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A MODEL FOR AF ALGEBRAS AND A REPRESENTATION
OF THE JONES PROJECTIONS

V. S. SUNDER

A model for approximately finite-dimensional (henceforth abbreviated to
AF) algebras is developed here, which may be looked upon as a matrix-theoretic/
Jergodic theoretic alternative to the model developed in [4]. One advantage of
this model is that it leads directly to a certain Borel space and a canonical (tail-)
equivalence relation on it, which underlies the GNS representation of the AF-algebra
associated with any trace on the algebra that factors through the conditional expec-
tation onto an appropriate Cartan subalgebra.

As an application of this model, we construct a representation of a sequence
{e,} of projections in the hyperfinite II, factor which satisfy: e,e,, =e,e, if [m — n| > 1,
e,,.18, = 1¢,, and tr(we,) = ttrw forany word win 1, e,,...,e,_, — where t-1is
the Perron-eigenvalue of a primitive (in the sense of the Perron-Frobenius theory)
matrix of the form 44" where 4 is a non-negative matrix with non-negative integral
entries. Such sequences were encountered in [1] and it is the author’s belief that the
model developed here could be used in the problem of constructing subfactors of the
hyperfinite TI; factor with trivial relative commutant and index - with t as above,
‘We obtain explicit formulae for these projections by applying our model to the AF-al-
gebra resulting from an application of what Jones calls his “basic construction’ to
a pair of finite-dimensional C*-algebras with inclusion matrix A.

We begin by reviewing some basic facts concerning inclusions of finite-dimen-
sional C*-algebras, and by setting up the notation to be used in the sequel. Recall
that any finite-dimensional C*-algebra N is of the form N=N, @ N, @ ... @ N,,
where N; =@ M{(n;, C); the vector » = (114,. .., n,)" will be called the dimension-vector
of N— it is uniquely determined, up to a permutation, by N.If N < M is a unital
inclusion of finite-dimensional C*-algebras, where M =~ M; @ ... @ M,,, with
M; = M(m;,C), the associated inclusion matrix A = AY is the nxm Z_.-valued
matrix with A4;; = the number of simple components of a simple M;-module when
viewed as an N;-module. (The matrix A is uniquely determined once one haschosen
ordered partitions of unity {p,, ...,p,} and {gs,...¢,} into minimal central projec-
tions of N and M respectively.) The dimension vectors n and m then satisfy m = A'n,
where A* denotes the transpose of A.
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With M as above, there is a bijective correspondence between faithful traces
on M and strictly pos‘tive vectors ¢t in R™, the correspondence being given
by 1(v@ ... ®x,) = ﬂtr,x,, where ‘tr’ denotes the usual trace on matrix

algebras. It is known that if a trace 7 on M corresponds to t in R” and if a trace
¢ on N corresponds to s in R”, then /N = g iff s = At.

REMARK. For the reader who is more comfortable with Bratteli diagrams, it
might be worth mentioning that as far as book-keeping devices go, the Bratteli
diagram and the inclusion matrices are equivalent; thus, for instance, if M, denotes
the group algebra of the symmetric group S, on # ictters, the two equivalent ways
of describing the tower M. & M, & M; S M, are:

Dicgram Matrices
AU
SN (I

(Note that multiple edges in the diagram would correspond to entries larger
than one in the inclusicn matrices.)

Suppose now that A; < M, < ... (=} is an ascending chain of finite-dimen-
sional C#-ailgebras. Once and for all, choose and fix ordered partitions of unity
PP
let us write A™ for the inclusion matrix AM" 1 Thus, if m*™@ is the dimension
vector of Af, -- so that dimp{"i/, = (mf-"’)“ — we have m"D = (A0)'m®), and
in particular, m; and {A®:n > 1} determine m™ for all n > 1.

Our aim, now, shall be to start with the data {m®@, AL, A®, } and build
a model of an AF-algebra with this data. Specifically, we assume that the fol-
lowing data are given:

(a) a sequence {v,:n > 1} of positive integers;

(b) a vector m™ in R with positive integral coordinates; and

(c) a sequence {A":n > 1}, where, A" is a non-zero v,Xv,,,; matrix with
non-negative integral entries.

into minimal central projcctions in Af,. With respect to this choice,
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As above, we have a sequence {m® :n > 1} defined by m® =
ci (AW A® L AC=D)Y mO, The starting point for the corstruction is a certain
space of sequences.

