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JORDAN OPERATORS ON HILBERT SPACES

STEFAN FRUNZA

1. INTRODUCTION

A natural way to generalize the bounded selfadjoint operators on Hilbert
spaces would be to replace the condition 7% = T by the condition T* be nilpotent
equivalent to T or even quasi-nilpotent equivalent. Such a generalization was pro-
posed in 1970—1972 by J. W. Helton, having in mind the multiplication with the
variable on a weighted Sobolev space on R ([9]). An advanced version of the spec-
tral theorem would be that any operator 7" with the property that T* is quasi-nil-
potent equivalent to T has a Jordan decomposition T = 4 + Q where 4 is a self-
adjoint operator and @ is a quasinilpotent operator commuting with 4. J. W. Helton
has proved that version for the order 3 of nilpotency: if T# is nilpotent equivalent
to T of order 3 then T = A + Q where A4 is selfadjoint and Q is a nilpotent operator
of order 2 commuting with 4. Since the proof in ([9]) has an algebraic-spatial cha-
racter, being specific to the order 3 of nilpotency, Helton himself has suggested
that the geometric notion of orthogonally decomposable operator would help to
generalize his result.

The purpose of this paper is to present the generalizations of Helton's result
to an arbitrary order of nilpotency as well as for some cases of quasi-nilpotency.
Moreover, we show how to formulate and solve the corresponding problems for
unitary and normal operators.

2. PRELIMINARIES

Let H be a complex Hilbert space and L{(H) denote the algebra of all bounded
linear operators on H. The commutator C(T, S) of two operators 7. Se L(H)is
the operator defined on L(H) by C(T, S) = (T) — r(S), where [(T) is the lcfi
multiplication by T and #(S) is the right multiplication by § on L(H). Following
([5]) we say that T and S are quasi-nilpotent equivalent if

lim {|C(T, S)Y (D[ =0 = Hm ||C(S, T) )|/
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An equivalent condition is that the operator entire functions exp(--zS)exp(zT
and exp(-—zT)exp(zS) both have order one and minimal type (see [9], p. 328). With
that remark in mind and inspired by a paper of A. Atzmon ([3]) we will distinguish
several levels of quasi-nilpotent equivalence by the growth of those entire functions.
In the same time we will need to ““desymmetrize’” the quasi-nilpotent equivalence.
Thus we will use the following relations.

TqS if lim {CY(T, S) ()} = 0;

Tn, S if CHT,8)(I) =0, kelN;
Tq,S, 0<a<i,if TqS and (3) ¢ > 0 such that

Fexp(—irT) exp(irS)! = O(expetr) for - oo;

oC

T4GSifTqS ands log lexp{—itT) exp(itS) /(1 + 7%)ds is convergent.
—00

If r denotes the one of the relations above then by sr we will denote the corresponding
symmetric relation. Thus 7 and S are quasi-nilpotent equivalent iff 7'sq S.

An operator T € L(H) will be called ortfiogonally decomposable if T’ is decom-
posable in the sense of ([5]) and moreover any two invariant subspaces with disjoint
spectra are orthogonal (see [9], p. 330).

An operator 7 € L{(#) will be called Jordan operator if it has a decomposi-
tion T'= N -}- Q@ where N is normal and @ is quasi-nilpotent and NQ = QN.

3. RESULTS

THEOREM 1. An operator T € L(H) hos a Jordan decomposition T = A + Q,
where A is a selfadjoint operator and Q is a quosi-nilpotent operator corunuting
with A if and only if' T is decomposable arid T¥sq T.

Of course it would be interesting to know if the condition 7%sg 7 does not
imply the decomposability of 7. A result in that direction is the following,
THeoREM 1. If T%¢ T where t is one of the relatioiis tey_y, Q, or ¢ then T is

a A-selfadjoint operater in the sense of ({5)).

The correspondence between the “level’”” of quasi-niipotent equivaience of T
and 7 and the order of quasi-nilpotency of Q is the following.

