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NORMS FOR MATRICES AND OPERATORS

C.K. FONG, HEYDAR RADJAVI and PETER ROSENTHAL

1. INTRODUCTION

We consider several norms on (finite or infinite, complex) matrices: Schur
norms (associated with the Schur product operation), maximal column norms,
maximal row norms, and maximal entry norms. Precise definitions are given in
Section 2 below. If 7" is an operator on a (finite or infinite dimensional, complex)
Hilbert space, then T has a matrix representation with respect to each orthonor-
mal basis. Each matrix representation of T has each of the above matrix norms.
Our main results concern the variation of these matrix norms as the basis varies.

General questions that are partially answered include the following: for a
given matrix norm, for which operators T is the matrix norm always equal to the
opecrator norm? What is the supremum, over all bases, of the matrix norms of 7°?
The infimum?

We also give sufficient conditions that certain of these matrix norms be
equal to cach other.

Our study was motivated by previous work on these questions. The paper
{101 of Stout contains several related results; we present a somewhat different
approach in Section 4 below. In [7], Ong investigates these questions in the finite
dimensional case. We subsume Ong’s main results in Section 3 below.

A number of unanswered subquestions are discussed at the end of this
paper.

2. PRELIMINARIES

Consider the set ./%m, » of mXx n complex matrices, where m and n are positive
integers or co. We will be concerned with several different norms on .#,, ,,.

Let A = («;;) € 4, ,. Then the familiar operator norm of A, the norm o
A rcgarded as an operator from /% to /2, is given by

)l = sup{l Jayxiy;l: Fix P =3 1y =13
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Recall that the Schur product (sometimes called the Hadamard product)
of two matrices of the same size is their entry-wise product; i.e., if 4 = (&;;) and
B = (f;)), then A * B = (2;;f,;). We define the Schur norm of A, to be denoted
141l , by {l4]l, = sup{jjd = B}| : {|Bll < 1}; i.e., || 4]l is the norm of the operator on
M, , corresponding to Schur multiplication by A. Schur norms have. been studied
in many papers -~ see Stout [10] and references given there.

We consider three other norms: the maximal column norm of A = (x;;)
is defined by (4], = sup(}; b |22, the maximal row norm by dji, =

J i

= sup(z la;;/i%2, and the maximal entry norm by !4}l = sup| ;1. (The maximal
i i Jj

entry norm was introduced in {10].)

2.1. PROPOSITION, For any matrix A,

) {I4ll, is the norm of A as an operator from (' to 2,
(ii) |4}l is the norm of A as an operator from (2 to £*;
(iii) [;A1l, is the norm of A as an operator from £* to £*.

Proof. (i) If {x;} e/, and if {e,,e,, ...} denotes the standard basis for
£1, then
4{x;}le = 1Y xidefly < Z Ix; |- {ldeglle <
< (suplideilly) ¥ 1l = {i4llc- 1 {xi} s

Thus the norm of 4 as an operator from /* to /% is at most {{4!l_. Clearly it cannot
be smaller than [A]l..

(ii) This is reduced to (i) by considering the transpose of 4 as an operator
from /1 to /2 and observing that [|A|l, = |4, .

(i1i) With notation as in (i),

4{xHleo = “X, xideillo < Z [x:1- lldellee <
< (sup [ el 3 1x:l = [lAle- 11 {x}h

Hence [|A; . ts the norm of A4 as an operator from /! to /. Z]

If 7' is an operator on a finite or infinite dimensional Hilbert space # and
& = {ej} is an orthonormal basis for 3, then T has a matrix representation with
respect to &; we let
[ (Tey,ey) (Te,, ey) . .

(Tey,e) (Tey,es) . .
[T]z.’ =
(Tey, eq)
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If {I}- 11| is any of the above norms on .#, ., we define {[|T|ll, to be [|{[T]]]. Of
course |7, = ||T| for all &, but the other norms of T vary with the basis &
For any ||!-|l|, we define |||T}|} to be

sup{||IT||l; : & is an orthonormal basis}.

