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MULTIPLICATION OF CERTAIN NON-COMMUTING
RANDOM VARIABLES

DAN VOICULESCU

The problem considered in the present paper can be illustrated by the following
example.

Let G = G, ¥ G, be the free product of two groups and let X; , X, be bounded
left convolution operators on ¢£%(G) such that X;¢ € ¢%G;) < ¢(%G) (j = 1, 2) where
¢ €/¥G) is the function ¢(g) = J, .. The operators X; may be viewed as “random
variables’” with moments (X%, £ or equivalently with distributions given by the
analytic functionals y; where wi(f) = (f(X;)¢, ). With these conventions, the
distribution of X,X, depends only on the distributions of X; and X, (indepen-
dently of their order, see [8]) and the aim of the present paper is to explicitate
this relationship. This may be viewed as a non-commutative analogue of the multi-
plication of independent random variables. Indeed if G; % G, is replaced by G, X G,
then we have precisely the situation of independent random variables for which
multiplication corresponds to multiplicative convolution of their distri-
butions.

We began studying this kind of non-commutative independence of random
variables in [8]. The addition problem for such random variables was solved in [9].
A general framework in which these operations appear as natural convolutions on
state spaces of operator algebras having a certain dual group structure has been
given in [10].

In the commutative situation, multiplication of random variables corresponds
to multiplicative convolution of their distributions which in turn amounts to multi-
plication of their Mellin-Fourier transforms. In our non-commutative situation
we find certain series playing the same role as the Mellin-Fourier transform. If u
is the distribution of a random variable we consider the series

Y2 = Y, mz"
n>1
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where m, =\1"du(t) are the moments of u. Assume m; #0 and let S, be

defined by
1W(@) =z

S,.(2) = 12271 + 2).

If uy, py, pg are the distributions of X;, X, and X,X, in the example given
at the beginning and if (X;&, &) # 0, (Xoé, &) # 0 then we have (Theorem 2.6
below):
S, () = 8,(2)S,,).

This shows that S, is the analogue of the Mellin-Fourier transform and
gives a way for computing pj .

Note that if X; > 0, X, > 0 in our example then X)X, has the same distri-
bution as X{/°X,X1/*. Moreover y is precisely the trace of the spectral measure of
X{*X,X1"* and the support of uj is the spectrum of XX, X772,

The paper has two sections. The first section deals with preliminaries. The
second section contains our main result about the solution of the multiplication

problem.

§ 1

This section is devoted to preliminaries about free families of non-commutative
random variables and their multiplication.

We begin by recalling, in a slightly adapted version, facts from § 4 of [8].
The operation X introduced in [8] and which is the main object to be studied
below, will be denoted throughout the present paper by [x].

Let (A4, ¢) be a unital algebra over C with a specified state ¢ (i.e. a linear
functional ¢ : 4 —» C such that ¢(1) =1). An element a € A will be viewed as
a “random variable’” the “distribution’> of which is the functional U, Clx] - C
given by p (1) = 1, p (X" = @(a"). If A is a Banach algebra and ¢ is continuoug
then p, extends to an analytic functional such that p,(f) = ¢(f(a)) where fis a
holomorphic function on C. In case 4 is a C*-algebra and ¢ is a C¥-algebraic
state (i.e. ¢ is also positive) and if g is selfadjoint (unitary) then the distribution
l, has an unique extension to a probability measure on R (respectively
T={zeC|z; =1) with compact support.

1.1. DermNIiTION ([8]). Let (4, ¢) be a unital algebraj over C with specified
state ¢ and let 1 € 4; < A (i € I) be subalgebras. The family (4,),;e; will be called

free if
o(@as ... a,)=0
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whenever q; € A,-j with iy # iy # ... # i, and ¢(a;) =0 for 1 < j < n. A family
of subsets X; < A (elements a; € A) where i €I will be called free if the family
of subalgebras A; generated by {1} U X; (respectively {1, a;}) is free.

1.2. ProprosITION ([8]). If {a,b} is a free pair of elements of (A, ¢) then
Ua depends only on p, and w,. There are universal polynomials with integer
coefficients Q,(xy, ..., X,, V1, ..., ¥,) such that assigning degree j to x; and y;,
we have:

(i) Q, is homogeneous of degree n both in the x- and y-variables.

