J. OPERATOR THEORY © Copyright by INCREST, 1987
18(1987), 213222

SPECTRAL PICTURES OF OPERATORS
IN THE COWEN-DOUGLAS CLASS #,@) AND ITS CLOSURE

DOMINGO A. HERRERO

1. INTRODUCTION

In their article [4], M. J. Cowen and R. G. Douglas introduced and studied
the following important class of (bounded linear) operators on a complex, separable,
infinite dimensional Hilbert space #. Let #(3#’) denote the algebra of all operators
acting on 5, and let ¢(7") denote the spectrum of 7 € L(H#).

DEerINITION. For € a bounded connected open subset of C and n a positive
integer, let #,(Q) denote the operators 7" in Z(#) which satisfy:

(@) 2 < o(T);

(b) ran(T"— 1) = o for all A in Q;

() V {ker(T—2):72€Q} =#; and

(d) nul(T" — 2) : = dimker(T — X) = n for all £ in Q.

Recall that T e L(A) is a semi-Fredholm operator if ran7 is closed and
cither nul 7 or nul T% is finite (7* = the adjoint of T); in this case, the index
of 7 is defined by ind 7" = nul 7" — nul 7% [9]. It is completely apparent that %,(€)
18 a particular class of operators 7 with the property that T — 2 is semi-Fredholm
and ind(T — 2} = & for all 2 € Q. Furthermore, #,(2) is invariant under similari-
ties; that is, if 7 € 4,(Q), then the whole similarity orbit of T,

P(T) = {WITW™ : W e L(#) is invertible},

is included in 4,(Q2).

What else can be said about the different parts of the spectrum of an operator T
in 4,4(2)? What is the (norm) closure, #,(Q)", of #,(Q) in L(H#)?

Since the class #,(¢2) is similarity-invariant, we can apply the machinery
(for approximation of operators) developed in the monograph [3], [7]. The following
three results provide complete answers to the above questions. We shall need
some notation. In what follows, pF(T)={le C:T— 2 is semi-Fredholm}
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denotes the semi-Fredholm domain of Te £(#), o (T)=C\p _d(T). and
ow(T)={i € o(T): T — i is not semi-Fredholm of index 0} is the Weyl spectrum
of T: 6,(T) denotes the set of normal eigenvalues of T, i.e., those isolated points
/. of a(T) such that the corresponding Riesz spectral subspace is finite dimensional.
Let #(3#¢) denote the ideal of all compact operators; then the essential spectrum
of T, 6(T), is the spectrum of T=T + J(#), the canonical projection of T
in the quotient Calkin algebra & (#)/# (#). Finally, m(T) = min{i € o ([T*T)"*)}
denotes the essential minimum modulus of 7, and we define A(T) = {1 e C:
sm(T = )<y} (v 20).

THEOREM 1.1. If T € ,(Q), then

(1) o(T) coincides with oW (T), and is a connected set including Q;
(1) ind(T — 2) 20 for all 7.€ p_((T);

(tii) ind(T — 2) = a for all 2. € Q; and

(iv) nul(T — 2)* =0 for all complex 7.

Nothing else can be said, in general. Tndeed, we have the following
“converse’’:

THECREM 1.2. Assume that R € L () satisfies

(i) o(R) and oW (R) are connected sets including Q;
(i) ind(R -- 2) =0 for all 7. € p_ (R); and

(iii) p, ((R) > Q and ind(R — 2) = n for all 7.€ Q.

Then, given ¢ > 0 there exists exists, K, € A (3€), with [ K[| <& such that
R — K, € B.(8).

For example, if @ is the open unit disk, {Q,}°, is a denumerable family
of pairwise disjoint open disks, not included in Q, but tangent to 2, and {m,}>,
(1 € m;, < oo) is a sequence of indices, then (from Theorem 1.2 and a perturbation

argument) there exists R in #,(Q) satisfying o(R) = [Q U (U Qk)] , Ind(R--7)=
k=1 .

=nforall Je @, and ind(R — i) =m, forall 1€ Q. (k =1,2,...). The existence
of this kind of example is not immediate from the definition of the class #,(Q)!

On the other hand, it is not difficult to show that if 7€ £,(2) and ¢ > 0,
then there exists C, € A (#°), with ||C,|| < &, such that 7'— C,_ satisfies conditions
(i)--(iv) of Theorem 1.}, but T — C, ¢ #,(2). (Use Voiculescu’s theorem to find
C, as above, so that 7' — C, is unitarily equivalent to 7 @ L, where L is the image
of T under a faithful unital =-representation of the C*-algebra generated by 1 and T;
see [10] for details.) Thus, Theorems 1.1 and 1.2 provide the best possible results
along these lines.