Then HI-1Il is a norm on the'space #(#°) of bounded operétors on #. These norms

and 1nf{|||TlH,. & is an orthonormal basis} are studied in Section 4 belaw.
There is an alternate description of the Schur norm that is sometimes useful.

Let |I(a;;)ll; denote the trace norm of the matrix (x;); i.e., |I(x;)ll, is the trace of

Vo o).
2.2. THeOREM. For any matrix A = (a;)),
() Il = sup{li(e;;¢mdlh = 3 1&: 12 = X im; 12 =1}
(D) 114ll; = sup{ll(x;; &)l : & = 0, n; 2z 0, Y& = Z”I? =1}

Proof. The first equality is a consequence of the relations
”(‘X.’j)”s = sup{”(dijxij)” “(xu)ll }

= SUP{IZ aijxijéir’jl ”(XU)H 1, Z & 12 = E ’7,12 = ]} =

= SUp{ltf[(“}jfiﬂj)(in)ll : ”(Yu)” <1, Z [Sil% = Z |'7j|2 = 1} =
== Sup{“ (“1161’1,)”1 Z €12 = Z In; 2 =1}

To prove the second equality, observe that x;;¢;n; can be expressed as xg0u8; 1€t
l'l,l with |o;| = |f;] =1 for all / and j, and furthermore

”(«“'U ;ﬁ;)” == ||diag(q, oy, .. ')(xij)diag(ﬂl 2B, Il =

= [l(x:)ll < 1.
The next result is well-known ([7], [9], [10]).
2.3. CorOLLARY. For any matrix A, 4|, < |||, and ||4], < ||4]],.

Proof. Let A = (). I ¥ 1&2= ¥ [,2 =1, then
l@i€mplh = ||diag(€s, &a, .. Nogmpll <
< |ldiag(Ey, & - )l ll@m)lle =
= (Z Joijm; 1BYV2 = (Ej_] (; lets; (B m; 1202 < ||, -

Thus JI4]l, < ||4]].. The proof of the second inequality is similar. %



102 C. K. FONG, HFYDAR RADJAVI and PETER ROSM Ni#AL

Note that clearly |4}, < {4}, ll4]l, < {4}, and ||4l. < |4, so 2.3 imme-
diately yields the following.

2.4, CoROLLARY. For any matrix A,

Ae <AL < AL AT, < (A, R

There are some cases where the inequalitics of Corollary 2.4 become equa-
lities.

2.5. PROPOSITION. If A is a matrix of rank 1, then ||A}, = || A,

Proof. Since A has rank 1, it is of the form («,8,), where {a,} and {i;}
£* sequences. If B = (x;)), then

are

(4 Bl = ll(@p;-x; )l - -
= jdiag(ey, oy, .. (v )diag(By, By .. )y <

< maxiy-max |- = max il i) = AL B

Alternatively, this result can be obtained as a corollary of Theorem 2.2,

The following characterizes ||All, - = | Ajl, in the finite-dimensional case (see
Theorem 3.1 below).

D

2.3. PROPOSITION. Let A = (Sannih). where (&) € 2 with &, > 0 for all i,
(u;)) is @ unitary matrix, and w; == (Y & [uy; V2 Then A, = [ A}, = 1.
7

Proof. Note that for each j there exists some /i with «; #0, so 7, >0
Each column of 4 is a unit vector, because, for each j,

X i Ei”ij’lj_l P = (Z &%i”ij ig)'ij—g = [.
i J

Thus {4{. = 1 and it remains to show that j4jl, > 1. Since ¥ 7 = ) &, and
. . . . s -
since normalizing {&;} does mot change 4, we can assume that ¥1&7 = Y5 = L.

By Theorem 2.2,

Al > (G, = Iidiag(EE, &, . )i =

== fidiag(és, &, ..l L.
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3. FINITE-DIMENSIONAL RESULTS

In this section we consider finite matrices only. We begin with a description
of the matrices with equal Schur and ¢olumn norms.

