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THE SPECTRUM OF INTEGRAL OPERATORS ON
LEBESGUE SPACES

BRUCE A. BARNES

1. INTRODUCTION

Let © be a measure space. Assume 7T is a linear transformation mapping
the integrable simple functions on Q into measurable functions on Q. If T has an
extenston to a bounded linear operator on the Lebesgue space L?(2), then denote
this extension by 7,,. In many examples T, exists for p in an interval of real numbers.
In this situation it is of interest to know how the sets g(7},), the spectrum of the
operator T, are related. '

As an example, let Q be a locally compact (LC) unimodular group equipped
with Haar measure. A function fe L*(Q) determines a bounded convolution
operator on each of the spaces L”(Q2), 1 € p € 400, by the rule

(T)) = Sf(xy“)g(.v) & (g€ LX@)).

Q2

Then the question is: how are the sets g((7y),) related for 1 < p < +oo ? In the
case where @ is abelian it is known that for all p,1 < p < +o0, o((T}),) is the
same as the spectrum of fin the Banach algebra LY(Q); see [8], Theorem 13.3 for
the case 2 = R™.

In this paper we consider the general question concerning the spectrum of
the integral operators on Lebesgue spaces determined by certain kernels. We
study both the spectrum and the Fredholm spectrum of these operators. Banach
algebra methods prove useful here. The applications in Sections 3 and 4 are based
on a strong result concerning the spectrum of the operators in the image of a
representation of certain Banach =-algebras. This result is proved in Section 2.

In Section 3, for € a unimodular LC group with polynomial growth we
consider the spectrum of the convolution operators (7), . The results of this section
extend the work of T. Pytlik [12] and A, Hulanicki [7] who studied the spectrum
of the operator (7}),. '
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In Section 4 we consider the spectrum of integral operators acting on L"-spaces
where the kernel involved satisfies the properties

esssup SlK(x, ydy < +oo

Q

esssup S]K(_\', y)dx < +o0.
¥

Q

Kernels with these properties form a Banach algebra A,. The results of Section 4
are proved for certain subalgebras of A4,.

2. A RESULT ON BANACH =*-ALGEBRAS

When A is a Banach algebra, let r,(b) denote the spectral radius of b € 4,
and let o,(b) denote the spectrum of b in A. _
In [7] A. Hulanicki proves a useful result concerning Banach =-algebras.

HuraNickt's THEOREM. Let A be a Banach s-algebra and S a +-subalgebra
of A (rot necessarily closed). Assume that T : A—>B(H) is a fazthful ®-FePresentation
of A on a Hilbert space H. If

ra(f) =Tyl for all f =f* €S,
then

T o f)=o(T) forall f=f*<S.

It is easy to see that the conclusion of Hulanicki’s Theorem holds for all
/e S If in addition S is a Banach algebra, then Hulanicki’s Theorem implies

that S is symmetric. In fact, Pytlik uses this result in [12] to prove that certain
convolution Banach =-subalgebras of LYG) are symmetric.

In this section we prove two results concerning Banach =-algebras that are
related to Hulanicki's Theorem. The hypotheses of these results are restrictive,
but the conclusions are extremely strong. We apply these theorems in Sections 3
and 4.

We need some notation and terminology. We assume throughout that A
and B are unital Banach algebras. When ¢ : 4 — B is an algebra homomorphism
from A into B, then it is assumed that ¢ maps the unit of 4 onto the unit of B.
The set of invertible elements of 4 is denoted by Inv(4).

DerFINITION. The algebra A is quotient inverse closed if whenever ¢ : A - B
is a continuous algebra homomorphism, then fe A4 and @(f)€ Inv(B8) imply
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that f + ker(¢p) € Inv(A4/ker(p)). A s-algebra A is x-quotient inverse closed if when-
ever ¢ is as above, then f =f*€ 4 and ¢(f) € Inv(B) imply that /' + ker(p) €
€ Inv(A/ker(p)).

Conditions are given in [3]that imply that a commutative Banach algebra
is quotient inverse closed. Tn particular, this is true for regular commutative semi-
simple Banach algebras [3], Theorem 1. B*-algebras are s-quotient inverse closed
by [13], Theorem (4.8.3) and Theorem (4.9.2).

