3 Ors'i$9‘;:)0'§5;‘2ﬁgRY © Copyright by incrEsT, 1987

A NOTE ON THE CLASSES (BCP),

B. PRUNARU

1. INTRODUCTION

Let s be a separable, infinite dimensional, complex Hilbert space and let
L(#') denote the algebra of all bounded linear operators on .

We are concerned with some classes of operators appearing in the theory
of dual algebras, namely (BCP), operators.

As it was shown in [3} (see also [2]), (BCP), operators are contained in the
class AN(, {(sec below the terminology). Both of these proofs use the Sz.-Nagy- Foias
functional model. Our aim is to give a more direct proof of the above result,
using systematically the minimal coisometric extension of a given contraction.
The main tools in proving that (BCP), are included in Ay are Lemma 3 below
combined with a certain criterion for membership in Ay (cf. [2, Theorem 3.7)).

We also show (see Theorem 4) that several classes of contractions whose
essential resolvent grows rapidly near the unit circle are included in Ag,-

2. NOTATIONS AND TERMINOLOGY

Recall that Z(#’) is the dual space of %,(#) — the trace-class operators
on # --- the duality map being

(T, LY =t(TL), Te L(H), LeB(H)

A weak® closed subalgebra of () that contains 1, is called a dual algebra.
(The paper [2] is the basic reference for the notations and the terminology.) If
o < LAY is o dual algebra, then & is identified with the dual space of the Ba-
nach space Q. = € (#)/Lf where Lo/ denotes the preannihilator of & in.
@(A); this duality is implemented by

(T,[L)> =t(TL), Test, [Ll€ Q..
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If x and y are vectors from # then x ® 3 denotes the rank-one operator, i.c.
(x®»()=(zxyx VzeH.

If o = &()is a dual algebra and n is a cardinal number satisfying 1 < n < N,,
then o is said to have property (A,) if for every system {[L;]; 0 </, j<n}
of elements from Q. there exist vectors {x,,y;; 0 < i,j <n} in # such that

[Ll=[x®»], 0<ij<n

If & c Z(#) is a dual algebra and 6 is a nonnegative real number, then % ,()
denotes the set of all [L] in Q. such that there exist sequences {x;}°{ and [y;}¥;

in 3 satisfying the following conditions:

limsup(i[x; ® ¥ — [LI) < 0

flxfl <1, lyli<1, ieN
!‘iﬂm(ll[xf @zl + lz®@y1) =0 VzeH.

Suppose now that 0 < 0 < y. Then a dual algebra is said to have property X, ,
if the closed absolutely convex hull of the set & ¢() contains the closed ball B, ,
of radius y centered at 0 in Q.

As it was shown in [2, Theorem 3.7], if & < () is a dual algebra which
has property X, , for some 0 < 0 < y then &/ has also property (A‘\.o).

Let D:={zeC; |z| <1} and let T = 0dD. Then H® denotes, as usual,
the Banach algebra of all bounded analytic functions on D. A subset S < D
is said to be dominating (for T) if almost every point of T is a nontangential
limit of a sequence of points from S.

If T e L(#) is an absolutely continuous (AC) contraction, then £/ denotes
the dual algebra generated by 7 in £(5) and Qr denotes the predual 0 _.

The class A = A(¥#') is defined to be the set of all AC contractions T € Z(#)
for which the Sz.-Nagy--Foias functional calculus

q)T:HOO_)MT

is an isometry.

For such 7, one knows (cf. [2, Theorem 4.1]) that &, is a weak® homeo-
morphism between H* and &7, and for each 4 € D, there exists a unique element
[C,;] in O such that

(@A), [C.]> =/04) VfeH™.
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For any cardinal number »n satisfying 1 < n < %, the class A, consists of all
those T € A for which the dual algebra & has property (A,). The basic reference
for the theory of dual algebras is [2]. If T is any contraction in Z(#’) and p e D,
then 7, denotes the Mobius transform

For each 0 satisfying 0 < 0 < 1, the class (BCP), consists of all completely
nonunitary contractions.T in Z(#°) for which the set

{neD;info(TFT)?) < 0 or info (T,T¥)?) < 0}

is dominating for T.
Let us define

Ly(T) = {peD;info (TIT)?) < 6}
and

Ry(T) = {ueD;info (T, T5H"?) < 0}.