3.1. TUeOReM. If A = (u;;) and ||A||, = ¢, then ||A||, = t if and only if there
is a unitary matrix (u;;) and vectors {&}, {n;} with £, 20,1, 20 and 3,6 = Y} =1
such that a;y; = t€u;; for all i, j.

Proof. With no loss of generality we can replace ¢ by 1.

First assume there are vectors {¢;}, {n;} and a unitary matrix (u;;) as describ-
ed. Then

Z fam; 2 = Z lfi”ijlz
i iJ

implies Y, 7j(} lo;;13) = Y, & =1, and since Y {a;12 <1 for every j by
j i i I
assumption, the equation Y, nj = 1 implies that Y] la;;|? = 1 for all j. Now

77;4 = ’1}? Z |°‘.‘j[2 = Z Ia;j’7j12 = Z lfi”ij[2 = Z 6%luij121
2

so that the equation [[Af, = 1 follows from Proposition 2.6.

To show the converse assume ||A|; = 1. By Theorem 2.2 and a compactness
argument there are vectors {¢;} and {n;} with¢&/'> 0,1, >0,y & =1= Y7}
and such that

)l = 141, = 1.

Let V = (v;;) be the unitary matrix in the polar decomposition of the matrix
(2;;¢m;). Then

1 = H(“ijfi']j)”l = tf[(l’ij)(“ijfi’ij)] =
= Z & )m) < (2 & vy ig)m(.z njlog; 1PE =
ivi ij

ivJ

= (Z '1}”“1,‘ Ig)]la < “Ai‘c = 1.
ivi

Thus the Schwarz inequality above is in fact an equality and, hence, there is
a constant 0 of absolute value 1 such thata,;n; = 0¢;-7;;. Then (0;;) is the desired
unitary matrix. . :

Our next result is a strengthening of a theorem of Ong {7} characterizing
[14lls = i 4.
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3.2. THEOREM. For a finite matrix A, [|All, -- ||A|l, = [|4li, = t if and only
if there is a unitary matrix U such that by permuting the rows and permuting the
columns, A can be rewritten in the form t(U @ B), where ||B! <1 and B < 1.

Proof. We can assume again that ¢t = I. Since a permutation of ecither
columns or rows leaves ||4]|,,||4l, and ||4]l. unchanged, these norms are all
cqual to 1 if 4 is of the form stated above. To show the converse, let 4 = (x;))
and apply Theorem 2.2 to get nonnegative vectors {&;} and {;} with ¥}, & =

= Yini =1 and
b=l = FEm)la.

By the proof of Theorem 3.1 there is a unitary matrix U = (u;;) such that a5, =
= {u;; for all i and j. A similar argument, this time using "4, = !4, , shows
the cxistence of a unitary matrix ¥V = (v;;) with &,a;; = v;;n;. Hence

(a,.j)diag(;h. Hos . ..) = diag(éy, &,, .. ),
(L'ij)diag(’h 2Ny ---) = diag(é,;, &, .. -)(“ij)-

It follows that the two diagonal matrices above have the same rank and thus
I={i:¢#0} and J = {j:n; # 0} have the same number of elements. Per-
muting both columns and rows if necessary, we can assume that [ = J =
== {1, 2, ..., k). The matrix equations above then take the form

(Am A,g)(y ) _(X O)(Ull Um)
Ay An)\O 0) 0 0/\Usp Us)

Vii Vis Y O _ X 0 A Ay

(Vm V.:z) (o 0) (0 0) (Am Azz)’
where X = diag($y, ..., &), ¥ = diag(gy . - - .. i), and the matrices A, U and V
have been partitioned accordingly. Since X and Y are invertible, it follows imme-
diately that A,,, Ay, Uys and V,, are all zero. Thus U,; and ¥y, are unitary;
this forces U,, and Vj, to be zero also. Now the equations 4,,Y = XU,, and
VY = XA,;, imply X2U,; = V,,Y? and since X2 and Y? are positive, the uni-
queness of polar decomposition implies Uy,j= V;;. Thus Y2 = U3!X2U;; and hence
Y = Ui'XUy,, because X and Y are positive. We conclude that 4,, = U,,. Clearly
[ Agll, < 1 and i|4s], < 1.