THEOREM 177, An operator T € L(H) has a Jordan decomposition T = A + Q,
where A is a selfadjoint operator and Q is an operator commuting with A and such
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that Q8 =0, Q0sq,0 or QOsq0 if and only if respectively T*sny. T, T*sq,T
or T*sq T.

For Jordan operators with unitary scalar part we have the following results.

THEOREM 2. An operator T € L(H) has a Jordan decomposition T = U 4 Q
where U is a unitary operator and Q is a quasi-nilpotent operator commuting with
U if and only if T is invertible, decomposable and T*sqT ™.

TuEOREM 2. If T is invertible and T*sr T™' where 1 is one of the relations
Ny OF O, , then T is a U-unitary operator in the sense of ([S]).

THEOREM 2''. An operator T € L(H) has a Jordan decomposition T = U + Q,
where U is unitary and Q is an operator commuting with T and such that Q¥ =0
or Qsq,0if ard only if T is invertible and T*sny_, T~ respectively T*sq,T™L

The conditions 7*%sq T and 7%*sq 7 ~? cannot be extended directly to cover the
corresponding generalizations of the normal operators. A substitute would consist
in replacing the equality T#T = T'T* by the condition

) lim [|C(T, T) (TH]" = 0

which, as can be readily seen, is already symmetric.

THEOREM 3. An operator T € L(H) has a Jordan decomposition T =N + Q
where N is a normal operator and Q is a quasi-nilpotent operator commuting with N
if 'and only if T is decomposable and satisfies condition (x).

The following corollary of Theorem 3 was conjectured in ([9], p. 330).

COROLLARY. If' T has a C"(R®)-functional calculus and both T and T%* are
orthogonally separated, then T = N + Q where N is normal, Q is nilpotent and

NQ = ON.

Tt seems difficult to prove a Theorem 3’ similar to Theorems 1’ and 2’ even in
the case when T has real or unitary spectrum and the condition (x) holds in the
most particular way: (3) k > 2 such that CXT, T)(T*) = 0.

Another interesting way to develop the potential ideas of ([9]) would be to
characterize the sub-Jordan operators by the corresponding asymmetric relations
as that was done for the order 2 in ([9]). The complete positivity technique used
in ([1] seems to be useful in this context too.

4., AUXILTARY RESULTS

LeMMA 1. If T*qT then sp(T) < {z€ C|Imz < 0}.
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Proof. From T*qT and 'exp(—isTexp{isT)!! = |lexp(isT) %, s¢ R, we get
for any ¢ > 0 an estimation of the form

cenp(- -isT)" € Myexp(es), §>0

which guarantees that the lLaplace integral Sexp(zs)exp(m-ﬁsT)ds is absolutely con-

0
vergent in the operator norm for Rez < 0. It is a standard fact that this integral
represents the resolvent R(z;iT). Consequently sp(i7) < {ze 5 Rez = 0}
whence we get sp(T) « {z e C|Imz < G, as desired.

CoroLLARY. If T sq 7 then sp(T) < R.
LemMa 2. If T is invertible and T#q T thea sp(T) < {z € C! EAES

Proof. We have
CIJ(T:::, T—l) (I) — (T:::)n . (:’)(T:}:)n_lz-_l + - + (—"1)” (T»l)il

whence we get

C'a(T:::‘ T—l) ([)Z".’J — (T:::)J"T" _ (;I)(T*)" ~1'["F!--] + e + ( 4])'! I
From here one can prove, by induction on #, ike rclation
(T:::)nTu - Cn(Ti:: T'—l)(I)T" _|_ (T} C”_l(T:.':p T—l) (I)Tﬁ—l + R & I

which gives us the estimation
(TPT" <MgiT, + 1) aeN
where ¢ i$ an arbitrary positive number and A4, is a positive constant depending on
&. Taking into account that [ (7)"T"} = ||T"*, we get from the estimation above
o
that the series §, 7" /z°*! whose sum is the resolvent R(z; T') is absolutely conver-
n=0

gent in the operator norm for |z| > 1. Consequently we have sp(T) < {z e C! 'z’ <1}
as desired.