Note. Assume that A4 is quotient inverse closed, ¢ : A —~ B is a continuous
algebra homomorphism, and K is a closed ideal of B.

If o(f)+ K € Inv(B/K), then [+ ¢ Y(K) € Inv(4/p ~YK)).

To verify this, define ¥ : 4 > B/K by ¥(g) = ¢(g) + K. Then i is a continuous
algebra homomorphism of A into B/K with ker(y) -= ¢ ~Y(K). If o(f) + K =
= Y(f) € Inv(B[K), then f 4+ ¢ ~2(K) = f + ker(y) € Inv(A4/ker(y)) =1nv(4/p -} (K)).
A similar result holds when A is =-quotient inverse closed and f= f* € A.
When A is a Banach #-algebra with unit and f is a normal element of
A, let A(f)> be the closed =*-subalgebra of 4 generated by f and 1.

LEMMA, Assume that A is a symmetric Banach %-algebra. Let ¢ be a . conti-
nuous algebra homomorphism of A into a Banach algebra B. Let J = Ker(p).

Assume f€ A, f = [*, and I{f,} < A such that each f, =¥, A,=ALf,> is
quotient inverse closed, n > 1, and ||f,—f1|—0.1f o(f) € Inv(B), then f+J € Inv(4/J).

Proof. For ¢ >0, setD, = {Ae C:|) < ¢}. Since ¢(f)e Inv(B), 3¢ > 0
such that D, is disjoint from o z(¢(f)). By [13], Theorem (1.6.16) we may assume

that a5(@(f,)) = {A:1A} > ¢} for all n. Set J, = 4,nJ. In this situation it al-
ways holds that for g € 4,

ap(p(g)) < our(g + J) < 045 (8 + J).
Then since 4, = A{f,> is quotient inverse closed,

aA"/J"(g. + J") = O'B((p(g))
Thus for g e A,

ap(P(&) = Oaplg + J) = 04,5 (g + J,).
Applying this equality to f;, we have o,,(f, + D c{i:|A>¢. If Ae

€o,,((fa +7), then A-te oy, (f, +J), so that |A~1 > ¢ and |i| < &7
Therefore : -

rag(fu + N <er (m =)
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Now J need not be a »-ideal of 4. But since primitive ideals in a symmetric Banach
=-algebra are x-ideals (this follows from [13], Theorem (4.7.14)), the intersection
of all primitive ideals of A containing J is a closed *-ideal of 4. Call this ideal 1.
Also note that

radg + ) =rylg +7J) (geA);
see [1], BA.2.3 and BA.2.4. Then A/I is a symmetric Banach x-algebra, and
ra(fp+ D) <et (=)

Since A/I is symmetric, by [11], (5.3), p. 268, r,,, is submultiplicative on the sey
of self-adjoint elements of A/I. Therefore

rall + D= (f+ D(fy + D™ < rglfy = [+ Dragfy + D7 <
¢y

< |\fe—flle7t for all n > 1.

Then from standard Banach algebra theory, [13], Lemma (1.4.18), f + I is invertible
in A/I. But then f + J € Inv(4/J).

The Lemma immediately implies the following result.

THEOREM 2.1. Let A be a symmetric Banach =-algebra. If for each f = f* € A
there exists a sequence {f,} of self-adjoint elements of A such that A{f, is quotient
inverse closed for all n and || f, — fi| = O, then A is +-quotient inverse closed.

When A is both symmetric and =-quotient inverse closed, then strong con-
clusions can be drawn concerning the spectrum of continuous images. This is
the content of the next resuit.

THEOREM 2.2. Assume that A is a symmetric Banach «-algebra and A is
x-quotient inverse closed. Let @ : A — B be a continuous homomorphism. Set J =
= ker(¢p).

(1) If 1 is a normal element of A and o(f) € Inv(B), then f + J e Inv(A[J);

(2) If f is a normal element of A, then o ,,,(f + J) = o5(@(f));

(3) For any g€ A,

aA/J(g + J) = o5(p(g)) U o5(0(g¥)).