DerFiNiTiON 1. With v,,, A", m™ as above, define the associuted sequence-space
Q as follows:

z 1 (
Q={0eZ7":1 <o < vy, 1 <oy <P, 1< gy < /iaff:,am" for all n > 1},

where, of course, Z, = {[,2,...}. %

The following notation will be handy in the future : for any subset [ of Z ,
we shall write « — a, for the restriction mapping @ — Z' ; thus, for instance,
a4 == (%, oy, ay); we shall also write o,y for oy . a, for oy, o, for ap, o
and o, for « (, o). We shall write £, for the set {2, : « € 2}. One last bit of notation :
if {L,...,1,} is a partition of Z,, and if y; € Qy, for 1 < i <k, and if there exists
o € Q such thato, =y, for 1 < i< k, we shall write y,= ... xy, for a.

Now consider the (in general, non-separable) Hilbert space ¢%(2) of square-
-summable functions on Q; dencte the canonical orthonormal basis by {£;: § € Q}.
(Thus, &4(a) = 6, 4, where & denotes the Kronecker symbol.) Each (bounded) oper-
ator x on /%(Q) corresponds uniquely to its matrix ((x(c,8))), se o, Where, of course,
x(@,f) = (x&, £,> for every a and f in Q.

Forn=1,2,..., define M, to be the set of operators x on £2(Q2) whose ma-
trices satisfy the following conditions:

() x(p) =0 unless o, = fo,; and
(i) x(u,f) = x(c',f") whenever «, f, «’, p’ € 2 satisfy
Oron = Pren, Ofen = /3;‘2n> Ugyy = 03y and Py = ﬁ;"]'
In other words, x € M, iff there is a function Xy,;: Qo,;X Qs — C satisfying
Q) x(@,B) = Oy, B Xem (C2n), fon) Voo, pEQ.

ProrosiTioN 2. (a) Fach M, is a finite-dimensional C*-algebra of operators ;

b)) M, = M, ., foralln > 1;

() if x' is an operator on (X(Q), then x' € M, iff there exists a bounded meas-
urable function x[r_.' n: Qe X8, — C such that

x'(o,B) = 50,2”] - xE2"(a[r_>,,, Py for all a, BeQ;

(d) if xeLQ)), and if n < m, then x€ M, n M, iff there exists a
Sfunction Xxpppomy : Qenem X Lanem — C such that

X(O(, ﬁ) = 512"], Bon) 5:1[2,”, plzmx[‘.Zn,‘zmj (a[2n,2m] , /3[2:1,2m]),



292 V. §. SUNDER

for allx, B in Q; in particular, x € Z(M,) iff there exists a function X * Quony X Qg —>
— C such thar

X(G!,[’))) = 50:,/3 x(ZH} ({xzmﬂ%) V J(;ﬁ in Q

(and consequently, Z(M,) is v,-dimensional };
{e) for each n 21 and 1 < j < v, define projections p§” in Z(M,) by pii A%, )=

= (3%”5,-,,,0”; then, {p{", ..., p"} is a partition of 1 inte minimal central projec-
“ n
tions of M,;
(f) with respect 10 {p{™, ...,p™} and {p{"+V, ... ,pwiD}, the inclusion
n n+l

M , .
matrix /1‘\;*1 is precisely the matrix A™ .
P

n

Proof. (a) & (b). Itis clear from the definition that M, = M,,, and that M,

is a self-adjoint vector space of operators: to verify that M, is an algebra, if z == xy,
with x,y € M, and if , § € 2, we have

oo, B) = 3 x(e, 1), B) =

reQ

=) ‘Sa[ o Von 57[ ' Xoni(on1s Voun)Yenl(Van » Pany) =
25 " 2n 2n

=9, e Yy Xonl(%an) Van)) Youl(Panzs Bain)s
2n’[2n :;'GQ:./ =, }
[2n [2n
notice now that the sum, although seeming to depend upon oy, actuaily does not,
since