Thus T € (BCP), if and only if the set Ly,T)U Ry(T) is dominating for T.
Let us denote, for an arbitrary contraction Tin £ (5#), and foreach 0 < 0 < 1,

fo(T) = (6.(T)NnD)u {1 e D\a(T); Oj((T)—N)-1] > 1 _]l - }

where 7(7") denotes the projection onto the Calkin algebra. These sets were intro-
duced by Apostol in [1] and are closely related to the classes (BCP),. Indeed, we
have

EAT) = LoT)UR(T) = T 29 (T)

1-0

for every contraction T in £(#’) and for every 0, satisfying 0 < 0 < 1 (cf. [2,
Proposition 8.1]).

3. THE MAIN THEOREM

In this section we present our proof of the following result:

THeoreM . (cf. [2, Theorem 5.2]). For every 0,0 < 0 < t, (BCP), < Ay,

Before proving this theorem, we need two lemmas. Recall that if T is a
given contraction in (), then Dy = ([ — T*T)/? is the defect operator; it
is easy to see that 7Dy = D s T.
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Lemma 2. Let T be in A(K) and (x,) be a sequence converging weakly
to 0 in #°. Then for any x € A,

[Dyx, ® x)ii >0 as n —co.

[ee]
Proof. Let ¢ > 0and x e . Since ¥, 1DsT*x|? < oo we may choose
i o
N > 1 such that
EEDT::T‘::: A .2 < -h~< .
SN 4

Since x, — 0 weakly, there exists n#, > 1 such that

&

(T Dy, X)) < ——m-= ., 0K j< N, n>n
' AN + 1) !
Since 7Dy = D,=T, we obtain
(TjDT'\‘n > ’\.) = (TDT'\‘:: ’ T*j_lx) =

= (DT, T*1x) = (Tx,, DT ty), j>1.
Take fe H®, || f/w = I and write
=Y az’, -eD.
ji 0
If 0 <r <1 and f(z) = f(rz), z € D, then we have
o . .
fAT) =Y apiT
i
therefore

J-

N
(f(T)Dpx,, ) < Y, L& | /(T Dy, ) |+ Y 141 1T Dpx,, )| <
j -V N

<S4 (Y la; 172 ( Y |DT* x| < &, for n>n,.
2 SN =N

Since f,(T) -s—0>f(T) as » —» 1, we obtain
(M) Dgx,,x)| < ¢ forn>n, and fe H®, jif[le =1

hence [[[Dyx, ® x}i| < &, n > n, and the proof is complete.
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The following lemma is the main tool in proving that for each 7T € (BCP),,
o has property Xg,, (, where 0 + ¢ < 1.

LEMMA 3. Suppose Te A(#), 0 <0 <1 and 0 <e<1—0. If pnebh
satisfies inf(o (T¥T)V?) < 0, then there exists a sequence (p,) in the unit ball of
S such that

a) IC] =@yl <0+e neN and

b) lim (jify, ® 2l + Iz @ »l) =0 Vzed.

Proof. Since T € A, it is easy to see that 7, € A and that for any x and y
in 3 we have
IIC = [x ® ¥llle, = l[Col — [x ®y]“QTu

and

itx ® rlilo, = Ilx @ s, -

These comments show that we may assume that g = 0. Since info (T*T)"* < 0,
it follows from elementary spectral theory that there exists an orthonormal se-
quence ‘x,} in # such that

NTx,l < 0+¢ VneN.

Let V=8S@ Re £L(A") be the minimal isometric dilation of T* where
S e Z(#) is a unilateral shift and R € Z£(#) is an absolutely continuous unitary
operator. Then it is well known that

Vil < A
and
Th =V*h Nhex

(cf. [7, Chapters 3 and 4]). _
Since T € A(#) and T is a part of V', it follows that V* e A(X).
Let us consider the orthogonal projection P of .#° onto Ker ¥*, Then we

have
IPxallt = 00— VVE = = el =
=1 = T2 21— (0 + or
P'x"l N
Let z, = - and let y, = Pyz,, where Py denotes the orthogonal

[|Pax, | :
projection of #" onto #°. We claim that the sequence {J,) satisfies the conditions
a) and b). :
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We have

' l}‘z
iFak

hence

"Yn

Since z, € Ker V* and =

or equivalently

APLPx,i? (PP, x,) 2

I’ = [ 2 ab
f| Px, |2 | Px, |
- zn“‘: = ii‘P‘#:n T zu;llz = 4‘!Zn“2 o ;i.)’lll:z < (0 + "‘:)‘.'

i =1, it is easy to see that

n

UV*)z,, z,) = J0) for all fe H®,

[CO]Q [Zn ® zn]Q * e
vV 14

Let us remark that there exists a natural isometry between Q5 and @+

defined by

J:Qr —’QV*

AT, Ly = JVH), L »

and it is easy to see that

and

j([Co]Q,.) = [Co]QVz

Jx ®Ve) =lx®ylo . Vxyel

Since V=# < ., we also have

Therefore we obtain

[ ®lo . ~[x®Prlo, Vyed, :z e
)

‘:%[C(}] - [J‘n ® yu]”QT = ”[C()] - [J'u ®yn]”QV=B‘ =

= El[cv(]] T [Pz’zn ® Zn]!!QV* < ![C()] - [:n ® zn]i!Qvﬁ +

+ Uz, — Pz, ]l <0+¢ VYneN.