3.3. CorOLLARY (Ong [7]). If A is a finite matrix, then Al = WAl =1t if
and only if, by permuting the rows and permuting the columns, A can be re-written
in the form (U ® B) where U is unitary and Bl < 1.
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. Proof. I |l4], = Al then |All, = l4], = |4l by Corollary 2.3, so
plnzat A Ii‘s_of the desired form by Theorem 3.2. The converse is obvious. %

Vi, 3.4. THEOREM.  For a finite matrix A, |All, = l|A|| if and only if A is
on the main diagonal of A*A.

Proof. Assume with no loss of generality that ||4]| = 1. Then the (i)
entry in A*A4 is 1 if and only if the it" column of A has norm 1. 4 7

We now consider the problem of determining the operators whose various
norms are equal to their operator norms. We shall use the following fact more
than once in the sequel: an #Xn matrix with trace ¢ is unitarily equivalent to a
matrix whose main diagonal entries are all equal to #/n. See Fillmore [3] and Hal-
mos [6, p. 109] for this and related results.

3.5. Tueorem (Ong[7)). If Tis an operator on a finite-dimensional space,
then the following are equivalent:

(D) WTle, » = T for every orthonormal basis &.

() ITW, » = |IT|l for every orthonormal basis &.

(3) T is a multiple of a unitary operator.

Proof. The implications (3) = (2) => (1) are easy to verify. To prove (1) = (3)
we may assume ;7% = 1. Let P = T*T. By Theorem 3.4 the main diagonal of
[Pl contains | for every basis &. Now there exists a basis relative to which
[P], has constant main diagonal. This makes all diagonal entries equal to 1. Since
[|P|| = 1, the nondiagonal entries are forced to be zero. Thus P =/, so that T
is unitary.

There are few operators whose maximal entry norms are equal to their
operator norms,

3.6. THEOREM. For T an operator on a finite dimensional space, ||T|. = ||T||
for all orthonormal bases & if and only if T is a multiple of the identity.

Proof. If T is not a multiple of the identity, then, by [8]. there exists an
orthonormal basis & such that every entry of {T], is nonzero. Thus the absolute
vatue of each entry is less than the norm of the column containing it, which is
no more than [|7]|. Thus ||T||. , < [|T||. Hence [T, , = ||T|| for every & forces
T to be a multiple of the identity. The converse is trivial. Z

Recall that the Hilbert-Schmidt norm, [iT}l,, of an operator is the square
root of the sum of the squares of the entries in any matrix representation of 7.

3.7. TuroreM. If T is an operator on an n-dimensional space, then inf{||T|, :&

is an orthonormal basis} = ||Tl,/Vn.
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Proof. By definition we have ([T}, , > {IT:‘B/VM for every orthonormal basis
4. Now there is a basis & such that [T*T], has constant diagonal entries. This

means that the columns of [T]; all have the same norm; thus [T} , = {!T!Lg/Vh
for this basis. N

4. INFINITE-DIMENSIONAL RESULTS

In this section we consider bounded linear operators on separable, infinite-
-dimensional, complex Hilbert spaces.

The first result that we consider is due to Anderson [I]. Anderson’s proof
relies on several deep theorems. A stronger theorem than ours is given by Stout
[10]; our proof appears to be more direct. Recall that the essential numerical range
of T, denoted W/(T). is the numerical range of the image of 7 in the Calkin
algebra (see [2. p. 127)).

