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SUBNORMAL OPERATORS IN A

PATRICK SULLIVAN

1. INTRODUCTION

Let ## be a separable, infinite-dimensional, complex Hilbert space, and let
L(#) denote the algebra of all bounded linear operators on #. Let D denote the
open unit disc in C and T denote the unit circle. If T € £(#), then o(T) denotes
the spectrum of T, and if ||{T] € 1 we say that T is an absolutely continuous
contraction if the unitary part of T is absolutely continuous (or acts on the space
(0)). For such T one can define f(T) for f in H*°(D) using the Sz.-Nagy—Foias func-
tional calculus (cf. [13, Theorem III. 2.1] and [5, Theorem 3.2]). One property of
this functional calculus is that |[f(T)]| < |iflle for all fe H®(D). The class A con-
sists, by definition, of all those absolutely continuous contractions T in Z(s#°) for
which ||f(T)]] = [|flle for all fin H*(D). One reason for studying the class A is the
following theorem of C. Apostol [1, Theorem 2.2}:

THEOREM 1.1 If T is an absolutely continuous contraction in L (), o(T) con-
tains T, and T has no nontrivial hyperinvariant subspace, then T belongs to the class A.

Thus to solve the invariant subspace problem for contractions 7 for which
o(T) o> T one can reduce to the case where 7 belongs to the class A. There is a
subclass of A called A, (cf. [3, p. 35)), and it is known that if T belongs to the class
A,, then T has a nontrivial invariant subspace [3, p. 36]. It is natural to ask which
operators of various types that belong to A also belong to A;. It is known that
all subnormal operators in A belong to A;; see [10, Theorem 1]. It has been conjec-
tured that A = A, and much work has been done trying to verify this conjecture
(cf. [2], [6]), but many questions remain open. For example, does a hyponormal
operator in A belong to A;? Before attempting to answer a question like this,
one would like to know which hyponormal operators belong to A. In this paper we
will discuss which subnormal operators belong to A.

The class A is defined for arbitrary absolutely continuous contractions.
However in the case of absolutely continuous subnormal contractions there is an
alternative characterization of the class A which will now be described. If p is
any Borel measure then P*(u) denotes the weak-» closure of the polynomials in Z®(y).
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If S is any subnormal operator and p is a scalar spectral measure for the minimal
normal extension of S then S belongs to A if and only if P®(u) = H®(D), (cf. [8, Co-
rollary TI.12.10 and Theorem VIL4.5]). The above result uses {the characterization
of P*(y) developed in [12].

The characterization of subnormal operators in A given below is given in the
-Janguage of the functional calculus of {Sz.-Nagy and Foias, (cf. [13, Theorem
TI1.2.3)).

2. PRELIMINARIES

If i is a compactly supported, Borel measure on the complex plane C, and
if fis a p-essentially bounded Borel measurable function, then j|f;, denotes the gi-cs-
sential supremum of f. If 4 is a Borel set, then u | A denotes the Borel measure
defined by (u | A)B) = {4 n B), and L2(u, A) denotes the set of all Borel measu-

rable functions such that & f2dp < oo. Let M. be the operator on Ly, 4) defined

By

—

by (M.f)(z) = zf(z) for all fe L¥u, A). If v is another compactly supportcd Borel
measure on C, then u < v means that p is absolutely continuous with respect to
v, and [u] = [v] means that g <€ v and v < p. Let m denote Lebesgue arc-
length measure on T. Let L®(T) be the set of m-essentially bounded, complex
valued, measurable functions on T. Let H*(T) be the set of all functions in L*T)
such that all negative Fourier coefficients are equal to 0. Let A*(D) be the space of
Il bounded analytic functions on D. If € H*(D) then ||f1's = sup{,f(#) : /i€ D}.
Recall that if fe H°°(D) then there exists a unique function j € H®(T) such that
oo j . and j(e") = hm f(2,) almost everywhere on T when 7, — &'t non-

-tangentially (f is called the boundary function of f). Also, if g € H®(T) then there
exists a unique function fe H*(D) such that f‘= g. If [ belongs to H*(D), then
f:D~ - C is the function defined by the following rule: f(1) = f(2) if / belongs to
D and f(3) = f(7) if / beiongs to T.