Proof. Assume that fe A is normal. Then A{f) is a commutative unital
symmetric Banach =-algebra. Let D be a maximal commutative subalgebra of B
containing @(A{f>). Suppose ¢(f) e Inv(B). Then ¢(f) e Inv(D). Thus, for every
nonzero multiplicative linear functional (m.1.f.) ¢ on D, y(e(f)) # 0. Now yop is
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a nonzero m.1f. on A(f). Therefore by the symmetry of this algebra, Yoo(f*) =

=yop(f). This implies that Y(e(f*)) # 0 for all nonzero m.1.f.>s on D. Therefore
o(f*) e Inv(D). It follows that @(f*f)e Inv(B). Since A4 is =*-quotient inverse
closed, we have f¥f+J e Inv(4/J). It follows that f+J e Inv(4/J). This proves (1).

(2) is an immediate consequence of (1).

To prove (3), first note that since A4 is symmetric, we have (as in the proof
of the Lemma) that the ideal I which is the intersection of all primitive ideals
containing J is a closed =-ideal of A. Then g + I € Inv(4/]) if and only if g* + I€
€ Inv(4/I). Then by [1],BA.2.4, g+ JeInv(4/J) if and only if g* + Je
€ Inv(4/J). Therefore,

g +JeInv(4/))« g¥g + J and gg* + J € Inv(4/J) =

<> ¢(g*g) and ¢(gg*) € Inv(B) <+ ¢(g) and ¢(g*) € Inv(B).

These equivalences prove that

0418 + J) = 05(@(g) U o5(0(g¥))-

3. ALGEBRAS OF CONVOLUTION OPERATORS

Assume that Q is a locally compact unimodular topological group equipped
with Haar measure. For f e LY(G), g € L?(G), let

(Ty)(8) =f*ge L

16), (20.19). Then f — (7y), is continuous algebra isomorphism of L}Q) into
B(LP(Q)). Also, let BC(R2) denote the Banach space of bounded continuous functions
on £ (uniform norm). For fe LY(Q), g € BC(2), we have again that fxg € BC(R),
{6], (20.19). Let

T (e) =f+g (g€ BC(Q)).

We prove a general theorem concerning representations of LYQ2) such as the
representation f — (7y),, 1 < p < +oo, p =0, described above.
Certain restrictions must be made on Q. We make the assumptions:
(1) @ has polynomial growth; see [7] or [10].
(2) Either,
() Q is symmetric, (meaning LY(Q) is symmetric), or
(i) Q is compactly generated and w is a polynomial weight on 2, [12],
p. 900.
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Now when (1) and (2)(i) hold, let 4 be the algebra L'() with unit adjoined
if Q is not discrete (in which case L}(Q) has a unit); and when (1) and (2)(ii) hold,
fet A be the algebra L'(Q, w), [12], p. 900, the L'-algebra on Q with respect to the
weight w, again with unit adjoined if Q is not discrete. Theorem 2.1 and Theorem
2.2 apply to either of these algebras. First, A is symmetric in either case. When
(2)(1) holds, this follows by definition; and when (2)(ii) holds, it follows from a
theorem of Pytlik, {12], Corollary 7. Secondly, if fe LY Q) n LX), f = f* (here
F#(x) = f(xY), and f vanishes outside of some compact set, then by [2], (4.2)
and Remarks p. 307 and [3], Theorem I, A{f) is quotient inverse closed. Thus,
whenever ¢ = g* € A4, then 3{g,} < 4 with g, = g¥, n > 1, and with 4A{g,> quo-
tient inverse closed such that g, -- gl — 0. This verifies that the hypotheses of
Theorem 2.1 hold. As a result, we have the theorem below. Here if 7 e B(X) and
K(X) denotes the closed ideal of compact operators on X, then

o(T)={ieC: i~ T is not invertible in B(X) modulo K(X)}.
THEOREM 3.1. Ler A be either of the two types of Banach x-algebras described
above, Then A is =-quoticni iimverse closed. Assume m : A.— B(X) is a continuous

representation of A on a Banach space X with J = ker(n).