If, instead of “small compact perturbations’ we allow “‘small (not necessarily
compact) perturbations’, then we obtain the (norm) closure of Z,(£).
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THEOREM 1.3. B,(2)~ is the set of all those operators A in L(H) which
satisfy:

(i) o(A) and oy(A) are connected sets including Q;

(ii) ind(4 — 2)=0 for all € p_(A); and

(iit) Q does not include any component of o, (A), and ind(A — A) =n for
all .€ Qnp,(A).

Furthermore, for each S in L().

dist[S, B,(2)] = #(S) : = max{u(S), «'(S), B(S), 5(S)},

where
(1) «(S) =min{y 20 :ind(S — 4) >0 forall 1€ p_(S)NA,(S)},
(2) &'(S) = min{y 20 : ind(S — 1) = n forall L1 €[Qnp, (S)I\4,(S),
and Q does not include any component of A(S)};
(3) B(S) = min{y > 0 :0(S)V A,(S) is a connected set including Q},; and
(@) 6(S) = inf{||B|| : B L(#), o,(S — B) = O}.

The proofs of the three theorems will be sketched in Section 2. Sections 3 and 4
will be devoted to a similar analysis of closely related classes of operators.

2. PROOFS OF THE MAIN RESULTS

1. Suppose that T € £,(Q), and let w be any point of Q; (b) and (d) imply
that (T — w) is a Fredholm operator of index n and trivial cokernel. Therefore,
(T — w)* is Fredholm and satisfies

nul(T — w)f = ind(T — w)t =kn

or all k=1,2,... . Moreover, since (T — w) is Fredholm with trivial cokernel
and Q is connected, it follows from (c) and [7, Lemma 3.15, p. 48] that 5# =
=V {kert(T — w)*}P., (see also {1], [4, Section 1]). Tt follows that T admits an
upper triangular matrix (with respect to a suitable orthonormal basis of #)
with diagonal entries equal to w. We infer from [6] (or [7, Corollary 3.40]) that (ii)
ind(T — 2) 20 for all 1€ p_g(T), o(T) = oy,(T) is a connected set containing Q,
and nul(7 — 2)* =0 for all 1e C\{w}.

Combining these observations with (a) and (b) (ran(T — w) = #), we con-
clude that T satisfies (i) — (iv) of Theorem 1.1.

2. Now assume that R e Z(H#) satisfies (i), (ii) and (iii) of Theorem 1.2,
and let € > 0 be given. Let w € Q. By [8, Theorem 1.2] (or [3, Theorem 13.36])
applied to R — w, there exists K, € A (o), with ||K,|| < e, such thatT = R — K,
admits an upper triangular matrix (#;;){%-, (with respect to a suitable orthonormal
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basis of #) such that ¢;; =w forall i =1,2,...,and t;; =0 for 0 <j—i <n;
moreover, K, can be chosen so that #;;,, # 0 for all i =1,2,... . The stability
properties of the semi-Fredholm index imply that T satisfies (i) and (iii) of Theorem
1.1, so that o(T) > Q. On the other hand, the results of [6], [7, Corollary 3.40, p. 64]
indicate that o(T") = o(T), and this set is connected and contains w; furthermore,
nul(7 — A)* = 0 for all 1 # w. Since t; ;,, # 0 foralli =1,2,..., a simple com-
putation shows that ran(7 — ) is dense in ¢ (and therefore ran(T — w) == )
that is, nul(?— w)* = 0. It readily follows that T also satisfies (i) and (iv). Thus’

(@) Qc{lep (T):ind(T — 2) = n} < o(T);

(b) ran(T — %) = [ker(T — ¥}t = for all e Q;

© V {ker(T—3): i€ Q) = V {ker(T — 0)}2, = o because nul(T — /) =
=n near w (see [1], [7, Chapter 3]); and

(d) (7 — A) =ind(T— 2) + nu(T — A)* =n for all le Q.
Hence, T € #,(9Q).

3. Let A € £(o#) and assume that A satisfies (i"), (ii) and (iii") of Theorem 1.3.

For each bounded open subset @ of C such that ¢ = interior($~) we choose
a cosubnormal operator C(®) such that o(C(P)) = ¢, 0 (C(P)) = P (= the
boundary of @) and ind(C(P) — i) = mul(C(P) — 2) =1 for all 1 € @. (The parti-
cular form of C(®) is irrelevant here; a concrete example can be found, e.g.,
in [7, pp. 89—90]) C(®)® will denote, as usual, the direct sum of 2 (0<2<00)
copies of C(®) acting in the usual fashion on the orthogonal direct sum of
copies of the underlying space. Finally, let Q be any quasinilpotent operator such
that Q¥ ¢ #(oF) forany k =1,2,... .