If V < D, then NTL(V) is the set of all e'* € T such that there exists a se-
quence {4,)® , = V with 2, — " non-tangentially. It is well-known that NTL(}') is
a Borel subset of T. (A construction similar to that found in the proof of [11, Lemma 4]
shows that NTL(V) is in fact a Gj, set.) A set ¥V < D is called dominating for
T if m(T\NTL(V)) = 0. Itis well-known that V is dominating for T if and only
if Ifilo = sup{ f(2)| : 2€ V}, for all f belonging to H*(D) (cf. [4, Theorem 3)).

If o, B are two complex numbers then [, f] denotes the closed line segment
with endpoints x and f. If % is a complex number and » > 0, then B(a, ) is the open
disc in C with center o and radius r.
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3. NORMAL OPERATORS IN A

Before dealing with general subnormal operators, we must first descrlbe the
normal operators which belong to A.

It is known that if NV is a completely non-unitary contraction that is normal,
then N belongs to A if and only if 6(N)n D is dominating for T (cf. [3, Theorem
10.4]). We shall see shortly that if U is an absolutely continuous unitary operator,
then U belongs to A if and only if U has a reducing subspace .# such that U | M
is unitarily equivalent to M, on L%(m, T). In light of this the following result is not
too surprising. The author would like to thank B. Chevreau for help in simplifying
the proof.

THEOREM 3.1. Let N be an absolutely continuous normal contraction in L(H).
Let N =N"@ U be the canonical decomposition where N’ s completely non-uni-
tary and U is unitary (or acts on the space (0)). Then N belongs to the class A if
and only if U has a reducing subspace 4 such that U |,./Z is unitarily equivalent to M,
on LA(m, TN\NTL(c(N") n D)). »

Proof. We will prove the “if”’ part first. Let D = NTL(c(N')nD) and F =
= T\.D. Choose f in H®D). To show that N belongs to A it suffices to show that
I/ 2 iflleo - Since N = N' @ U, {fAN)|| = max{||fIN)], llf(U)H} Letf in H(T)
be the boundary function of f. Define g,, g, € L®(T) by g, = fo, 22 —fyD where
Zr is the characteristic function of F and y,, is similarly defined. Note that ||f]l, =
= max{||gllu> |gsllm}> SO We can show that || f(N)|| > |if!l., by showing that ||f(U)]| =
2 llgillm and If(NV')] 2] galln- We now show that ||f(U)]i > llgull.- It is clear that
WO =AU | 4. Recall that f(U |.#) as defined by the Sz.-Nagy—Foias func-
tional calculus agrees with f(U [ ) as defined by a spectral integral since U [ A s

absolutely continuous. So [|f(U|.///)|] = Wf(U|.#%)|.. Moreover, since U | . is unitarily
equivalent to M, i alar spectral measure

for U|.42. Therefore, ||f(U |.0)]] = | fllar = 18]l (c£. [8, p. 93, ILT.6]). Thus||/(U)}] >

2 /(U 2] = |ig]l... We now show that |f(N'){| > jigellw- Suppose 2&o(N')n D
then f(A) e a(fiN)) (cf. [7, Lemma 3.1]). Thercfore [f(A)] < ||V for all A
in g(N)nD. However, for almost every e? in NTL(c(N')n D), 1f(e'")]
<sup{{f(A)] : 2 € 6(N') n D}. Therefore ||g,/|,, <sup{| f(2) |:2 € a(N') n D} <{IAN")I.
This concludes the proof of the “if”” part of the theorem.

Now for the “only if’ part of the theorem. Let u and v be scalar spectral
measures for N’ and U respectively. Using the Lebesgue decomposition of m
with respect to v, write m = m, + m, where m, < v and m, is singular with res-
pect to v. So there exist Borel sets 4 and B< T such that AnB =0, AUB=T
and m(A) = v(B) = 0. Since v €« m we must have v | A< m l A; and m{A) =0
implies that m| 4 < v| A. Therefore [m| A] = [v] A]. We claim that m(Bn F) = 0.
Suppose this is true. Since v is a scalar spectral measure for U and vw(B) = 0, there
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exists .#’, a reducing subspace for U, such that U|.#’ is unitarily equivalent to M.
on L(v, A). Since [v| 4] = [m| A], M. on L%v, A) is unitarily equivalent to M, on
L¥m, A). Since AU B =T and m(Bn F) =0, M. on L¥m, A) is unitarily equi-
valent to M_ on L*(m, AU F). Thus there exists .#, a reducing subspace for U, such
that ./ < .’ and U |.# is unitarily equivalent to M, on L2(m, T\\NTL(¢(N') n D)).