CoRrOLLARY. If T is invertible and T%sqT % then sp(T) < {ze C iz, = 1}.

The foliowing lemma is inspired from ([3], Proposition 3).
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LemMma 3. Tq, S if and only if ||CY(T, S) ()|M" = O(n~@~9%) for n - co.

Proof. If T q, S then, by applying the analog for vector valued functions of
(4], p. 97, Theorem 6.69) we get |lexp(—zT)exp(zS)|| = Ofexp c|z|¥) for |z| — oo.
Using now the relation between the order of an entire function and the growth
of its Taylor coefficients we obtain the estimation '

(T, YD/ nt|| < C"-n~", n=12,..., C = constant >0,
whence, by applying Stirling’s formula, we obtain the estimation

1CT, S) (D] € Ci-n"8, where f =o /{1l — &)
and consequently
1C(T, $) (DIF" = O(~=a~=%%)  for n - oco.
Conversely, if

|C"(T, $) (DIM" = O(n=@=9=)  for n - oo,

then by applying again Stirling’s formula and the relation order-coefficients (this
time in the other direction), we get

lexp(—zT)exp(zS)|; = Ofexpelzl®) for |z} o0

and consequently 7'q, S. The proof is concluded.

One of the main tools used in the proof of the announced results will be a
Jordan decomposition theorem for orthogonally decomposable operators. The
first variant of this theorem ([8], Theorem 6) said that an opsrator T € L(H) is
orthogonally decomposable if and only if it is a Dunford spectral operator with
normal scalar part. Subsequently, M. Putinar (private communication) discovered
by two examples that the theorem cannot be true in the form stated above. So I
revised the proof, found the guilty lemma (it was Lemma 1 in {8]) and added a new
assumption to get the correct variant. In fact there are two correct variants. Recall
that an operator T e L(H) is called orthogonally separated if any two invariant sub-

paces with disjoint spectra are orthogonal.

THEOREM J1. If T € L(H) is decomposable and both T and T* are orthogonally
separated then T is a Jordan operator with normal scalar part.

The additional assumption is that T is orthogonally separated. Under this
assumption the proof in [8] remains valid except we do not need Lemma 1 this time.

Tueorem J2. If T e L(H) is orthogonally decomposable and the maximal
spectral spaces of T are invariant for T* then T is a Jordan operator with normal
scalar part.
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The additional assumption is that the maximal spectral spaces of T are inva-
riant for 7% Under that assumption the proof of Lemma 1 goes as follows. Let
F = o4(x) and denote by T’y the restriction of T to Hy(F). Then (T()* is the restric-
tion of 7% to Hy(F) and it is easy to see that the function x*(z) = R(z; T#)x which
is defined and analytic on (F)* (the conjugate set of F*) satisfies (z — T%)x%(c) =
= %, z € (F)* Consequently, op(x) < o4(x)* and since T and T* may be inter-
changed, we get finally the equality op(x) = ap(x)*

REMARK. A. A. Jafarian informed me that a result similar to Theorem I2
may by found in his paper ([L1]).

Finally we will need to know the behaviour of the quasinilpotent equivalence
with respect to the functional analytic calculus.

PROPOSITION 4. Let X be a complex Banach space and A, Be L(X). If ArB
where t is one of the relations n,, q, or q then f(A) r f(B) for any function | analytic in
an open neighbourhood of sp(A4) U sp(B).

COROLLARY. If Ast B where t is one of the relations ny, q, or q then f(A) st f(B)
Jfor any function f analytic in an open neighbourhood of sp(A) U sp(B).

The proof of Proposition 4 will be based on the following.

LeMMA 5. Let X be a complex Banach space and A, B € L(X) be two com-
muting operators. If f is an analytic function in an open neighbourhood of sp(A) U
U sp(B) then there exists an operator D € L(X) commuting with A and B such that

f(A)—f(B) = (A — B)D.