We define B e #(s) as any operator unitarily equivalent to

N@C@)” @@ {C@)™:1<a< oo, a#nl]®

@ [@® {1 + Q :p is an isolated point of g.(A4)}],
where

N is a normal operator such that o(N) = o (N) = o, (A\2,

@, = interior([Q U {1 € p_(4) :ind(4 — /) = n}]7),
and
@, = interior({A € p_.(4) :ind(4 — ) =a}7) (1 < a < oo, 0 # n).

Then 6(B) = ow(4), p (B) = p (AU Q, ind(B— 2) =ind(4 -- 2) for all
/€ p_(A), and ind(B — 2) = n for all 4 € Q. Since B satisfies the hypotheses of

Theorem 1.2, we can find a compact operator X such that T = B — K€ #,(9Q),
and o(T) = ow(T) = oy(4). Clearly, p (T) = p_(B)and ind(T — 7) = ind(B — 7)
for all . € p_(B). Since o(A) is connected, we deduce from [3, Theorem 9.1] that

Ae A(T)~ < B9
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Finally, suppose that Se€ Z(#), and let a(S), a'(S), f(S) and o(S) be
defined as in Theorem 1.3. It is easy to check that if ||S — M| < «(S), then
ind(M — 2) <0 for some 1€ p_(M); if ||S— M| <«(S), then either M — A
is not semi-Fredholm for some 1€ Q, or M — A is semi-Fredholm with ind(M —
- 1) # n for some 1€ Q, or Q includes a component of o, (M). If ||S — M| <

< B(S), then (M) cannot be a connected set including Q; and, if ||§ — M|| < (S),
then go(M) # @. In either case, M cannot belong to %,(2), whence we deduce
that

dist[S, 2,(Q)] = =(S).

On the other hand, given ¢ > 0 we can use the general construction of [3,
Chapter 12] in order to find an operator A, satisfying conditions (i'), (i) and (iii’)
such that ||.S — A4,|| < #(S) + &. Since 4, € %,(€2) ", we conclude that

dist[S, 2,()] < x(S).

The proofs of Theorems 1.1, 1.2, and 1.3 are now complete. B

From the spectral characterization of #,(Q)~ (Theorem 1.3), and [3, Chap-
ter 12}, it is not difficult to deduce the following corollaries, whose proofs are left
to the reader.

COROLLARY 2.1. ZB(Q)~ +H(H)={A+ K:A€B,(Q)", KeA(H)} is
a closed subset of L (#). This set coincides with the set {A € L) : A satisfies (ii)
and (iii") of Theorem 1.3, and (") oy (A) is a connected set including Q}. Moreover,
for each S in L),
dist[S, 2,(2) + A (H)] = x.(S) : = max{a(S), &'(S), f(S)},

where o(S), &'(S), and B(S) are defined as in Theorem 1.3.
Furthermore, there exists R in B,(Q)™ + A (H) such that ||S — R| = %.(R).

COROLLARY 2.2. For eachn (1 £ n <o0),

[UBQ] = {4 L) :indd —2) >0 for all L€ p_(A), o(A)

and oy(A) are connected sets}.

( The union is taken over all possible Q’s.)
For each S in L(H),

dist[S, uZ,(Q)] = max{a(S), B'(S),(S)},
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where 2(S) and 6(S) are defined as in Theorcin 1.3, and
B'(S) = min{y > 0:0y(S)U 4.S) is connected).

The set [UB (D) + A(H) is closed in L(H). It coincides with the set
{Ae L(#):ind(4d — 1) =0 for all J e p, (A). and oy (A) is a connected set};
furthermore, for each S in L(H), there exists R in[ U B (Q))~ + A () such that

IS — R = dist[S, UB,(Q) + H(H)] = max{a(S), §'(S)].

3. THE CASE WHEN o(T) 2~

Let () = {T € #,(2Q) : 6(T) = Q~}. The analogues of Theorems 1.1 and 1.2
can be easily obtained by replacing the condition “the Weyl spectrum includes Q°’
by *“the Weyl spectrum is equal to Q7°°. The proofs are identical.

The analogue of Theorem 1.3 is the following result, whosc proof follows by
the same arguments.