It follows that the sequence {y,}%, satisfies a).

B. PRUNARU

=Pyl 21 — (0 + c)
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Let x € # and write x = x' ® x2, where x' € 2, x2 € 4. Since z, € Ker V*:=
= Ker S*

Ix ® »ililo, = I @ y,lllg =

]

Ibx ® zlllo o = sup [(A(V*)x, 2,)| =
v \\ffg:_wu“_’l

sup (f(S*)x', z)! = [[¥ ® Z,.]HQS*-

feH®
HfMieo- 1

Since z, — 0 and S* € A n C, ., this last term tends to 0 (cf. [2, Proposition 6.5]).

Now, let us show that [[[y, ® x]|| » o0 as » = co. Let f€ H*® and let us denote

X,
X, " . Then

" Pl
TWas %) = Q> ITHX) = (Paz,, [(TH)x) =
= (2, ATHX) = (({ — VYN, f(T*)x) =
= ((I = T*T)x,, fIT*x) = (f(T)Dx,,, x),
where f(z) = f(Z), z € D. Therefore
I, ® X1 = D%, ® x1j

and by virtue of Lemma 2, this last term tends to 0. The proof is complete.

Proof of the theorem. Fix an arbitrary 7 in (BCP), and let ¢ > 0 such that
D+¢e< 1. By virtue of {2, Theorem 3.7], it suffices to show that 7’e A and &/,
has property X,., .. For each y € L,(T)U Ry (T) we can construct as in the prodf‘
of Lemma 3 a vector y, in the unit ball of # such that

S~y < O + 9)ilffes, [ H®
Since the set L(T) U Ry(T) is dominating for T, it follows that

I = sup JTWw 3 =

/IELD U 8

2 sup () — (0 + lifle = (1 - 0 — &)lfllco-

[IELo UR()
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If we replace f by f", we obtain
S 2 (10— 0 — &)l
Taking n-roots, we obtain, for n - co

AT > i
hence T e A.
it follows from Lemma 3 that for any u € Lo(T), [C,lr € ¥y, (). Since
Ry(T) = L,(T*) we also have [C,]; € £y, (&) for all u in Ry(T). Since the set
LT)U Ry(T) is dominating for T, it follows from [2, Proposition 1.21] that
aco{[C,]; me Ly(T)u Ry(T)} equals the unit ball in Q,, therefore &/, has pro-
perty X,.. . The proof is finished.

Lemma 3 together with a recent criterion for membership in A(#) (cf.
[6, Theorem 2.1]) enable us to give a sufficient condition for membersh_ip in Ax“,
which improves a similar one from [4].

If Te £(#), then we denote by F(T) the union of those holes H in o (T)
such that H < o(T).

THeOREM 4. Suppose T € Cy, and there exists 0 satisfying 0 < 0 < | such
that the set

MTYy=(c(T)n D) F(T)Uy Jl/‘. e Do (T), 0.Urn(T)— 4A)7Y; > n »-]. . ‘-}
— A
is dominating for T.
Then Te Ag,-

Proof. Let ¢ > 0 such that 0 + & < 1. Since A(T) is dominating, it follows
from [6, Theorem 2.1] that T e A(#). Thus, by virtue of [2, Theorem 3.7] it
suffices to show that for each pu € A(T), there exists a sequence of vectors {x,}
in the unit ball of . such that

1) [C—[x, @ Xl <0 +& VneN
and
2) lim (fx, ® z). + @ x,Ji) =0 Vze#,

Suppose first that e g:,,(T). Since g:o(T) = L(T)U R,(T) (cf. {2, Proposition
8.1]), an application of Lemma 3 yields the existence of a sequence {x,) in the
unit ball of # satisfying 1) and 2). Tf u € Z(T), then elementary properties of
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Fredholm index combined with [5, Lemma 2.2 and Lemma 2.3] yield the existence
of an orthonormal sequence {x,} in 5 such that

ICl=[x,®x) a>1L

Since T'€ A nCy, the sequence {x,} also satisfies (2) (cf. [2, Proposition 6.5]),
therefore T € ANO'
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