To complete the proof we must show that m(Bn F) = 0. We will assume that
m(Bn F) > 0 in order to obtain a contradiction. Using the regularity of m, we can
find B' ¢ Bn Fsuch that B’ is closed and m(B') > 0. We will now state two lemmas
whose proofs will be postponed.

LemMA 3.2. There exists an open set W — D such that Wno(N') =0 and
B’ nNTL(D\W) = 0.

LEMMA 3.3. There exists an open set V < D such that NTL(V) = T\B'.

We now assume the lemmas are true and complete the proof of the theorem.
Supposc e H®D), then

Wi = IfINY, = max{i fLU)], AN}

Also [f(U)]. = [fi\ = If.ua (since ¥(B) =0) = {f s (since [m|4] =[v]dD <
< sup{[f(A)!: 1 e ¥V} (since NTL(¥)> A). Let u be a scalar spectral measure for
N'. Since N’ is completely non-unitary we know that u(T) = 0. Moreover

AN = 'fil, < sup{{f())} : 2 € (') D} <

< sup{ f(2) ! : 2 e DN\W}.

The first inequality is true because pu(D~\(6(N')nD)) = 0, the second is true
because (a(N') N D) = (D\W). Therefore, |fl o < sup{ifi})!:2e VUuD\W)} <
< flis. This implies that ¥ ¢ (D\W) is dominating for T (cf. [4, Theorem 3]).
But B nNTL(V U(D\W)) = O and m(B’) > 0. This is a contradiction and com-
pletes the proof of the theorem. We now proceed with the proofs of the lemmas.

Proof of Lerima 3.2. If ¢ e B’, and 0 < ¢ <, then 4,, < D is an open
isosceles triangle with the following properties: one vertex at e¥, the angle at e'*
equal to ¢, [0, e''] bisecting the angle ¢ and the altitude measured from e suffi-
ciently small that 4,,ne(N’) = 0. Since B'nNTL(e(N)nD) =@ such a
triangle exists. Let W ={_J{4,, :e*e B, 0 < ¢ < n}, and we arc finished.

Proof of Lemma 3.3. Since B’ is closed, T\B' = ) {I,}, where 0 is a subset

neM

of the positive integers and {7}, _, is a pairwise disjoint collection of open

arcs. Suppose € and ¢ are the end-points of I, and m(l,) = b, — a,. Let ¢, =
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= (1/2)(b, + a,). Choose o, € D such that:

ic
, y . w, —enl 1
[, €] = [0, ™), |o, —e“n| <1, and fmerl oL
C, — a, n

Let I',, be a curve from a, to ‘s such that: r,, is tangent to T at e“n; and if

Bi—et| _ oy — "l
~
! —a, Cp — y

a,<t<g,, B, =T,,1n[0, €] then . See Figure 1.

O

eiCn

Figure 1. The region V.

Let I', , be the curve obtained by reflecting I, ; over [0, eic"]. Let V, be the
open set bounded by I,, I, ;, and T, 5. See Figure 1. Let ¥ = |_J {V,}. Notice that

negMN
{V.}nem is a pairwise disjoint collection of open sets. Clearly NTL(}) o T\B".
So to finish the proof it suffices to show that B’ n NTL(V) = @. Suppose e € B’
If the distance from e to I, along T is > & > 0 for every n € M, then the sector
of D bounded by [0, e “~9], [0, ¢/¢+9] and the shorter arc from ei¢*9 to ei¢=9 js
disjoint from V. Moreover, any sequence of points converging non-tangentially
to e'* must pass through this sector. So e ¢ NTL(}). So we may assume that there
exist intervals I, with the disance from e* to I, along T arbitrarily small. There
are four cases:
(i) e = ' for some n € N and e* = ¢”« for some k € N.