Proof of Proposition 4. We apply Lemma 5 for the commuting oper-
ators A =I(4) and B = r(B) on L(X). Since sp(4) = sp(4), sp(B) = sp(B) and
fd) = f(4A) = I(f(4)), f(B) = f(B) = r(f(B)) then there exists an operator & on

L(X) such that
C(f(A), fB)) = Uf(A)) — r(f(B)) = fiA) — f(B) =
=(A—B)D = C(4, B)D = 9 C(4, B). -
From here we get the following inequality
IC*(f(4), f(B) DI < | 21|~ 1C"(4, B) (D"

whence we obtain directly the assertion if r is n, or q. For r = g, we can apply
Lemma 3.
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Proof of Lemma 5. Let I be a finite system of C!-Jordan curves contained in
the neighbourhood V and containing inside the union sp(4) U sp(B). Since AB =
= BA, we may write

R(z; A) - R(z; By = (4 — B)R(z; A)R(z; B), zel

and consequently

fA) — f(B) = (2ﬁi)_1Sf(Z)[R(Z; A) — R(z; B)]dz = (4 — B)D
wherc |
D = (2ni)™t Sf(z) R(z; A)R(z; B)dz
T

and it is clear that D commutes with 4 and B.

5. PROOFS

Proof of Theorem 1. If T = A + Q, where A is selfadjoint and Q is quasi-nil-
potent commuting with A, then by ([5], Theorem 2.1) T is decomposable. Moreover,
exp(—zT*)exp(zT) = exp(—zA)exp(—zQ*)exp(zA)exp(zQ) = exp(—2zQ*)exp(zQ) and
analogously exp(—zT)exp(zT*) = exp(—zQ)exp(zQ*). Since both Q and Q* are
quasi-nilpotent, both exp(—zQ%)exp(zQ) and exp(—zQ)exp(zQ*) are entire functions
of order one and minimal type so that 7%#sqT and the “if °* part of the theorem
is proved. To prove the “only if’” part, let us remark first that, by Lemma 1, we
have sp(T) = R and consequently the “support’ of the spectral spaces H(F, T) is
contained in R. Since T is decomposable then, by ([7]), T* is also decomposable
and H(F, T*) = H(F°, T)* for any closed subset F = R (F°denotes the relative com-
plement of F in R). Taking into account that T*sq7, by ([5], Theorem 2.1) we
obtain H(F,T*) = H(F,T) for any closed subset F = R and consequently both
T and T* are orthogonally separated. To conclude the proof it remains only to
apply Theorem J1 and to remark that the scalar part of T must be selfadjoint as
being normal with real spectrum.

Proof of Theorem 1'. If T*ny _, T then exp(—itT*)exp(itT) is a polynomial
of degree at most 2k—2 and consequently |[exp(—itT*)exp(itT)|| = O(|¢|*~2) for
|t] = o0. Since ||exp(itT)||? = {|exp(—itT*)exp(itT)||, we get |lexp(irT)|| = O(¢[*~)
for |t| = co. By applying the theorem of Kantorovitz ([5]) it follows that 7" has a
C*+1functional calculus on the real axis. If 7#q T then

S logllexp(itT)|| /(1 4+ &)de = (1/2) S log|lexp(—itT*)exp(itT)|| /(1 + t*)dt < o0
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and consequently by ([121) T is .«7-selfadjoint in the sense of ([5]). In particular
that is the case if T%g,T.