(“) )uab(X”) = Qn(ﬂa(X)’ e HH(X")S :ub(X)’ M ,le(X")),

(i) Qu(Xy, e vs Xy V1s - s V) = QuV1y oo o3 Vns X1s - ooy Xp)

(iv) 2 = {EeClX]-» C &) =1, & linear} is a commutative semigroup for
the operation

€ & M) = G (&(X), ..., EXM), n(X), ..., n(X")).

Note that if £, n extend to analytic functionals, then ¢ [x] # also extends to
an analytic functional. Indeed it is easily seen that we can find C*-algebras with
specified states (4;, ¢;) and q; € 4; such that & = Ha > N = Ha, and forming the
reduced free product (4y, ¢1) % (4, @2) (see [8], §1) we have & X 7 = Lo (a))o,0a,
which is an analytic functional.

Also, if &, n extend to probability measures on T then ¢ [X] # also extends to
a probability measure on T. lndeed in this case the a; € A; can be chosen to be
unitaries and o,(a;) o5(a,) Will also be unitary which gives the desired conclusion.

Similarly if £, extend to compactly supported probability measures on
the positive half-line R, then & [X] n also extends to a compactly supported proba-
bility measure on Ry,. In this case the elements @; may be chosen > 0 and the
C*-algebras A; commutative. Then the states ¢,, @, are traces and the free-product
state @ = ¢, ¥ @, is also a trace state. This implies @((o,(a;) 05(as))") =
= ¢((0a(az)"?0:(a;) 02(a)"?)") so that Ha (a))a,(a) = where b = 65(a)"201(ay)05(a)"* >
= 0 which gives the desired conclusion.

Let us also recall some facts about a certain extension of the Cuntz-algebra O,
(see [41, [71, [6], [5]). As in ([S]) this extension may be realized on the fuil Fock-
-space

JH)=Cl & @ H"
m>1
where H, is an n-dimensional complex Hilbert space with orthonormal basis
¢y,...,¢,. The C*-algebra &, is the C*-algebra generated by the isometries
L(l<sj<n

Lh=e;®h, hed(H)
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Consider also the state g, on & given by g,(X) = (X1,1). As explained in
([81, § 2, or [3]) the pair (&,, &,) may be viewed as the reduced free product of n
copies of (6, &). This implies that a family a,,...,a, where a;€ C([;) = &
is free in (&, ¢,).

As in [9] it will be useful to consider random variables of the form

X =0+ Y.l

k=0

in (&, &). It is easily seen that there are polynomials E,(x,, ..., x,), homogeneous
of degree n when x; is assigned degree j, such that

X" = Efayy %)

.y Hp

and
Efxy,....,x,) =x,+ En(xl s ey Xpo1)-

(These polynomials have been explicitely determined in [9], but this will not be
used here.)

§ 2

In this section we obtain the explicit formulae for the computation of the
operation {X].

2.1. LEMMA. Let @, be the polynomials defined in Proposition 1.2. We have:
O1(x1,)1) = ¥
O X1, ooy Xy s Y1y oo es V) =
= X5 + X0 + OX1s o Xam s Ves e Pm)

where i 2= 2 and Q, are polyinomials.

Proof. If {a,b} is a free pair in (4, ) then @(ab) = ¢(a) ¢(b) which yields
the assertion concerning Q, .
For the second assertion consider a free pair {a@, b} in (&, &) of the form

a=0 +ol+al + ...+ a1
b=1Iy + B +Bly+ ... +Blo-?

and remark that this imposes no restriction on the moments e(a’), ex(b’) for
1<j<na
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Remark further that if w;, w/€ {,0,1,2,...,n—1} (1 €/ < n) and at
least one of the w; equals » — { then

Y YT R Y B B DN

if and only ifj=n 0, =... =w,.; == and o] = ... = w, = 0. Similarly
the same expression is # 0 assuming at least one of the w; equals # — 1 if and only
fj=nw=...=0w,_;=+and o, =... =0, =0.