(i) e % ¢ for every n € 9N and €' # e for every k € 9.

ia

(ili) " = &"“n for some n € N and et # € for every k € N.
(iv) eif 5 e“n for every n e 9t and e = ¢’k for some k € N.
Case (i). Since I', , is tangent to T at ¢'n = ¢ and I', , is tangent to T at

¢k = ¢it jt is clear that e ¢ NTL(V).
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Case (ii). Assume ¢ e NTL(V) in order to obtain a contradiction. Let
{#4}% 1= V be a sequence such that /, — e non-tangentially. Let § be an angle
with the following properties: 0 < 0 < &, vertex at e, [0, e"] bisecting 0, and
{4% 1 in the interior of 0. Let L,, L, be the sides of 0. See Figure 2.

J“”i)

Figure 2. The points Z,, 7, and f, -

If 7, = e " with - % < ¢, <7, then ¢, = 0 as k — co. Choose 3; > 0 such

that the distance from e* to 7, aleng T is > d; for | < n < 2tan(! 2)0) 1.
Recall that e ¢ J, for all » € M. Choose 3, with 0 < §, < &, such that ¢ < &,

E.np]lts lhdt .
Sin 0 : (P Sin - 0
_: ; 2 )

e e e e > -tan(-? 0).
© sﬁn( -0+<p) 4 <

This 1s possible since:

EM-~wn~m~m—w—-—=M%

'ﬂ.
2
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Choose k sufficiently large that [ ¢, | < J,. Since /, € V there exists a unique positive
integer 1, € 9 such that 7, € ¥, . This implies that e e 1, . Since | ¢, | < &,
we must have . > 2(tan(1/2)0)~*. Without loss of generality assume ¢, > 0.
Let Brig, = L, 100, K] and 3, = [k, €] n Ly . (See Figure 2.) Note
that y. € V,, and |y, — eI > B, o T e R Also g =1+ @i—1>
> 1 + ¢ — au, which implies:

i(t-top) i(t+p,) i(f4g)
[y —e" R g, — e - oy, — €| Lt tan(l 0)
(1 I+ @Qp n, Cny ™ @, n,

However using the Law of Sines on the triangle determined by 0, e, and y, we

see that:
. 1 . 1
sm(- -0+<p,‘)——sm -0
__ ei(l-{-(pk) I - 2 2 )

. 1
sin (-2 0 + (pk)

[ V&
(See Figure 2.) So

= > .
. 1 4
P @y sin (—2 0 + (pk)

' . 1 1
. sin{- -0+ ¢,)—sin| -0
Dy — e'("*"pk)l . ( 2 (PI) I ( 2 ) 3 ( 1 0)
= tan D) .

This is a contradiction. This concludes the proof of case (ii). Cases (iii) and (iv) are
similar and left to the reader.

4. SUBNORMAL OPERATORS IN A

The following notation will be in use during this section: S in # () will be
a subnormal operator, # containing 3 will be another separable Hilbert space,
and N in Z(A") will be the minimal normal extension of S. The projection-valued
spectral measure of N will be denoted by E(-). The goal of this section is to prove the
following theorem which completely characterizes the subnormal operators
which belong to A.

TuHeorREM 4.1. Let S be an absolutely continuous subnormal contraction. Let
S =U@® S’ be the canonical decomposition where U is unitary (or acts on the space
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(0)) and S’ is completely non-unitary. Then S belongs to A if and only if there exists
A, a reducing subspace for U, such that U IJ’Z is unitarily equivalent to M. on
L*(m, TN\NTL(o(S) n D)).

Before proving this theorem we need the following lemma which is a generali-
zation of [8, Theorem VI1.4.12].

LeMMA 4.2. Suppose S in L() is subnormal, and there exists an open set
X in C such that o(S) 1 X is a non-empty subset of T. Then S has a non-zero uni-
tary part.

Proof. Without loss of generality assume X = B(e®, r) for some r > 0 and
some e* in T, and o(S)nX~ < T. Clearly o(S)nX < d6(S) = 6(N). This
implies that o(S)NX =a(N)nX # O. Let I=XnT. Let A, =ED)A #0
and s, = (E(I)#)~. Since N is the minimal normal extension of S, #, # 0.