(1) For fe A, f normal,
ai,(f + J) = a(n(f)).
(2) For general g ¢ A,
6.4(8 + J) = a(n(g)) U o(n(g¥).

Now assume = is faithful (J = {0}) and that Q is not compact.

(3) For fe A, f normal,
0,(f) = a(r(f)) = e(n(f)).
(4) For general g € A,
o4(g) = a(n(2) U o(n(g¥)) = w(n()) U w(n(g?)).
Proof. (1) and (2) follow directly from Theorem 2.1 and Theorem 2.2.

Assume e C and fe LYQ) (or LYQ, w)) with 0 # n(il + f)e K(X). Then
3h = h* e LY(Q) (or LYQ, w)) such that /1 # 0 and n(h) € K(X). Now

o4(r(h)) = o (1) = a((Ty)).
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Thus the compact operator n(h) has an isolated non-zero real eigenvalue A,. If e is

the spectral projection in A corresponding to the eigenvalue 4, ¢ = 5{ S(/I-mlz)“dl
ni
v

for a suitable closed path y about /2,, then clearly (7,), is the spectral
idempotent in B(L?) relative to the isolated point 4, of o((T,),). By [9], p. 443
(T,), is the projection on the eigenspace of (T,), corresponding to 4,. Thus hxe =
= Jye and e=xL? is finite dimensional. Then L%xe is finite dimensional. This implies
that LY(Q) has a non-zero finite dimensional square integrable representation. A
result of A. Weil shows that this can happen only when Q is compact, [14], p. 70.
The contradiction proves that J = n-'(K(X)) = {0}. Therefore (3) and (4) follow
from Thecorem 2.2 and the note preceding the lemma in §2 with K = K(X).

Parts (3) and (4) of Theorem 3.1 apply to the faithful representations f — (T9),,
1 € p < 40, p =0. The spectral relationships concerning these representations
have some interesting properties that hold with only minimal hypotheses on Q.
We note these next.

ProrasiTion 3.2. Let Q be a unimodular o-finite locally compact group.
Let A be LY(2) with unit adjoined if Q is not discrete. For all f€ A:

(1) o4(f) = o((Tph):
QD Ifpr+qg=1withl<p< +co, then a((Tf.)q) =a((Tp),),

B) o4f) = o((T)w);
@) o((Ty),) = 04(f), 1 £p < +o0.

Proof. (12 follows from [13], Theorem (1.4.15).

2). Let f(x) =f(x"1), xe Q. If he L? and g € L, then (T;h, g> =<h, T:g)>
where {u, v) = gu(x)v(x) dx. Thus, T is the transpose operator of T;. As is well
known, [9], The':)rem 2.4, this implies

o((Tp),) = o((T7)y)-
Now f* = (f)~. It is easy to verify that
(T ) = o((T7)y).
This proves (2).
(3). Apply (2) when p =1 and ¢ = co. Thus, by (1),
o (f*) = o((T ) = o((T))eo).
1t is easy to sce that a,(f*) = a,(f), [13], Lemma (4.1.1). Thus,
o) = 6((Ty)eo).

(4) is elementary.
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4. ALGEBRAS OF HILLE-TAMARKIN OPERATORS

Throughout this section Q is a metric space with metric d, and g is a
positive regular o-finite Borel measure on Q. For convenience we denote the inte-

gral over @ of a function f with respect to u as S f(x)dx. When I is a Borel

subset of £, let x(I') be the characteristic function of I
For m > 0, let

I'lm] = {(x,y) e RXQ : d(x,y) < m}.
Also, for x e Q, let

Im), ={yeQ:(x,y)elml} = {ye:(y,x)e I'm}.
‘We make the following basic assumption:
“.1) 3C > 0 and 33 > 0 such that u(I'[m},) < Cm# for allx e Q.