4.1. TuroreM ([1]). 1/ 0 e WAT) and p > 1, ¢ > 0, thea there is an ortho-

30
normal basis {e,) such that Y, (Te,,e)i? <
n 1

Proof. Since 0 & W(T), there is an orthonormal sequence {f,} such that

20

(T7,.1.) = 0. Choosing 2 subsequence we may assume that Y ATy g iF <e2,
n 1

Let D be the diagonal operator given by

20
I)X = Z (Tfnvfn)('\.’./‘n)/ll'
n 1
Then D is in the Schatten class 4, and ||Di) < &2”. The operator S=7 - D
now satisfies (Sf,.f,) =0 for ail »#. Extend {f,} to an orthonormai basis ¢ of
the space. By permuting &, if necessary, we can assume that [S}, has the block-
-matrix form (S;,)%%_,, where each diagonal block Sy, is an n, X #, matrix whose
main diagonal is (%, ,0. ..., 0). The integers i, can be prescrived arbitrarily. We
choose them so that
o0
(supiz (")}, m;™" < e/27.
K1
Now each S,, is unitariiy equivalent to a matrix whosc main-diagonal entries ure
all o, #;, . Thus there is an orthonormal basis {e,} such that

> 20
}_‘, !(S(’n, en)[p = Z ”k(:ak "./.nk)p <

a 1 k1

oo
< sup i, !”- 2 n=f £ 27,
L=l
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Since 7 = S + D, and since, by [5, p. 94],

Y [(De,, )| < DI < e/27,
1

- .
we conclude that ¥ [(7e,, ¢,)[” < e

n -1

We use 0.(T) to denote the right essential spectrum of T ie., to say that
0 € 6,(7) is to say that the imsge of 7 in the Calkin algebra has no right inverse.

4.2, COROLLARY. If 0 € 6, (7), p > 2 and ¢ > 0, then there is an orthonormal

[0}
basis {e,} such that 'Y, ||[Te,||’ < e.

n-1

Proof. Let T = VP be the' polar decomposition of 7. From 0 € 6.(7T) we
have 0 € 0.(P) and hence 0 € W, (P). Applying Theorem 4.1 to P* gives a basis
{e,} such that

Z (P?‘('" ) ()ﬂ‘),)/ll < E’

N

so that ¥, [Tellr < 3 IIPe,l <.
We require two lemmas about Schur norms.

4.3. Lemma. If A = (A;)) is a block matrix, then
1412 < Y] 4,15

Proof. Let B = (B;;) be any conforming block matrix with |8} < 1. Then

and thus ()1 < fl@)lE < B4, . Since
ij

A = BJi* = Ji(A;; + B;)h* < (),
it follows that {412 < /(o) [P < Xl 4,2 2
ij

4.4. LEMMA. Fix a positive i/'zfeger n. Let w, = exp(2ri/n) and iet U,

denote the nxXn unitary matrix with wi Vn in position (i, ). If A is an m> n matrix
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of the form

a0y ... O,

g 0 ... O
A= Bs ’

g, O ... O

1 = 1/2 g om & 1/2
then [USAU, |, < ( SY i 1) +( ~ Y05, ) :

m n i
" Proof. Let
W % o, 0 O 0
A, = 0 0 0 A= ,{}2 0 0
6 0 0 B, 0 0
Then
)’1 ] ‘;‘,n
U, =0 0.0
0 0...0

where 7; = Yo/ /¥ n.Since UA,U, is a rank-one matrix, U4, Uil - {UXA,U, i,

by Proposition 2.5. The entries of U4, U, arc all of absolute value ij‘;/Vn.zzﬁ and since

Yoy 12 )“' 2z= diiel, — )"' ‘3
!r'jl < Ay (W = X
K k A

we obtain [UZAU, < }_‘ ‘o, 2. The proof of the inequality jUZA,U,i% <

< VB 2n is similar. 7

4.5. THEOREM. If 0 € W(T), dims# is infinite, and ¢ > 0, then there is a
Basis & such that [Tl ¢ < e.

Proof. Since W(T) contains 0. a result of [4} implies that 7 has a block
matrix .
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where D acts on an infinite-dimensional subspace and |D|| < g/2. Let S be an
operator having the same matrix except that D is replaced by 0. It suffices tofind a
basis & such that ||S|is,, < &/2. Observe that for any preassigned sequence {n;}
of positive integers there is a basis & such that [S1s is an infinite block matrix