Let N, = N|#,, and S, = N|#,, then S, is subnormal, N, is the minimal
normal extension of S;, and o(S;) < a(S)nI (cf. [8, Lemma VI4.11]). Since
o(S)) =« T, S, must be normal (cf. [8, Theorem V.3.1]). This implies that
N, = §;, which implies that 5, =, is reducing for N. Moreover S, being
normal and ¢(S;) < T implies that S; is unitary. If we can show that #, < #,
then §; =N|Jf1 = Sljf1 will be a non-zero unitary part of S§. Thus, to
complete the proof of the lemma, we must show that E([)o# < #. Let
R >0 be sufficiently large that B(e®, R) > 6(S). Recall that X = B(e", r).
Let K={i:r<|2—¢€"{ < R}U((S)nI7). Then K is compact and o(S) < K.
Let 2(K) be the set of all complex-valued continuous functions on K uniformly
approximable by rational functions with no poles in K. If fe Z(K), then f(N)
can be defined using a spectral integral, since K > o(N). Moreover, f(N)#H < H#
(cf. [8, p. 207}). Suppose one can construct a sequence {f,}>°, = #(K) such that
Jn converges to y, boundedly and pointwise on K. Take x, y € &, then (f,(N)x, ) =

= S f(2) d(E(2)x, y) which converges to Sz,().) d(E(2)x, y) using the Lebesgue

dominated convergence theorem. However, Sx,().)d(E(),)x, y) = (,(N)x, y) =

.

= (E(Dx, y). Thus (f,(N)x, ) converges to (E(I)x, y) for all x, y in #". Choosing x in
# and y in the orthogonal complement of #, we see that E(J)s# < 3. Thus, to
complete the proof we must construct the sequence {f,}. Suppose m(l) = 2a.
Take n > a1 If A € K, then either

() r<|i—€*f< R or

(i) A =e'* with t—a <s<t+a, and 1€ o(S).

If (i) occurs then f,(4) = 0.
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If (ii) occurs then:

ns—(¢—a) fr—a<s<t—a+n?t’
1) = 1 ft—a+nt<s<t+a—n?
n(t +a—ys) ft+a—n'<s<i+a

Notice that the interior of K is exactly those 2 for which r < |1 — e| < R, and
f, = 0 on the interior of K. Thus f, is analytic on the interior of K and continuous on

K. This implies that f, € Z(A") (see [9, Corollary VIIL.8.4]). This completes the proof
of the lemma.

Proof of Theorem 4.1. Let D = NTL(o(S)nD), and F =T\D. We will
prove the “if”’ part first. Choose f€ H®(D). To show that S belongs to A it
suffices to show that [|f(S)]| > ||fllw- Since S =S8"@® U, ||If(S)|| = max{||f(S),
IO Letfe H°°(T) be the boundary function of f. Define g,, g, € L(T)

by g, = fxp, g = fXD where y is the characteristic function of F and y,, is
similarly defined. Note that ||fl]l, = max{||g,/lm ||&2llm}> SO We can show that
S 2 Iflles by showing that [U)]| > |igulln and [If(S") > [igllw- We now show
that || f(U)|| > ||g.|l..- It is clear that |[f(U)|| 2||(U |.#)||. Recall that f(U |.#) as defined
by the Sz.-Nagy—Foias functional calculus agrees with f(U |#) as defined by a

spectral integral since U |.# is absolutely continuous. So Ifw | = |If(U | 4.
Moreover, since U |//Z is unitarily equivalent to M_ on L2(m, F) it is easy to see that

m | F is a scalar spectral measure for U |.#. Therefore ]|}'(U|J/Z)H = | Fllr (cE. [8,

11.7.6]). Clearly Hf”ll,,,,F = ||g1ll.». We can now conclude that ||f(U)|| 2 ||gullm- We
now show that |[f(S")| = llgsllm- Suppose A€ a(S)nD, then f(1)e o(f(S)
(cf. [7, Lemma 3.1]). Therefore | f(4) | <||f(S)| for all 1€ o(S")nD. However for
every e in NTL(a(S’)n D), ]f"(ei')! < sup{lf(M)| : L€ o(S)nD}. Therefore
lgallm < sup{lf(A)| : A€ a(S)YND} < ||f(S). This concludes the proof of the
“if*” part of the theorem.