This shows that
&((ab)’) = o, i + iy + oo, s ¥ya, Byy ooy Bua)
where ¢, are polynomials. Since
(@) = a; + E, @y, .oy 0 y)

(b)) = B + EBrs -, Buey)

(1 €j < n), our assertion follows. Q.E.D.

2.2. LeMMA. The functional & € £ such that EX™y =1 for all n > 1, is a
neutral element with respect to [XJ. An element n € X is invertible with respect to
if and only if n(X) # 0. The sets Z* ={{ € Z | &(X) # 0} and Z, = {E e Z| &X) = 1}
are abelian groups with respect to the operation 1x].

Proof. Remark that £(X") =1 for all # > 1 means that £ is the distribution
of the unit of an algebra and hence clearly ¢ is neutral in Z.

The assertions concerning invertible elements are easily obtained using the
preceding lemma. Q.E.D.

2.3. LEMMA. In (&, &) considzr random variables T € C*(l,) = &, and
Y@) =13 + T+ 1N a5 C(ly) < &,
»n=0

where only finitely many a; are non-zero. We have

Ty o =
dr ,

= : %y, Z j]ez(le) - 82(ij).

1
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Proof. We have

&(Y(T)") — &(Y(O)T)) =
-, “"”( Y, e + Ty HETA + l;“')T)k'l) + 0.
p==0 k-1

Since ((I + ;)T)-"11 = T*"11 we infer that
e + EVTY ™ ET( + IDT)) =

= &y(I + E)T)*I5T").
Similarly, taking into account that T € C*(k) and &(S) = (S1,1) it is easily
seen that

eo((I + )Ty I5T%) =

= Y eo(T" = T e TRTry =

[ RSy R

= )y (T 17 Ty e(T) L. e(TTF).
- 'l-l‘... jinén
Jj >E,,...,ip>1

e((Y(T)) — &(Y(O0)T)) =

3

n—1 j j j /
= Trn($ B s Tnea a1 o -
PO k:.-1k+jl+...+ip<ﬂ

jl.;]l...,ipzl

n—=1

= TZ “p-:'l( Z (n —j1 T . T jp) 82(]""_-’1"‘--—]‘,) .
p=0 Jyte. i <n
JiPlenip>l

&(Th) ... az(ij)) + O(1?) =

n—1 . )
B I.pgoacpﬂ(- Z jp+182(TJ’)- .. Sz(Tlp': 1)) + 0(1'2)

11>1,....1p:_1>1

which is the desired result. Q.E.D.
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2.4, LeMMA. In (&,, &) consider random variables T € C*(}\) ¢ &, and

Y@y =l +I1+1Y alf €Cl) < &,

p=0

where only finitely many o; are non-zero. Let Wy and ¢ be the formal power series

() = 3 e(T?)r

r=1

(=2
P(2) = Z Uty 27
p=0

We have
¢ s(YO)T)?) = c(T?)
and
o) =y = § (50T )
dz n=1 dr ? ‘ =0

Proof. It is immediate that the distribution of the random variable Y(0) =

=T+ I3 is the neutral element in 2 and this implies that Y(0)T and T have the
same distribution.
Using the preceding lemma we have

oW@) 22 y(@) =
dz

_ ( § oc,,+1(l//(z))p) (jgljsz(Ti)zf) =

p=0

[=e] . . . . .
= Y, % Y Je(T) ... sZ(Tfp)le+...+1p -

=1 j 2L, .01

-3 (—g;sz«Y(rm") ')z

n=1

Q.E.D.

2.5. LEMMA. Given a formal power series ¢ € C[[z]] consider the formal power
series without constant term y and  such that

x(2) = z(1 + 2)~ exp(p(2))

V(@) =z
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Let further p € 2% be the functional such that y(z) = Y, p(X™)z". Then the map
n>1
Cllzl}> ¢~ pez®
is a surjective homomorphism of the group (C[[z]], +) onto (Z*, ®).