(S:;) where each §;; is an n; Xn; matrix of the form

wid) i) .. N
By O ... 0
p,,i('i,,/) 0 ... 0

Note that, for each /,

"M8

}’; EXNIRI N

Let U = U,l o) U,, @ ..., where each direct summand is defined as the unitary

matrix in Lemma 44 Then the (i,J) block of U*[S]zU is
A%.‘j = UfiS,.jU,,j

and, by Lemma 4.4,

1/2

1/2 ";
14,1, < ( z 2,00, /) 2 ) + (; y ll?k(i,j)l?) <
j k-2

R ko=
S(

Vi

", 1/2

2 e 2
P U WL )

i k-1

Therefore
D3 o ad ]
% 4yl < 4151 3 <o)
i jan;
An appropriate choice of {n;} yields

|U[S1xVlls < ‘;_

by Lemma 4.3. Thus we have found a basis & giving {|S|s, < €2 as desired.

7
24
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4.6. THEOREM. For each T e B(H) (with dimIA infinite),

infil Tl » == Inf|| T, » = dist(0, W.(T)).
& &
Proof. Let i € W/(T) with |41 = dist(0, W.(T)). That
nf|Tis, g 2 infiiT e 2] 4]
& &
is easy to see. Since 0 € W (T — %), by Theorem 4.5 there exists a basis & such
that |7 - Al o < &and hence T}, s< |i| + & 7]

4.7. THEOREM. If T € A(H) (with dimt infinite ), then

&

inf TV, , = info (T*TY/2.
H &
Proof. Let /. - infa (T*T)/2, and let T = VP be the polar decomposition
of T (so that P — (T*TV/?). Then 0 € V(P - - %) and hence, by Corollary 4.2,
there is a basis ¢ such that V(P — D, < ¢ for any preassigned & > (. Thus
VP, s SNV ~— Dles A HVlle e <
<e+ AVli=¢+ A

We have shown that inf|T ! , <

inf 6 (T=T)!2. The reverse inequality is easy to
& &
verify. 7
4.8. THEOREM. Fur T € () with A infinite-dimensional, the following are
equivalent :
(1) 1T, , = TV for every basis &,

() IT},; = IT) for every basis &,

() T = A + K for a compact operator K and a complex number ) satisfying
4+ Kl =121

Proof. The implications (3) = (2) = (1) are casily seen to hold. To prove

()=(3) let A € W.(T). By Theorem 4.5 there is a basis & with {|IT" — A}, ; arbitrarily
small. Now

1T — AL = [iTllse — 141 < T — Alls, e

so that {A| = [{T|. Therefore W.(T) is a subset of the circle {z :|z| = ;| Ty}. Since

W .(T)is convex, it must be a singleton, say {i}. Then T = K + A for some compact
Kand |T|} = {1l

4.9. THEOREM. Let T denote the image of the operator T in the Calkin algebra.
Then |\ Tll, , = |T| for every basis & if and only if T is a scalar multiple of en isometry.
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Proof. Assume T is a multiple of an isometry. Then T*7 = al. Thus T*7T =
= af + K for some compact K. If {¢,} is any basis for #’, then

sup (|Te,l[* = sup(T*Te,, e,) > a > ||T}.

Since sup||Te,||* < T}, we get |T » = Tl

To prove the converse suppose T*T is not a scalar. Then there exists a
A € o (T*T) with 1 < ||T||2. By Theorem 4.1 there is a basis & = {e,} with

(T*T — Dey. o))< ‘2 ATHE - )

for all n, or|[Te,lI* < (iTIj2 + A)/2 < ||T|j3, whichimplies |T|c, < |71 N
The following corollary is immediate.