We now prove the ‘“only if*’ part of the theorem. Let v be a scalar spectral
measure for U. Using the Lebesgue decomposition of m with respect to v, write
m =m, + m, where m, <€ v and m, is singular with respect to v. So there exists
Borel sets A and B contained in T such that AUB =T, An B =, and m(4) =
= w(B) = 0. Since v < m we must have v|4 < m|A4; and m(4) = 0 implies that
m|A < v|A. Therefore, [m|A] = [v]|A]. We claim that m(Bn F) = 0. Suppose
this is true. Since v is a scalar spectral measure for U and v(B) = 0, there exists .#’,
reducing subspace for U, such that U IJZ ’ is unitarily equivalent to M, on L%*(v, A).
Since [v |A.] =[m ]A], M, on L*(v, A) is unitarily equivalent to M, on L2(m, A).
Since AUB =T and m(Bn F) =0, M, on L¥(m, A) is unitarily equivalent to M,
on L%m, A U F). Therefore, there exists ./, a reducing subspace for U, such that
MM and U |,/ll is unitarily equivalent to M, on L?(m, F), which is what we are
trying to prove. To complete the proof we must sho that m(Bn F) = 0. We will
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assume that m(B n F) > 0 in order to obtain a contradiction. Recall now that F =
= T\NTL(a(S)n D). If ¢’ € Bn F, then for 0 < a < 7 there exists an isosceles
triangle 7, , such that: e is one vertex of Ty s int(To,,) < D, the angle of T,
at e is equal to a, [0, e'] bisects this angle and int(T,,) n 6(S) = O. Note that
this implies that int(Ty ,) . o(N) = O. For each e in Bn F we can find exactly
one bounded component of C\¢(N) denoted by ¥, such that ¥, contains int(7y )
for 0 < o < m. Since C\o(¥) has only countably many components, one of these
components, denoted by ¥, must have the property that m({e' : V = V,}) > 0.
Let B' = Bn F be the set of e such that ¥, = V. Clearly m(B’) > 0. Let B”
be a subset of B’ such that m(B’') > 0 and ¢ in B implies that the height of
T).0ni:0 measured from e“is > B > 0. Let Ty = T g2p10. Without loss of generality
assume that the height of T, = f for all ¢ in B”. The following construction is
based on a construction found in [11, pp. 122—123, 130]). We now choose a closed
subset C < B’" and an open arc I' < T such that: m(C) > 0, C = I'", the end-
points of I' belong to €, C has exactly two isolated points — the endpoints of T,
m(I") < min(n/100, $/10), and the corresponding sides of the T,'s for ¢ in C do
not intersect. This can all be accomplished using the regularity of m and choosing
I sufficiently small. For more details see {11, pp. 122, 130]. Since I'\\.C is an open
set, '\C = | {M,} where {M,} is a collection of pairwise disjoint collection of

open arcs. If M, has endpoints e and e, let R, and S, denotc the sides of 7, and
T, respectively which intersect. Let P,, denote the point of intersection of R, and
S,. See Figure 3.

Figure 3. The point P,

Let C, denote the intersection of D with the circle passing through the points
e’ e and P,,. Elementary geometry shows that the length of C, is less than or
equal to a constant times the length of M,. Let G = CU(TN\I)U(WJC,). It is

casy to see that G is a rectifiable Jordan curve. Suppose the endpoints of I' are
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denoted by e and el’. Let Y be the closed region bounded by [(1—pf/5)e, '],
(1 pISi, e, {(1 — /S :ei’e I'}, and I'. We claim that (o(S) nint(Y)) <
< D\ (int(G) U G). (Note that D\(int(G) U G) is just the union of the open regions
bounded by M, and C, for each n.) This follows from the fact that
{rel* :c?e 1 - f/2 <r <1 — BJ20} is contained in {J {int(Tp) : ¥ € C} and
U {int(Ty) : €' € C} is disjoint from o(S). See [I1, p. 122]. Let u be a function
defined on G by:

~ {0 ze (TN\NU(UC)
u(z) =
1 zedl.