All kernels are assumed to be measurable functions on @ X 2, and two kernels
are considered equal if they are equal a.e. Let A, be the linear space of all kernels
K(x, y) such that

|| K|}, = max (ess sup‘ IK(x, )| dy, ess supS 1K(x, )| dx) < +o0.
X y

Let A, be the linear space of all kernels K(x, y) such that
1/2 1/2
IIK]l; = max (ess sup (S IK(x, y)|? dy) , €SS sup (S IK(x, »)|2 dx) ) < +00.
x ¥

By [8], Theorem 11.5, the spaces (43, ||- || and (A4, ||-|l,) are Banach spaces. For
a kernel K(x, y), define

K#(x,y) = K(y,x) (x,y€Q).
Then A, is a Banach s-algebra with involution K — K* and multiplication

KsJ(x,y)= SK(x, 2)J(z, y)dz  (K,J € 4,).

Tt is straightforward to verify that Ke 4, determines bounded linear operators
K, and K, on LY(Q) and L*®(Q) respectively by setting

K0 = SK(x, Wdy (fe L),
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for p =1 and p =oo. Then it follows from the Riesz Convexity Theorem that
the same formula defines a bounded operator for 1 < p < oco; see [5], p. 525 and
Exercise 3, p. 527.

Let D be the set of all kernels K(x, y) in 4, such that K(x,y) =0 for a.a.
(x,y) ¢ I'lm] for some .

4.2. Note. Assume K,Je D, K(x,y) = O0fora.a. (x,y) ¢ I'g],and J(x,y) = 0
for a.a. (x,y)¢ ['[p]. Then K«J(x,y) =0 for a.a.(x,y)¢I'[p + ql. [Proof: We
may assume K(x, y) = 0 for all (x,y) ¢ I'lp] and J(x, y) = 0 for all (x, ) ¢ I'[q].
Fix (x, y) ¢ I'[p + q]. If for some z € Q, K(x, z) # 0 and J(z, y) # 0, then d(x, z) <
< pandd(z, y) < q. Then d(x,y) < p + g, a contradiction. Thus, K(x, 2)J(z,y) = 0
forall ze Q, so K«J(x,y) =0.]

Fix §,0 < 6 < 1, and define a weight function on 2x Q by

W(X, y) = (1 + d(x’ y))(S

Let A, be the set of all kernels K such that Kw € 4,, and define ||K||, = ||Kw],.
Then (4,,, ||-],) is a Banach space.

4.3. Notk. For all x,y,ze Q,

1 < w(x, y) < w(x, 2)w(z, y).
Thus, for K,Je 4,,,

1Kl < KWV

[Proof: Since d(x, y) < d(x,z) + d(z, y), we have w(x,y) = (1 + d(x, »))’ <
< (1 + d(x, 2))°(1 + d(z, y))® = w(x, z)w(z, y). The second assertion follows from
this inequality.]

Let AY be the closed subalgebra of all K € 4, such that

lim [[x(Flm])K]l; = 0.
m-»o0

Define A9, in a similar fashion (use ||- {,, in place of |- |,). In what follows we shall
be interested in the Banach x-algebras AP, = AInAd, and AS, = A\ nA,
where the norms are [|Kll, , = max(|Kll, [Kllp) and [IKl,,; = max(iK]l, [KL),
respectively. That these norms are algebra norms follows from the next lemma.

LeMMma 44. For J,Ke Ay, = A; N 4,,

[+ Klly < max({[Jl.[IKllz , }lo| K1)
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For JJKeAd,,=A,nA,
WeKlly < max(J1],, 1 Kila, IV [l[1K L)-
Proof. We give the proof of the first assertion only; the proof of the second

is the same.
Assume /€ L¥(Q). Then

S T K(x, 7)) h)l dy < S (R (x, 2)| 1K Gz, 7)| dz ) )| dy =

£Y

- S (e, 2! (S K, ) O dy) d: < (S J(x, 2] (S K Gz, ) dy)llzilhflz) dz <
< WikilK1n".

Taking the sup over /1 € L(Q), jiill, < 1, we have

1/2
(S;M(x, y)iedy) < WK,

Then

12
esssup (S IaKG, PP dy) < Wl K.
A similar argument interchanging x and y yields
12
esssup S oK (e, 2 0x) < WLl
y

This proves the lemma.