Y fead= Y SO,

‘Ei‘n=a[2::3 (GGQ,_,"] : 0’.'n=12n}

{yeER:y

for any function f defined on €,
Finally, M, is finite-dimensional. since it has a finite basis given by {u, ,: v, x €
€ Q5.1 Vouy = #an)» Where

(2 u (% f) =9

a[’.’n’ﬂ[ﬁn 7'1‘Jn] u’ﬂ?nj )

(¢) Let x" € L(£%(Q)), and let {u,,:7, % € Qy,;} be as in (2) above. Then,
or any o, f in Q, we have

(x'u, N, B) = Y, x'(2, 0)0 o 0 =

0eQ a[zn’ﬁ[‘:n 7'02:1] Z’B2n]

= 5::,32"]XI(M> ’Y*B(Zn);
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(although the concatenation y*f,, may be inadmissible if 7,, # f,,, note that
the right side is non-zero only when % = f,,, in which case, we have 7, = %3, =
= B,, and there is no problem). A similar computation shows that

(uy,x x/)(“s /3) = 5a2n],y x’(%*amn s ﬁ) .

Hence, x'e M iff x" commutes with u, , for each y, % in Q,, satisfying 75, = %y,
which happens iff 5,,2',],,,};’(%*0((2,,, B = 5x,52“]x'(oz,y*ﬁ(2,,) for every o, f in Q
and for every y, x as above; it is not very hard now to deduce (c).

(d) and (e) are fairly easy consequences of (c).

(f) With {p{m:1 <i<v,} and {p¢+M:1 <j < v,4;} as in (e), note that

AMn+1 {i,j) 1s the maximum number of pairwise orthogonal non-zero projections in
n

(M1 0 M)pip§rrDs it s easily seen (using the description of M, .1 n M, given
by (d) ) that such a collection is given by {g,: 1 < k < AP}, where

Qk(“, ﬂ) = 5a'ﬁ5i,a2"5k,am_' l(sj’“’.:u-i-Z :

Let M €« M, = ... be as above, and let us write M, for {_J M,. We shall
denote by C the collection of operators in M, which have a diagonal matrix
with respect to the canonical basis.of £%(Q); thus, C = {x € M, : x(at, f) = 6, (@)
for some bounded function ¢ on Q}. It is fairly clear that C is an abelian #-sub-
algebra of M,,; in fact, if we let C, = Cn M,, then C, is a maximal abelian
C*-subalgebra of M, and there is a natural identification: C,=£¢(Q,,). It is also
clear that the map E : M,, - C given by (Ex)(e, ) = J, gx(2,2) defines a conditional
expectation of M, onto C.

PRrRoOPOSITOIN 3. (a) Let ¢ be a state on M. Then there is a unique proba-
bility measure p defined on the Borel sets of Q such that

3) @(x) = Sx(a, o)y du(e) for all x in C.

(b) If 1 is a probability measure defined on the Borel sets of Q, there is a
unique state ¢ on M., which satisfies both (3) and the condition ¢ = @oE. (Thus,
equation (3) sets up a bijection between probability measures 1 on Q and states ¢
which satisfy ¢ = @oE.)

Proof. Since C,, = £°(Q,,y), it follows - by considering ¢/C, — that for each n,
therc is 2 unique probability measure p, defined on the subsets of Q,,, such that

o(x) = sz,,](v, ) duy(y) for all x in C,. Since (¢/C,4+1)/C, = ¢/C,, it follows

n'.ln]
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that the sequence of measures {y,} is consistent in the sense that if Fc: Qy,,
and if F~ = {2 € Q14 1 %, € F}, then p,,(F) = p,(F). It follows now from
Kolmogorov's consistency theorem that there is a unique probability measure u
on Q such that for each 121, and for every F c Doy, H({2€ Q 1 ayq€ F}) =
= jt,(F): it follows easily that this u satisfies (3).

(b) Any probabitity measure u on Q defines a state @, on C via equation (3);
ust let @ =¢,-E. Z)

We shall now consider the GNS-representation m, associated with a state ¢
on M, which satisfies ¢» = ¢-E. Let u be the probability measure on @ which is
associated with ¢ as in Proposition 3. We shall see that 7,(M)" may be naturally
identified with the groupoid-von Neumann algebra associated with (R, u™), where R
is the “tail-equivalence relation™ on @ and u~ is a measure on R obtained using p
and counting measure on thc orbits.