Proof of Theorem 1''. Combining Theorem 1 with Theorem |’ and taking into
account that any </-selfadjoint operator is decomposable, it will be enough to prove
that for an operator 7" = /! + Q, where 4 is selfadjoint and Q is quasinilpotent com-
muting with 4, the conditions Q% =0, @sq,0 and Qsq0 are respectively equi-
valent to T%sny,. 7T, T%sq, 7 and T*sq 7. Tt is easy to sec that the condizions
QF =0, 0sq,0 and Qsq0 impiy respectively T%sny,_, T, T%sq,T and T%s§T.
To prove the converse statements, let us assume first that T*sn,_, 7. Then
exp(—zT*)exp(cT) == exp{—zQ%)exp(zQ) is a poilynomial of degree at most 2k - - 2,
whence ['exp(-- - ir@¥)exp(irQ); = O(#,*2) for |t > oo and therefore |exp(itQ) : :
= O(iti*"1) for f; > cc. Since Q is quasinilpotent, the entire function exp(zQ)
is of order onc and minimal type so that by ([4], Theorem 6.69) we get ||exp(zQ) | =
=O(z{*1) for |z, >cc, whence QF =0. Let us assume now that T%sq, 7.
Then ‘lexp(- -i10%)exp(ifQ)| = O(expciti®) for i’ - co whence, by applying again
{{4], Theorem 6.69) we get lexp(tQ)li = O(expc't)?, as desired. Finally, et
784 T. Then

S log exp(itQ) /(1 + Hdr = (1/2) S log' exp(- -11Q%)exp(izQ)! / (1 + 2)dr =

=(1/2) \ lIog’ exp(—itT*)exp(eT),; [ (1 + #¥)dt < co

and thus Qs§0.

Proof of Theorem 2. We can follow the same general lines as in the proof of
Theorem !, so that we will insist only to show that 7 and T* arc orthogonally sepa-
rated. The duality formufa for spectral spaces changes now in H{(F*, T*) == H(F°, T)*
for any closed subset F of the unit circle, where F7* denotes the conjugate of F. and
£ the relative complerent in the unit circle. Applying ({5}, Theorem 2.1 and Theo-
rem 1.6) we get H(F¥, T%) = H(F*, T™Y) = H(F, T) since for a subset F of the unit
circle we have F* = F71. Finally, we have H(F, T) = H(F¢, T)L which shows that
7 is orthogonally separated; T is also orthogonally separated since FI(F, T*) =
= f(F*, T) by the relations above. The proof is completed.

Proof of Theorem 2°. Let us assume first that T is invertible and T%¢ny,_, 771
As we have seen in the proof of Lemma 2, we have
(THY'T = C(T*, TH(NHT* + (T) CUNTE, TTYDT ™ 4 -+ I =
={ " )C=f~“2(T*, TYNTR 2 4 - I for a3 2k — 1,
2k —2
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whence we get the estimation
IT"|| = O@*Y) for n —oco.

Expressing in the same way (T Y (T H**, we get analogously ([(T™Y)]| = O@ 1)
for n — oo. Therefore we have obtained the estimation || 77| = O(|n|*~Y) for |n] — co,
so that by ([5]) T is C*-unitary.

Let us assume now that T is invertible and T%sq, 771. By applying Lemma 3
we get [|C(T*, T (DIV" = O~ and ||CY(T ™, T*)(I) V" = O(n~1-V/=)
for n — oco. By using these estimations and the relations above, we get the following
recurrent inequalities for @, = ||T"|| and b, = ||(T"Y"||:

o 7 it -k
E<@E+ Y c';( )k 4o g,
k=0 k

B<B+ S CE (") ke=Hi b,
eV

k=

where C; > 1 is a constant. From here one can prove, by induction on n € N, that

<a+ ()Y C (Z)k-w and b, < by + (1/2) 3] Ct (Z)

k=0 k=0

Now we have to estimate the sum Y Ck ( Z)k""/f". We will do this separately for
k=0
Y and Y. We have

k<n® k> n%

Y C"(l)ic kg < CF (n* + 1) ™.

k<n*

As for the second sum, we can write

C¥ k kg < (CinfkLvyek! <
)2

k>n% k>n®

< Y (Cn%)F k! < exp(Cyi®).