THeoreM 4.5. If K = K* € D N4y 5, then A, 5(K} is quotient inverse closed.
If K=K*eDnNA,,, then A, (KD is quotient inverse closed.

Proof. We prove the second statement only; the proof of the first is similar.
Let u(z) and u(z) be the entire functions u(z) = ei* — 1, v(z) == w(z)/z, z # 0O,
o(0) =i. Let U, == wunK) and V, = v(nK). Then U, = n(V,=K). To show that
A,, »{(K> is quotient inverse closed, it suffices by {3, Theorem 1] to prove that it
is semisimple and regular. The semisimplicity follows from [13], Theorem (4.1.19).
We will show that 3AM > 0 and 3o > 0 such that

(1) Ul < Ma®  (n 2 1).
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The argument in [2], (4.2) shows that this condition implies that A,, ,(K) is. regular.
(This argument is based on an idea of J. Dixmier in [4].)

Now we verify that (1) holds. Note that the operator (V,), is normal on
L¥82) and [I(V,)oll < 2. Let

; ‘ 1/2 2 1/2
ny)==(81v;*ﬁxx;y»2dx) < (S!\ V,(x, K Gz, 1) dz dx) -

= {l(VDuK(- s D]e < 2[K(-, e
Therefore

1/2
esssup (S [U,(x, ) dx) = esssup nl,(¥) < 2n|Kl),.
y hd

This incquality plus a similar argument interchanging the roles of x and y yield
2 [Uulle < 2n]IKi,.

Now assume K(x,y) == 0 for a.a. (x,y) ¢ I'lm].
Let

&, = [x(Fim@* — DPOW,[,, n =L

By hypothesis and Note 4.2 KP(x, y) = 0 if (x, y) ¢ m{nt — D]for1 < p <n? —1.
We may assume ||K|l,, < 1. Then using the series expansion for u(z) we have

I oo

T (1/p!) (im)PKP

p=n

g, <

< § (1/phHn’.

2
pn

i
W

As is shown in the proof of [4], Lemma 6, this implies ¢, — 0 as n — co.

Let

i

Lm=&mmmwww-nmmwmnm=

=”S

< nl|(V)o(KC, p)lellx(CIm(a® — DD, 3w, e <

x(C{m@® — DD(x, »wlx, ) dx <

Sﬁﬂﬁﬂmwz

< 20K (-, WILClm(n* — DYV + mn* — 1))°.

(This last irequality uses (4.1).)
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Thus, 3y > 0 and M; > 0 such that

esssupJ,() < Myn? (n = 1).
y

A similar argument interchanging x and y completes the proof that
XU m(® — DD, < Min", n>l.

Therefore

(3) ”Un”w S Mlny + en’ h 2 1

Combining (2) and (3), we have 3M > 0 and 3« > 0 such that (1) holds.

In order for Theorem 2.1 and Theorem 2.2 to hold it is necessary to work
with a symmetric Banach =x-algebra. We prove that the algebra A, , is symmetric.
We begin with a lemma.

Denote the spectral radius of a kernel K'in 4;, 4,,, or 4,5, by r(K), r(K),
or r, o(K), respectively. We use the same type of notation to denote the spectrum
of a kernel in one of these algebras.

LiMMma 46, Jf K€ A, then r(K) =r(K). If K€ A,,, then r,(K)=
= r (K).

Proof. Suppose we know that for all K in either of the two algebras above
that

Y ro(K) < {iKlh.

Then r(KY'=r (K™) < K™, , s0 r(K) < [K®|{"— r,(K). Thus, r(K)<n(K).
Since the opposite inequality always holds (4,, and A, , are subalgebras of 4,),
we have

°

2) If (1) holds, then r (K) —= r(K).
Suppose (1) holds for all K € 4,,,. By Lemma 4.4 forJ, K€ 4, ,
WKy < max([V K, Vil IKTL).
Thus, for K € 4,,,
IKEM, o = max(JKE, | [[KA ) < max([[K], , KO, K ).