This is well-defined with respect to arc-length measure on G. Thus we can extend u
to bc a harmonic function on int(G). Note that u > 0 on int(G). Suppose z belongs
to D\(int{G) U G), then z is contained in the open region bounded by M, and C,
for some n. Since u is harmonic on int(G) and continuous on int(G) U C, and
u =0 on C,, we can define u(z) = —wu(z*) where z* is the point in int(G) symmetric
to z with respect to C,. Now u is a harmonic function on D. Moreover v < 0 on
D\int(G), which implies thatu < 0 on ¢(S) n int(Y). Using the maximum modulus
principle we can find r < 1 such that u(z) <r for z € ¢(S) n (D\\int(Y)). Therefore
u(z) < r for all z € o(S)nD. Let v be a harmonic conjugate for v and f = "' ",
We conclude that f belongs to H®(D) and ||f|l, = €, because |f(z)| = e“* and
sup{u(z) : z € D} = 1. Let g(z) = f(z)/e, then g € H®(D) and ||g{l,, = 1. Let us con-
sider the operator g(S), which is subnormal. We shall now show that g(S) is com-
pletely non-unitary. Since S = U @ S’ we can write g(S) = g(U) @ g(S’). Since v
is a scalar spectral measure for U, ||g(U)]| = [I8(U)]| = |2}, (cf. {8, p. 93, IL.7.6)).
Recall also that v(B) =0 and [v| 4] = [m| 4], so we can conclude that [|g]}, = ||& |l -
Since C< Band AnB =0, we must have 4 < (TN U(UM,). If ze T\T
then u(z) = 0, so | 2(2)| = l/e. If z € M, for some n, and if }, — z non-tangentially
then for sufficiently large &, £, must be contained in the region bounded by C, and
M., which implies that u(%,) < 0; therefore |g(/)| < I/e and | g(z)| < 1/e. There-
fore, |lg(U)I| = ||2[lma < 1/e, which implies that g(U) is completely non-unitary.
We now show that g(S’) is completely non-unitary. Write S* = S; @ N,;, where §;
is completely non-normal and », is normal; then g(S’) = g(Sy) ® g(NV,). Since
S’ is completely non-unitary, so is N;. Since g € H®(D) and |igll, = 1, g(V;) is
completely non-unitary (cf. [13, Theorem II.2.1(e)]). Since g is analytic on D and
S, is completely non-normal g(S;) is completely non-normal (cf. [8, Corollary
VIII1.2.14]). So we have shown that g(S) is completely non-unitary. We now apply
[8, Theorem VIIL4.2] to obtain o(g(S)) = Z(6(N)) U [g(a(S) nD)]~. Since N be-
longs to A we know that T < (). It is easy to see that g(a(N)) = [g(e(N)n D)}~ u
U 2(T). If z € C, then| g(z)| = 1. Moreover, since N belongs to A, Theorem 3.1 tells
us that if U, is the unitary part of N, then U, has a reducing subspace 4" such that
U, [.1' is unitarily equivalent to M. on L(m, T\NTL(¢(N) N D)). Since C has
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positive measure and is contained in T\NTL(a(S) n D) (which is contained in
T\NTL(c(N) n D)), the spectral mapping theorem for normal operators tells us
that g(C) is a non-empty subset of o’(Ull./V ), hence a non-empty subset of o(N). We
now conclude that g(C) is a non-empty subset of T. If z € T\, then as we saw
before | g(z)! < 1/e. We also noted before that if z€ o(S)nD that u(z) < r < 1,
so ‘gz)i<e ! for zeo(S)nD. Therefore glo(N)nD) < g(o(S)nD) =
< B(0, e"~1). Putting it all together we see that o(g(S)) < B(0, ¢~ uT and
o(g(SHNT # O. Choose zea(g(S)NT and let V = Bz, (1 4+ ¢ ~1)/2), then
9 # [V na(g(S)] = T. Therefore g(S) must have a non-zero unitary part by
Lemma 4.2. This is a contradiction and concludes the proof of the theorem.
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Added in proofs. Since this paper was accepted, H. Bercovici (Factorization theorems
and the structure of operators on Hilbert space, preprint) and B. Chevreau (Sur les contrac-
tions 2 calcul fonctionnel isométrique. II, preprint) have independently shown that A =: A, .
Thus, any absolutely continuous contraction whose spectrum contains the unit circle has a
non-trivial invariant subspace.
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