k>n%

From the estimations above we get || 7"|| = O(expc|n|*) for |n] - co, where ' > a,
whence by ([5]) we deduce that T is a %-unitary opecrator.
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Proof of Theorem 2"'. Combining Theorem 2 with Theorem 2’ and taking into
account that any #-unitary operator is decomposable it will be sufficient to prove
that for an operator T = U + Q, where U is unitary and Q is quasi-nilpotent com-
muting with U, the conditions ¢* =0 and Qsq,C are respectively cquivalent to
T*sny,_y T7* and T*sq, 7', If O =0 then we have 7% = U1 + Q% and T™! =
= U7+ Q,, where @f =0 and Q; commutes with U1, whence

Q-1 "C*—" .
crours, ) = 3 (7 e gy inenu T =0
p

p=0

and analogously
CHYT-1, T () =0.

Let us assume now that 7% sne,.., 771 As we have seen in the proof of Theorem
2, we have the estimation 77 = O(@jn* ™) for ln, — co and consequently (TU ™) =
= O(n,*"%), Since TU™* =1 + QU™, we can apply the theorem of Polya-Hilie
to the resolvent of TU 1 ([10], Theorem 3.13.5) concluding thus that (QU"1)* =0
hence Q% =0. It remains to prove that the relation Q sq, 0 is equivalent to T sq, T~
Assume first that Osq,0. Then, by Lemma 3, Q""" = O(n~Y#) for n — oo,
whence

LCUTE UTY (I = (T — U7 2 = (@R = O )

and
HCU™, TTHMDIM" = (U™ = TV = [O7M" = O™ for n—oo0.
Using these estimations and the relation

T, Ty = 3, (;)C’%T L (1) U, T (1)

k=0

we get

1CTE, T W) < M"Y, (Z)m — k)= k.

k=0

Using the elementary inequality (n — k)" %k*>(n/2)" we get finally the estimation
1CT, T™Y) (Y™ = O(r V%) for n - co. Analogously one can prove the estima-
tion |CY(TY, T*)(D|¥" = O(r~Y#) for n — co. Finally, let us show that if T has
a representation as above T =U + Q and T%sq, 7! then Qsq,0. We may
write T = U(I + U~'Q) and since U~1Q is quasinilpotent, the operator I + U~1Q
has a logarithm iQ, given by the usual power series expansion; moreover Q, is
a quasinilpotent operator commuting with U. Thus T = Uexp(i0,), i@, = In(l +
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+ U™1Q), whence T# = U lexp(—iQf) and T = U~lexp(—iQ,). By applying
Lemma 3 we get from T%sq, 77, T*Usq, T *U whence exp(—iQ¥)sq, exp(—iQ,)
so that, by the coroilary of Proposition 4, QF sq, @, which is equivalent to 0, sq,0.
By applying the same corollary again we get exp(iQ,)sq, I that is I + U~'Qsq, 1,
whence U~'Qsq,0 and consequently Qsq,0. The proof is completed.

REMARK. We could use the Cayley transform to reduce Theorems 1 and 1’ to
Theorems 2 and 2', but not conversely.

Proof of Theorem 3. The result is implicitely contained in ([2]). Since the argu-
ments used there are quite complicated, we include here a simple proof using
Theorem J2. The operator 7" being already supposed to be decomposable it remains
only to show that 7 is orthogonally separated and the spectral spaces of T are inva-
riant for 7%#. Applying ({5}, Theorem 3.3) we deduce that H(F, T) is invariant for T%,
Using the duality formula H(F, T) = H{(F¥)‘, T*)! and the decomposability of
T* ([7]) we get sp(T*, H(F, T)) = sp(T*, H{F*F, T*) = F and consequently, by
symmetry, H(F, T) = H(F*¥, T*) = H(F°, T)* whence it follows that 7 is orthogo-
nally separated. The proof is thus finished.

Proof of the Corollary. Applying Theorem 3 we obtain the decomposition
T =N+ O where N is normal and Q is quasinilpotent commuting with N. Since
Q is the difference of two commuting scalar generalized operators, it must be also
scalar generalized ([5]) and therefore, again by ([5]), it must be nilpotent.
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