It follows that

oo oK) < max(eo (KD, oK)y o KOPI).
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Therefore by this inequality and (2)
rv oK) < r (K) = ry(K).
It remains to verify (1). For each ¢,0 < ¢ < 1, define
wix,y) = (I + ed(x,y))’ (x,y€ Q).
The proof of Note 4.3 works for w, in place of w, so
1 < wix,y) < wix, 2wlz,y) (x,y,z€Q),

and A, is a Banach algebra with norm [K|}, = IKw,|l,. Also, w, < w < &¢~%w,
on @x Q. Then ||J|l,, < ||/]lw &=¢ for all J, and for n > 1,

K Y < K =,
1 2

This proves
3 L R < g (K) < K

Assume Ke A,. Now since 0 < 6 < 1,
<+ <1+8 (20
Also, 1 < wyx, y) for all x, y. Therefore
esssupS‘lk(x, ldy < ess supS IKCx, Pwx, ) dy <
X x
< csssupS K, DI+ d(r, 1)) dy <

< ess supS [K(x, M dy + &° (esssups IK(x, Y)d(x, y)° dy).

Similar inequalities hold with x and y reversed. This proves
tim |kl = 1K,
e
Combining this with (3) yields (1).
THEOREM 4.7. If K = K* € A,,,, then
0., A K) = a(K,).

Thus, A, 5 is a symmetric Banach x-algebra.
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Proof. Assume K = K% e A, ,. First we prove that r(K) = [ K,l. Now
IK =0 < ig(FRIDK D + il (FR7TOK* 0,
Since 1 < w(x, y)(2")~* whenever (x, y) ¢ I[2"], we have
(M AR D] < K DL(270)
Now

S IR0, p) g (F[2D0y, ») dix == S ‘ SK*'”(X, 2)K(z, y)dz 12D, y) dy €

< KEKC ) Bl i S LK HIKR(CRTHVE

(This last inequality uses (4.1).)
A similar argument interchanging the roles of x and y gives

@ JTRZDK" D, < [KE K€
Combining (1) and (2) we have that 3 M > 0 such that
R N ) T
Therefore
r(K) < 2-';/2131{}_,;;‘ + 2-% (K).
By Lemma 4.6 r (K) === ri(K) so this implies

r(K) < (1 — 2“’)“2"'/2”[(2{}.
Then
r(K) = ry(KOMT < (1 — 270) 7120 K,

and letting n — +o00, we have r,(K) < |IK,!. The reverse inequality holds by [13],
Lemma (4.4.6). Applying Lemma 4.6 gives

"“'.2(1(’) = [IKy'.

It follows from Hulanicki's Theorem that o, ,(K) = o(K;) for all K = K* in the
algebra A, . This implies the symmetry of Ay s ’

Now we apply Theorem 2.1 and Theorem 2.2.°
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THEOREM 4.8. The algebra Ay o is *-quotient inverse closed. Assume K€ A, ,
and 1 € p < +oo.

(1) 6, x(K) = a(K,) when K is normal.

(2 o, oK) = o(K,) U 5((7(% in general.

(3) w(Ky) = w(K,) when K = K*,

@) o(Ky) = w(K,) U o(K¥),) in general.

Proof. By Theorem 4.7, A,, ,is a symmetric Banach x-algebra. For K = K* €
€ A, » setting K, = x([[m])K, we have ||K,, — K||,,, - 0 as m — co. By Theorem
4.5, A,, (K, is quotient inverse closed for all m. Therefore 4, » is *-quotient inverse
closed by Theorem 2.1, Then (2) follows from Theorem 2.2.

Again, assume K = K* € A4, ,. By (1)
6\0,2(]() = O-(Kp) = U(K2) = R? 1 < p < +00.

In this situation if 1, € 6(K,) and A, ¢ w(K,) for some p, then 1, is an isolated
point of o(K,) and the spectral projection corresponding to the set {4,} has finite
dimensional range; see {1}, Theorem R.2.4 for a very general statement of this
fact. Thus, 4, is an isolated point in ¢, 5(K) and 6(K,), 1 < ¢ < +co. If E is the
spectral idempotent in A,, , corresponding to the set {4,} in a,, o(K), then E, is the
spectral idempotent in B(L%()) corresponding to the set {4y} in o(K,). Since E,
has finite dimensional range, EA, ,E is finite dimensional, and this implies that
E, has finite dimensional range for all ¢, 1 < ¢ < +oo. Then 43¢ w(K,), 1 < g <
€ +oo. Therefore w(K,) = w(K,) for all g, which proves (3).