Proof. If pe X% then p(X)# 0 so for Y(z) = Y, u(X")=" there is a power

n>l
series without constant term y such that Y(3(z)) =z and then z=Y1 + z)x(2)
- has non-zero constant term, so there is ¢(z) such that z=}(1 + 2)y(z) = exp(@(z)).
Thus the considered map is surjective.
To prove that ¢ ~> u is a homomorphism we begin by studying the restriction
of this map to Co¢ for some ¢ € C[z] < C[[Z]].
Consider

2@ 1) = 2(1 + 2)7* exp(te(2))

and (z, 1) such that (y(z. 1), 1) = z. Then Y(z, r) has a homomorphic extension
to some neighborhood of {0} X C in C%. We have

0= ‘:w (Z(Z9t)’f) (’:l(z’t)'i' (:!//’ (X(Z,f),t)=
z ct ct
oy oY
= oz (Z(:# ’)" ’) Z(zv ,) (p(Z) + >6t— (X(Z’ t)a t)'
Replacing z by y(z,t) we obtain
A N
-t '('lp (Z’ t)(p(l//(Z, t)) = _Cl// (Z, t)
0z ot

and Y(z,0) = z(1 + z)~ L
Define pu, € 2% by Y, p(X")z" = y(z, 1).
n>1

Let also

Y(@) =l + I — 1o(ly) € C¥(l) < &,

Then in view of Lemma 2.4 denoting by &, the distribution of ¥Y(r), we have

rz;l ( :TA(E' uf)(Xn);'r:O) " =
Oy

=Y cnewen = Yen
0z ot



NON-COMMUTING RANDOM VARIABLES 231

For each n > 1 the set
2¥m) = {&:CX @ ... ® CX" > C|E(X) # 0, &linear} ~
~ (C\{0}) x C"—t

endowed with the operation [x], defined by (&, ....&) Xy .. s 1) =

=(Qy&1,m), - @urs -5 &y My - - o, 1,)) IS @ commutative complex Lie group
in view of Proposition 1.2 and Lemma 2.1. The group (2%, [x]) is the inverse limit
of the groups Z*(n).

The equality () shows that (u,(X), ..., n(X") as a function of 1€ C is an
integral curve for an invariant vector field on X¥(n). Since Y(z,0) = z(I — z)~!
we have that g, (X*) = 1 for all k > 1 so that this integral curve starts at the identity
of Z#(n). Thus ¢t~ (u(X), ..., n,(X") is a one-parameter subgroup in Z*¥(n).

Consider

o(2) = X a2
k>0
then
W = (X, - p (X))

is a function of (¢, ...,c,), which will be denoted by u™(c, ...,c,). Since
p: C" - Z*(n) is a holomorphic function, such that C3 ¢ — u(ztc,, ..., tc,)
is a homomorphism, we infer that pu is the composition of a linear map of C"
to the Lie algebra of X¥(n) and the exponential map of X*(n). Hence, Z*(n) being
commutative u™ is a homomorphism. Since » is arbitrary this implies ¢ ~> p
is a homomorphism. Q.E.D.

2.6. THEOREM. Given u € X* consider Y, y, S, € C|[z]} such that
Y@ = Y p(xz
nzl

W) =z
S.@) = y(2)z71(1 + 2).
Then we have
Sp Ruy = S/ﬁSl‘z

and = S, is a bijection of ¥ onto the invertible elements of C{[z]].

Proof. It is obvious that y — S, is a bijection. That y — §, is a homo-
morphism follows from Lemma 2.5. Indeed associate with u; (j = 1, 2) the series

I— 1475
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@; as in Lemma 2.5. Then ¢, + ¢, corresponds to y; [X] y, and it is obvious that
Sy, = exp(@)) and Sz, = exp(@; + @) QED.

Theorem 2.6 provides a method for computing p, X s, if gy, ps € Z*.

If uy, ps € EN\Z% then (u; X u)(X™ = 0 for all » > 1. Indeed if (T3, T3) is a
free pair of random variables with zero first order moments then by the definition
of free families of random variables all moments of 7,7, will be zero.

Thus, we still have to seec how one computes p; X} pp if 4y € 2\Z* and p, € Z*.
This case will be covered by the following somewhat more general variant of
Theorem 2.6.