4.10. CoroLLARY. Suppose ||T|| = 1. Then ||T|c,o = T|ls,e =1 for every
basis if and only if T is essentially unitary. Z)

Let ||T)l; = sup||Tls, s. Then ||T}; is a norm on B(s#’) with ||T)| < T} for
all T. The question‘arises: is ||T)ls = ||T|] for all T?

4.11. ExampLE. Let # have on orthonormal basis {e,}2>, and define T by
Te, = Tey, =e; and Te; =0 for j > 3. Then [T} < ¥7/2, so that T <
<l =V2

Proof. Since T hasrank 1, ||T|ls , = 1T ¢, o for every basis, by Proposition 2.5.

Thus the norms [[T|; and || 7], are equal. To show that | T, < V7/2 we must
verify that necither of the two numbers

p = sup{i(T, M) : xll = 1,
and

g = sup{i(Txy, x2)i : ]l =[xl = 1. (3, xp) = 0}

exceeds |[/7/2. But p is the numerical radius of 7. which is also seen to be that of

the matrix '
11
0 o

This is not hard to compute: p = (1 + [/2)/2. :
To compilete the proof let x; and x, be any unit vectors with (x;, x,) = 0;
we shall show that [(Tx,, x,)| < [/ 7/2. We may assume, of course, that Tx, #0.
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We may further assume that Tx, is a linear combination of x, and x,. Otherwise,
Tx, = oyx; + 2,Xx, + o43xs with x3 a unit vector orthogonal to both x; and x,
and with a; # 0. Now normalize the vector o,x, + a,x, to get a unit vector y
orthogonal to x;. Then

HTx, ) = (o 1P + |2 [V > [y} = [(Txy, xo),

so that x, may be replaced by 3 to make Tx; a linear combination of x; and x,.
We extend {x,, x,} to an orthonormal basis {x,}, for #. Since T has
rank 1, Tx, is a multiple of 7x, for every n, so that

I = t]TT = Z (Txn’xn) = (Txlaxl) + (szyxz)'

Thus at least onc of the two numbers (7x,, x;) and (7x,, x,) has absolute value
> 1/2. Now

V(Txy s )%+ (T, ) 2+ (T, x0) 12 < Y [ (T, xp) 12 < [T = 2

implies that | (Tx;, x,)12 < 2 — 1/4 or [(Tx,, x,)| < V7/2.

5. REMARKS AND UNSOLVED PROBLEMS

The necessary and sufficient condition that all the Schur norms of an oper-
ator be equal to the operator norm is very different in the finite-dimensional
(Theorem 3.5) and infinite-dimensional (Theorem 4.8) cases. A related question
that we have been unable to answer in either case is: if all the Schur norms of
an operator are equal to each other, must they be equal to the operator norm?
If not, what are necessary and sufficient conditions that all Schur norms of an oper-
ator be equal? Similar questions can be asked for the other matrix norms.

Tt is obvious that sup{'|Ti ,} and sup{'T", .} are both equal to the oper-

& e

ator norm.

We have been unable to compute !!!7"" in general for ||| Tl the supremum,
over all bases &, of any other matrix norm of [7],. Example 4.11 shows that |} -|}]
is not the operator norm in the Schur and maximal-entry cases. The norms
fit-1ll are unitarily invariant in the sense that {[{U 1T Ui} = }iT{i| for all unitary U.
Note that [{|T}} = (1/2)IT|. for each {}|-!}l. This follows since the numerical
radius of T is at least (1/2)||T}, and if (7f,f) is within ¢ of the numerical radius
of T, then [|Tl, ¢ is at least the numerical radius of 7 minus ¢ whenever & contains

F. Thus ()T} < Tl < |IT|l for each |||-ili, and each [ij-ii; is equivalent to
the operator norm. Can any of the |i|-|i| be computed in terms of other invariants
of the operator? Can the |||-!|! be used along with other invariants to give a com-

plete set of unitary invariants for some classes of operators?
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