The proof that (4) follows from (3) is straightforward.

Note. Let Cy(Q) denote the Banach space of continuous complex-valued
functions on Q that vanish at co on Q. Denote by A, . the set of all kernels K € 4,
such that for every g € Co(R2), both

Sk(x, Ye()dy and SK*(x, Ve(r)dy

are in Cy(2). It is easy to check that A, _ is a closed +-subalgebra of A4,. Thus,
Ayo. =A,2NA;, is a symmetric Banach =-algebra. Furthermore, setting

K)o = SK(x, NIy (feCo@),

we have K — K is a faithful continuous representation of A4, , . into B(Cy(2)).
It is not hard to see that if K(x, y) € Co(2x Q) and K€ 4;, then K€ 4, .

9 - 1193
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Now for any m >1 define
1 (x,yyel'lm - 1]
(. ¥) ={m—d(x,y) (x.»)erl [m]\I[m — 1]
0 (x, ¥) ¢ I'lm].
If KeCy(@xQ), then 1,KEC(R X Q),m > 1. If K:= K*eCy(Q 2 Q) and
K€ A}, then t,K €D and 7, K — K[}, , > 0 as m > co. Thus, 4,,, . is =-quo-

tient inverse closed by Theorem 2.1. Applying Theorem 2.2 we have that g, , (K) =
= a(K,).

5. TWO EXAMPLES

In this section we look briefly at two very different examples of algebras of
Hille-Tamarkin operators. fn each case we give a simple sufficient condition that
an operator be in Aj 5.

5.1. ExampLE. Let @ be the set of all positive integers equipped with
counting measure i and metric d(n, m) =~ 'n- - m'. Then for m >0

rim) == {(j.j+ k)1 <j, max(—m, 1 —j) < k < m}.

Thus, I'lm] is a set of 2m + 1 diagonals in QX Q. Since for any sequence {a,},

[ee]

oo 2
Yla < ( Z}akf) . it follows that in this case 4, = A, and |K|, > K, for
e k1
K € A;. The weight function has the form

w(i k)= +1j—k) (jkeQ).

We have the following simple criteria for a kernel to be in 43 = A3 a-
5.2. Assume K(i,j) is a kernel. For each integer k let M, = sup{ K@, j+ k).
:max(1,1 — k) € j < oo} (the sup over the k" diagonal of K). If Z M+ k)=

k= —o0

=M < +oco, then K€A) = A3 ,.
Proof. For any j

+ 00 + o
VKGRI + =k = Y 1KGj+ I+ ki) <
k

1 ko—jt1

< Y MO+ k)Y =

ke:~00
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Thus,

+oc0
sup ¥ | K(j, k) | w(j, k) < M.
FE |

This inequality plus a similar inequality with j and k reversed imply ||K||, < M.
Therefore K € A,,, and essentially the same computation verifies K € 45 = A3 ,.

5.3. ExaMpPLE. Let Q2==[0, +00) equipped with Lebesgue measure u. Let
d be the usual metric on [0, +c0). The weight function w(x, y) is of the form

w(x,y) = (I +

x—y)° (x,ye€Q).
5.4. Let K(x,v) be a kernel on  x . If 3a > 1 and 3 M > 0 such that
[ K(x, )] < M(1 + |x—y])™ (x,y€Q),

then K€ A4, for an appropriate choice of 6, 0 < § < 1.

Proof. Choose 6 such that 0 < 6 < min(l,« — 1). Let w be the correspond-
ing weight function (defined as above). By hypothesis

|K(x, Y)wix, ) < M(1 4+ [x — p))~@=9  (x,y € Q).

Note that o --J > 1. This inequality shows that it suffices to prove that when
f > 1, then

(Il +lx—y)"red,.

The verification of this is a straightforward computation.
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