THEOREM 3.1. #,(RQ)” is the set of all those operators A in L(H) which
satisfy :
(i") o(A) and ow(A) are connected sets including Q;
(it") ind(4 — 2) = 0 for all j. € p_(A)\Q; and
(iii") é(Q7)<o, (A), Q does not include any component of o (A}, and
ind(4 — 1) =n for all 2.€ 20 p_(A).
Furthermore, for each S in L(H),

dist[S, Z,(Q)] = «'(S) := max{a(S), a"(S), B(S), &(S)},

where

(1) a(S) =min{y > 0 :ind(S — }) = 0 for all 2€ p, (SYN\[4,(S) UQL};

Q) a”(S) =min{y 2 0:ind(S— ) =n for all 2e[Qnp (SIN\A,(S),
Q2 does not include any component of AL(S), and
Q™) < 4,(S)};

(3) B(S) = min{y = 0 : 0y (S)U 4,(S) is a connected set including Q}; and

(4) o(S) = inf{||B|| : Be L(H#), o,(S — B) =0}.

Moreover, #,(Q)~ + A () is a closed subset of L(#), arnd for each S in

L(H), there exists R in B Q)™ + A () such that

IS — R|| = dist[S, BYR) + H(H#)] = x(S) : = max{x(S), oa"(S), B(S)}.

REMARK. If Q = interior(Q2-), then it readily follows from [3, Theorem 9.1]
that 2,(2)~ = &(T)~ for each T in 4,(Q).
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4. THE CLASSES @, (2, @)

During the Annual Meeting of the American Mathematical Society (New
Orleans, Louisiana, January, 1986), M. J. Cowen announced several results about
a class closely related to 4,(Q).

DEeFiNITION. For Q,, 2, bounded connected open subsets of C and positive
integers m, n, let ,, ,(€,, ;) denote the operators T in & () which satisfy:
(@) QU Qca(T);

(b) ran(T — ;) and ran(T" — w,)* are closed for all w, € Q, and, respectively,
for all w, € Q,;

(©) nul(T — w;) = m and nul(T — w,)* = n for all w, € Q, and, respectively,
for all w, € 2, ; and

(d) V ({ker(T — A): 2 e Q}; {ker(T' — 2)* : L e Q,}) =H.

Let T € B,,,082:1, ;). By using the results of [I], [7, Chapter 3], we see that
H = (T) @ #(T) (orthogonal direct sum), where

H(T) =V {ker(T — ) : 2e Q) =V {ker(T— )},
(for each o, in @,) is invariant under 7, and
H(T) =V {ker(T — 2)* : de @} = V {ker[(T-w,)*]}&,

(for each w, in ,) is invariant under 7%, so that

T = (Tr T]Z) 'yfr(-’r) -
0 T,)] #(T)’

furthermore, if @, N Q,# @, then #,, (2,,D2,) =B, (2, Q), where Q@ = Q, U Q,
(see [2]).
Thus, we have two essentially different cases:
O 02 =0, dD) @ =Q,.

By applying to 7', and T, the same arguments as in Section 2, we obtain
the analogues of the main results for the classes 4, ,(£2;, €2;). The proofs are left
to the reader.

Tn what follows, o (T) denotes the point spectrum of T, and I'* = {A:1e T}
(' = ©).

THEOREM 4.1. If T € B, (2, ), then

() o(T) is the union of two closed connected sets, 6,(T) and o4(T), where
o,(T) (0x(T)) is the union of o (T) (o, (T*)*, resp.) and the components of o (T)
that intersect o (T)~ ([0, (T*)*]~, resp.). Moreover, a{T) includes Q;(j =1,2);
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() ind(T — 2) > 0 and nul(T — A)* =0 for all i€ p_(T)n [o(T)\oy(T)];
ind(T — 1) < 0 and nul(T' — 7) = 0 forall . € p, (T) 0\ [0o(T)\oy(T)]; and

(i) If 2, n Q, = O, thenind(T — 1) = mforall A€ Q,andind(T — A) = ~-n
Jor all A€, If Q =8, then ind(T — 2y =m—n, nul(T — %) =m, and
nul(T — A)* =n for all 1€ Q.

Observe that ind(7— 4) =0 for all A in a component & of P rT) 0
N oy(T) Nox(T) such that 0 < nul(T — /) = nul(T — A)* <oco (L€ P). Clearly,
& can be simply, or multiply, connected. We can use the results of [1], [7, Chapter 3]
in order to find a small compact perturbation C, such that o(T — C,) = o(T)\®.
If & is simply connected, then both ¢(T) and o(T — C,) will be connected sets.
(Observe that @coy(T)No)(T) # O, so o(T) is necessarily connected in this
case.) But if @ is not simply connected, then o(7 — C,) will be a disconnected
set. This phenomenon explains the necessity of the strange condition (i) in Theo-
rem 4.2 below.