To be precise, let us define

R={eQxQ:3In>1 such that ap, = fp,}-

Clearly R defines an equivalence relationon @ which is Borel — in fact, R is an
F, subspace of the Polish space @ x Q. Let ¢~ be the measure defined on the
Borel subsets of R by

u(F) = S (%, 14(6,20) du(@).

(Here and elsewhere, the symbol 1, will denote the indicator- or characteristic
function of F. Notice that since R-equivalence classes are countable, there are no
measurability problems.) The measure u~ is a positive o-finite measure, since R
is exhausted by the increasing sequence {F,} of sets of finite measure, given by
‘Fn = ’L(fx» /j) E R : 06[2,, = ﬁ 2;1} .

For each x in M, denote by y(x) the function defined on R by u{x)x, f) =
= {x¢g, {,0. It follows from the definition of M, in terms of matrix-entries that
if x € M, then 5(x) is supported on the set F, defined in the last paragraph and
that n(x) is a bounded function. It is obvious that 5 is an injective linear map
from M, onto ¥ = n(M,,) = L%R, 1~ ); hence % becomes an associative algebra
with involution, with respect to the operations defined by (¢- n)g, f) =
=Y, &(=, My, B) and &¥(x, B) = &(B, 2) for all &, n in 4.

PROPOSITION 4. (a) % is a left Hilbert algebra with respect to the above
algebra structure and the inner product coming from LYR, u”);

(b) the equation n(x); = y(x)-&, € € LAR, 1), defines a representation 7w of M,
in LR, u™);

(c) n(M)" is the left von Neumann algebra of U;
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(d) let &, be the unit vector given by &y(a, B) = 0,5, then &yis a cyclic and
separating vector for w(M,) such that ¢(x) = {n(x)é, &> for all x in M, —
so that this ©n is the GNS representation of My, associated with ¢.

Proof. Since ¢ = @oFE, it follows that for x in M,

0(x) = p(Ex) = Sx(a, %) du(a)
Q

and consequently, for any x,y in M,

o(*x) = S(y*x)(a, 2) dp(a) = S (8, 505, (6, ) due) =
o Q

Q2

_ Sn(x) Y ™ = <n(x), n0);

R

further, for any x,y in M, and (a, ) € R,

e, B) = Y x(e (B = MO, B)
{yER: (a¥)ER}
and hence #n(xy) = rn(x)n(y).

Finally, for each n > 1, let #, be the o-algebra of sets in @ that is generated
by the maps {@ - a; :1 < j < 2n}; then the Borel o-algebra & is generated by
U #, so that also the Borel c-algebra of Q X Q — which is just FRF — is
generated by | (F,0%F,); it follows that if K is any Borel set in Q X Q, the
reduced g-algebra (¥ ® F)/K(={FnK:Fe F ® F})is generated by | J (F,®
® Z,)/K; hence if F, = {(z, B) € R : apy, = Pz} as before, it is not hard to deduce
that U L¥F,,(Fn ® F)/F, 1) isdense in LA(R, p” ). Notice now that if k£ =

mn=1
= max{m, n}, then IXF, ,(F, ® #,)/F,, ") = n(M,) < % and so ¥ is dense in

L¥R,u”). (In fact, n(M,) = L¥F,, (¥, ® F,)/F,, 1) and hence the above
double-union is exactly equal to %.)

All the assertions of the proposition may now be easily deduced from what
has been established so far.

We shall now consider traces on M. Suppose that ¢ is a faithful tracial

state on M. Let t*™ be the positive vector in Rf,'.' which corresponds to the trace
o/M,; thus, if xe M,

(4) ([)(.X) = EZ ,7(/;,,)' xZn](yZn]: yZu]);

Y 2n]

7 — 1475
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this equation shows that ¢ = @,-E and so ¢ corresponds to a unique probability
measure u as in Proposition 3. Further, we also know that t™ = A™Wt"+1),
In the converse direction, it is clear that if {t"} is a sequence satisfying

() t™ is a strictly positive vector in R:f, and

(i) AWV =¢™ for all n > 1,
then there is a uniquely defined faithful tracial state ¢ on M, such that ¢/M,
corresponds to t™. For convenience of reference, we include the following fairly
well-known result.