2.7. THEOREM. Let i, € X, p, € X* and consider Yi(z) = Y, pi(X")z". Let
nzl
Sfurther y, ¢ € C[[z]] be such that

Yox(2) = z
x(2) = z(1 + 2)~ ' exp(e(2))

where y(z) has zero constant term. The differential equation

¢ 0
(p(lP(Z, t))Z-—‘- lﬁ(Z, t) + - II/(Z, t) =0

0z ot
with initial condition

Yz, 0) = ¥u(z)
determines a unique formal power series in z with coefficients differentiable functions
of t

Yz, 1) = Y, o, (02"

n>1

Then we have

Yz, 1) = n§1 (1 X pp) (XM)Z".

Proof. The differential equation for ¥(z, f) amounts to a system of ordinary
differential equations

d
—=c(t) + nac, + Dy -5 €umy) =0
ds
with initial condition ¢,(0) = p;(X™), where « is the constant term of ¢ and the D,

are polynomials with D; = 0. Moreover the coefficients of D, depend only on ;lg(Xj)’
1 < j £ n. Thus it will be sufficient to prove the theorem for the case when r; and i,



NON-COMMUTING RANDOM VARIABLES 233

are polynomials. Moreover, by continuity it will be suffficient to prove the theorem
only for the case when y, € *. With Sul(z) defined as in Theorem 2.6 consider

2z ) = S, (D) expte@)z(1 + 2)7*
and define J by

Pz, 1, 1) = 2.

It is immediate that i(z, ¢) satisfies the differential equation for Y(z, t) and
since Yi(z, 0) = Y,(2) we infer iz, 1) =y(z, t). But then x(z, 1) = Sy, (2)S,, (2)2(1 + 2)7*
and the assertion of the theorem follows from Theorem 2.6. Q.E.D.

We would like to conclude the paper with an example of a computation done
using Theorem 2.6.

We shall compute v = (1 — )y + 2dy) & (1 — f)0 + $6) (0 < o, B < 1).
If {P, O} is a free pair of self-adjoint projections in (4, @) where 4 is a C*-algebra
with faithful trace ¢, then v coincides with the trace of the spectral measure of
PQP and in particular the support of v is the spectrum of PQP. The trace of the
spectral measure of PQOP can also be computed from the trace of the spectral mea-
sure of P + Q which can be computed using our results for the addition of free ran-
dom variables [9]. Also the author jointly with M. Pimsner have computed with
ad-hoc methods the generating function of the moments of PQP (unpublished). On
the other hand we learned from Joel Anderson about the paper [2], where computa-
tions of spectral data of certain PQP with different methods have been carried out

in order to obtain results about the range of the trace on projections in the reduced
C*-algebra of (Z/2Z) % (Z/3Z).

2.8. EXAMPLE. The computation of v = ((1 — «)dy + ad,)=((1 — B)S, + B6,)-
If u =0 — a)d, + ad; we have

Y(z) = az(l — z)~t
x(2) = z2(x + 2)~*

S =00+2)(a +2)-2
It follows that

$,@) =0+ 2@+ 2)7 B+ 2)?

x2) =z(I + 2) @+ 2)7 (B + 2)*
and Y(z) satisfies the equation

YA +P)e+PB+HY)T =2
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so that
Vize— D+ Ylaz+ pz—1D+afz=0

and

R ey Viez + Bz — 1) — 42z — 1)z
- 2z—1)

1—z(x + B + l,/_‘(:c’z;zh:“lrjv(bz — 1)
2z — 1)

where the choice of the branch of the square-root will be made precise later and
where

a, b=a+ f§— 2 - lr%z/}(l —a)(l — B).
The Cauchy transform of v is

dv(d)

z— ¢

G@) = S =z}l + Yz~

and the branch of the square root is determined by the condition

Imz >0 = ImG(z) < 0.

We have
- (4 B+ 1.-’_(?1"5)_(??}_)7 -

2l — o)z

1
G(z) ="+ ——
Using [1] and taking into account the algebraic nature of G, the measure v is
given by

Vv = (--— -] —-TIHG) /: -+ CQ(SO + Cldl
it

where 4 denotes Lebesgue measure and ¢, is the residue of G at ¢ in case f is a
simple pole. This gives ¢, = I — min(x, f), ¢, = max(@ + f§ — I, 0). The support
of the absolutely continuious part of v is the interval [a, 5].
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