The “converse’” of Theorem 4.1 has the following form.

THEOREM 4.2. Assume that R € L(H) satisfies:

(i) Let 0,(R) (05(R)) be the union of o, (R) (o,(R*)¥, resp.) and all the com-
ponents of 6, (R) that intersect a(R)™ ([0, (R¥)"] ", resp.) ; then o{(R) > Q; (j = 1, 2).
Let 6i(R) denote the component of a(R) including ;. Then o(R) = oi(R) U oi(R),
and the multiply connected components of {).€ a(R)np_g(R) :ind(R — ) == 0}
are included in oy(R)  ox(R);

>0 for all 1€ p (R)0[6{(R)\os(R)],
Gy ind(R— )
<0 for all )€ p (RN [oRYN\o(R)};

(i) If Q. nQy = O, then ind(R — 2) =m for all . € Q,, and ind(R— 2) =
=-—pn for all 1€ Q. If @, =8Q,, then ind R— 1) =m—n, nuU(R—~ D>m
annd aul(R — 2)* zn for all i e Q.

Then, given & > 0 there exists K, € s (AH), with |K,|| < ¢, such that R — K, €
€ By Q15 n).

THeorReM 4.3. B, (82, Q) is the set of all those operators A on L)
which satisfy:

(") Let 0y(A4) (05 (A)) be the component of the union of [, U o (A)]”™ ([2 U
U o (4%, resp.) and all the components of 0, (A) that intersect [Q; U o (A~
(1Q, U 0, (A5)¥]™, resp. ) that includes €, (Q,, resp.); then o(A) = 6 (4) U 65 (4)
and the multiply connected components of {i€ o(A)np_p(A):ind(4 — 1) =0},
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are included in ¢;'(A) N oy (A);

>0 for all € p _(A)U[oy(A)\o}(A),
(i) ind(4 — 1)
<0 for all )€ p_(A)U oy (NG, (A)];

(iii"") @, U Q, does not include any component of 0, (A). If 2,0Q, =0, then
ind(4 — 2) =m for all L€ 2,0p_g(4), and ind(4d — 2) = —n for all )€ Qn
Np (A). If Q= Qy, then ind(4 — ) =m—n, nul(d — 2) >m ond nul(4 —
— 0¥ 2 n for all Ae @ np (A

Furthermore, for each S in L),

dlSt[S, t@m,n(!zl 3 QZ)] = max{n(s)’ 5('5')}3
where

(1) n(S) is the minimum over all y >0 such that (S ® N,) = 6{(S ® N)u
U6 (S @ N,)Uao(S), the multiply connected components of interior{) € o(S ®
@ N)Np (S @ N, :ind(S @ N, — 2) = 0} are included in 67'(S ® N,) N 6,(S @
@ N,), and S ® N, satisfies (ii") and (iii"). (Here N, denotes a normal operator
such that o(N,) = a(N,) = 4,(S)u 4,(S*)*.) And

) 5(S) = inf{||B|| : B e L(H#), 0,(S — B) = O}

COROLLARY 4.4. B, (2,, Q)" + A (H) is a closed subset of L(H), which
coincides with the set of all those operators A € L(H) satisfying the conditions:

(") Let 67(A) and o3 (A) be defined as in Theorem 4.3 (i”'); then o(A) =

= 01(4) U0y (4) U ay(A4), and the multiply connected components of {1 € a(4A)n
0 p, (A) 1 ind(4 — 2) = 0} are included in oy (4) n05(A4);

(i) (Exactly as in Theorem 4.3); and

@ii""") €, U Q, does not include any component of 0. (A). If 2. n Qz =, then
ind(4 — 2) =m for all 2€ @, np, (A), and ind(A — 1) = —n for all 1€ 2,1
Np e(A). If @ = Q, then ind(4 — ) =m —n for all )€ 2, p_(A).

Furthermore, for each S in L (H) there exists R in B, (8, Q)™ + A (H)
sueh that

IS — Rl = dist[S, 8,,,,(&1, ) + A ()] = n(S).

By analogy with Corollary 2.2, we can similarly find spectral characterizations
of the sets [U %, ,(2,, 2,)]” (m, nfixed,1 < m,n < co; the union runs over all
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possible pairs (£,, ) and [U 4, (2,, 2,)]~ + A (#) (which is closed in L(#)),
and find concrete formulas for the distance from a given operator S to each of
these two sets.

This research has been partially supported by a grant of the N.S.F.
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