LeMMA 5. Let A be a v X v matrix with non-negative integral entries, and
such that A is primitive in the sense that A* has strictly positive entries for some
k > 1. Let M, be an AF-algebra for which A™ = A for every n > 1. Then there
is a unique tracial state ¢ on M, further ¢ is faithful. In particular, (n,(M))" is
the hyperfinite I, factor, where of course m, denotes the GNS representation of My,
associated with .

Proof. Tt follows from the standard Perron-Frobenius theory that if 4 is the
spectral radius of A, there is a strictly positive vector t' in R* such that AtY =
= At Now define t™ = i1-" ¢ and note that At"+Y = t® for all n. Let m* € Z',

\4
be arbitrary. Assume that t has been so normalised that Y}, t{"m{Y =1; this
i=1

ensures that the trace ¢ on M, that is induced by the sequence {t"'} is a state.
Further the strict positivity of t™ for each n implies that ¢ is faithful.
If ¢~ is another tracial state and if t™ ™ is the vector in R’, which corresponds

to ¢~ /M,, it follows that t” ™ e (M) A*R’,, since t~™ = Akt"""+F for every n
k>0
and k; on the other hand, it is a consequence of the primitivity of A that (M} A*RY, =
k>0

= R, tV; deduce that t™*™ = o t™ for some positive scalar a,; since At™ =
= t"-1 and At™® ="V, conclude that all the &, are equal and therefore
¢~ = ¢. The fact that there is a unique tracial state on M, clearly implies that
n,(My)' is a factor of finite type; the primitivity of A guarantees the infinite-dimen-
sionality of M, and the proof is complete.

NoTE. (a) There is an obvious minor generalisation of the preceding lemma:
if M, is built out of the data (m™, A™ : n > 1}, if the sequence {A™} is periodic —
ie., there is a k > 1 such that v,,, = v, and A“*+® = A" for every n — and
if (A%, .. A%} is primitive in the sense of the lemma, then M,, admits a unique
tracial state which is automatically faithful. (Reason: M, =\ J M, where M, =
= M,, and the lemma applies.)

(b) The argument in the lemma also shows how to construct AF-algebras which
do not admit any faithful tracial state; for instance, let v, = 2 for every n and
let A™ = [(l) ;], and note that (M) A"R% = R, [(]) J, and so if a trace ¢ on M,

nxl
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a
corresponds to the sequence {t™}, then t* = [O"] for some a, > 0 for all n, so

A\

that ¢ is not faithful.

Henceforth, we shall assume that:
(i) Veps1 = v, and v, = v, for all n;

(i) A®+D = A and A®" = A' where A is a fixed v; X v, matrix with
non-negative integral entries such that AA4* is primitive in the sense of the preceding
lemma with Perron eigenvalue and eigenvector denoted by A and t® respectively:

(iii) ¢+ = 1-"tQ) and @ = A't@+D for all n;

(iv) o is the faithful trace on M,, associated with {t("};
(v) Q is the associated sequence space;

(vi) u is the measure on Q associated with ¢; and

(vil) RcQ X Q as in Proposition 4.

Hence, by the last lemma and Proposition 4, the left von Neumann algebra
associated with % as in Proposition 4 is the hyperfinite II, factor. The reason for
our interest in this special case is that this is precisely the situation that is encountered

. y cen ., . . A
when one applies Jones” *“basic construction’ to the inclusion M; € M,. In the
next proposition, we give explicit formulae for the resulting sequence {e, : n > 1}
of projections in M_, which satisfy the relations

ee; =¢e; ifli--jI>1, and ee;,e; = A %; for all i

PROPOSITION 6. For n =1,2,...,define the elements e, in M., — by their
matrix-coefficients e, (o, f) — as follows:

e, f) =0

é o é o X
ZonPPon) tontaPronta erFonta | Cent1%2n+s. Bant1Ponts

(n+1) (n+1)yyp9,.(n),
x (ta2n+2 tﬂ2n+2 ) /z/tazn'

(of course, it is assumed we that are in the situation described by (i)—(vii) above)
then {e,} is a sequence of projections in M, which satisfy the following:

(a) €mls = €l lf Im - n| > 1;
(b) enen.-t-.len = ]'_len V nz 1;

©) o(e,x) = 2 2(x) whenever x € M, ;.

