideal of 4 corresponding to /f\U'.

We want to show that 4/K;; identifies naturally with a quotient of 7. This will
folllow if we show that K, + f = A4 or equivalently that ku ul= (ﬁ\U‘) UT = A

We have to prove that U < T.

In the following exact sequence

0 - (I + K)/Ky = AlKy — AL+ K) =0

A Ky has the spectrum U and (I + Ky)/Ky has the spectrum Un 7. Using the
compactness of U n 7T and the local triviality of J we obtain that (I + Ky);/Ky has
a unit. This shows that U r T is closed in U and hence closed. Since U< Un T

it follows that U« UnT = Un T and hence U = T. It follows that we have
the isomorphisms A4/K,, = (I + Ky)/Ky = I[InKy. Theorem 4.3 of [11] shows
that sr(4/Ky) < sr(I).

We shall use Lemma 4 : I = | J, and hence st(4) = max{sr(4/I), st(A/K}) i

ieA
| U e A} < max{sc(4/I), st(I)}.

b) Suppose first that I = I, and T, is compact. Cover T, by a finitc number
of open sets ¥y, ..., ¥, such that T | ¥, is trivial for any k € {1, ..., m}. If J; is the
ideal of I corresponding to T\ ¥, the last statement is equivalent to the fact that
I'J, = M(C(V,)). By [8], Corollary 2.7

st(l) = st(Iy n ... 0J,) = max{sr(I/J,) |1 < k < m}.
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By [11], Theorem 6.1 sr(//J,) = {(dim(¥;) — 1)/2n}’ + 1. By the sum theorem {6],
dim(7)= max{dim (¥,) [1 <k < m} and hence st(f) = {(@m(7) — 1)/2n}' ~ 1.
The general statement can be obtained as follows : sr(I) = max {sr(/,) |n € N}
{{11], Theorem 5.2). All we have to prove is that sr(f,) = {(dim(7},) — 1)/2n} -+ L.
We shall use Lemma 4 in the following setting : let L,, L,, ..., L,,, ... be compact

such that 7, =\ UJ L,,, L, < Lc,,,ﬂ, A = N, J,, the ideal correspond-

n.=1

subsets of T,

n

ing to L,, in I,, K,, the ideal corresponding to (7, U {co)\L,, in I, . ()Jlfm =1,

and I,/I, = C, hence

st(f,) = st(l,) = max{st(l,/Ky)} =
m>1

= sup{{(dim(L,,) — 1)/2n}’ + 1} = {(dim(T,) — 1)/2n}" + 1

mz1

since dim(7}) = sup dim(L,,) by the sum theorem [6].
mz1

DeriNITION 6. Let 4 be a separable C#-algebra with a composition series
{0y =5yl ... c1,,; = A such that each of the subquotients I,,,/l, for
0 € k < nis of continuous trace and it satisfies either:

1°. I, /I, has only finite dimensional irreducible representations and the
corresponding field of elementary C*-algebras is locally trivial; or

2°. I 41/I, has only infinite dimensional irreducible representations and the
spectrum ([, .,/L,)" has a finite dimension.

Then we say that A satisfies condition A.

THEOREM 7. a) Let I be a separable C*-algebra of continuous trace such that

the corresponding field of elementary C*-algebras is locally trivial, I = ¢y- @ I,
Jeg N y {0}

with I, homogeneous of degree k. Then
st(l) = sup{se} U {{(dim(Z) — 1)/2k}’ + 1 | ke N}.

Here s = 1if dim(fw) < 1 and 5o = 2 else.

b) Let A satisfy condition A. If st(l,../1) =1 for 0 < k < n and at least
one of the index homomorphisms 6 : Ky(Ly1/4) » KoL) for 1 <k <n is not
zero then st(A) = 2, else

st(A4) = max {st(l;41/1)}.
0gk<n

Proof. a) follows from Lemma 5 b) (for I, we use an identical device and [11],
‘Theorem 3.6).
b) follows by induction on » using Lemma 2, Lemma 3 and Lemma 5.
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THEOREM 8. Let A and B satisfy condition A with the spectrum of the sub-
quotients CW-complexes then

st(A ® B) < sr{4) + sr(B).

Proof. Let {0} =I,c /)y ... clpy;;,=Aand 0=JycJ,... c J, ,;, =B be
composition series as in Definition 4; then 4 @ B has a composition series with
quotients isomorphic to (7, 1/L) ® (Joy/J.). -~

If st(4 ® B) € {1, 2} then (5.2) is obvious. Let st(4 ® B) > 3; then sr(A ®B) =
= SI(([y+1/T) ® (e 41//.)) for some k and e. It is obvious that I,.,/I, and J,.;/7,
satisfy 1° of Definition 4. Let [;,,/I, = ¢,-direct sum of the ideals L;, j¢ N,
Jes1lJ. = ¢p-direct sum of the ideals K;, i € N with L; and K; homogeneous of
degree i. Since

sr(Lj ® K;)= {(dim(l/:j )(]A(".) _ 1)/2,]-}: +1<

< ({(dim(L;) — 172/} + D+ {dim(K)) — 1/2i) + 1) = sr(L;) + st(K)
we obtain
S{(A ® B) = st(Ugsa/h) ® Uenal))) = supsr(K; ® L) =
1,1

= sup(sr(K;) + sr(L;)) = supsr(K;) + supsr(L;) <
i i J

< st /5) + st(J,.4/J,) < st(A) + st(B).

REMARK. Theorem § znswers Question 7.3 of [11] in a particular case.
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