Proof. To start with, note from the definition of e, and from Proposition 2(d)
that e, € M, ., n M, for each n and so (i) is immediate. Also, e,(x, ) = ¢,(8,2) € R
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so that e, = e%. Now compute:

en@, B) = 3, e, ey, B) =

YER

= a‘zn]'ﬂ‘.!n] 6“[21:1‘4’”[21!-04 X

0 0
ZonPonta Cant1en+s 32/v+1’ﬂ2n+3

(1)
x v G S0 LT
{vef: =z v, =q . sh n t t
W Yo} ZanTV2n+a f2nta} %y (Bay

y"’n+1 Yan+3

o, o o 0 X
o %onia %anr1%2n43 Bant1Ponts ZeayPany Ffentas Plants

i) Gy, A",
Fonio ﬂ“n-‘*“ Ioe (241) ﬁ
s ROMO) Y ) gt =e@h)
%op ﬁ?.n i=t k=l
since
(n)
ntr 3 o (m)
§ % g = (g, =12,
j=1 k=1

thus establishing that cach e, is a projection.
As for (c), if x € M,,,, then (e,x)(2, @) =Y, e, (&, Y)x(y,%); it foliows from
(o

ar
¥

the definitions of M., and e, that ¢,(a,7)x(y,&) can be non-zero only if

“[1,2"]U[2"+2,°°)= Y 2ejurzn+2,00) s Xap = Gontas Toptt = Xontss Yon = P2nea and Yo+l =
= Yau+3; this implies that

1
(e,,x)(oc, (Z) = 5“ -7 5« (’” )/ (n))x"u+"] (a"n+“] > Oop s "])

2072044 “n+1’a“n+s Yoo

and since e,x € M, ,,, it follows from equation (4) that

(p(e,,x) = Z (‘nx ,,)+4](0C a)t(lZ ' =

a€n “n 4]

1 ( +2)
= _QZ (f(" )/ )(/:1))\‘.2u+°](},’ V) o =

2n+2]

= % Mk (M) AT = 1000 (since ¢+ = ) -1¢(0),

“2n:2
V€D
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We come finally to (b). It is a consequence of the definition of the e,’s that
if a, B, 7, x € Q, then the only way that (e,(x, Y)e,+(y, %)e,(%, f)) can be non-zero
is if

Aap] = Yonls %p2n+a = Vrzntd> Oon = Oopsas Olone1 = Xonigs V2ns1 = Vou+ss

ﬁ2n] = %2n]1 ﬁ[2n+4 = x[2n+4’ ﬁ2n = ﬂ2n+4a ﬂ2n+1 = ﬁ2n+3: Hon+1 = ¥2n+3>

Yan+2) = Han+23s Yizn+s = Xg2n+6s Ven+2 = Y2n+gr Ven+3 = Yonts»
and
Xop+3 = Xont s

which happens precisely when
Uy = .an], Aronta =B[2n+45 Oon = Ooptas Oons1 = Oonsrs, Pont1 = Ponsss

Y= (Otl, ey Uy, Aoy 52 a2n+e ’ O:2n+5 ’ “2'1 H a2n+5 ’ c(2n+6 H] “2n+7’ .. )
and

n = (ﬂla sy ﬂ2ns /3,2‘"+5’ B2n+ 6 ﬁ2n+5 > ﬁ2n’ ﬁBn-i-s s ﬂ2n+6’ ﬁ2n+75 . )

It can now be deduced that

(€"€"+1€n)(d, /3; = 2 0"(0(, 'V)en+1(y’ %)en(%’ B) =

V€

) o é dé X
%onPon]” CowPenta Tont1%2nia PonarPonis U TontarPronae

ti:ltlo) (f,l+l) (n-+2) tlgn}Z) t;,” 1) (:ﬂi))l/z
2n4+6  T2nts 2n+4 2n+6 2n+2 [
X = AL en(a’ ﬁ)’
(n)( (n-+1) (" 1))1/2t(n)
Yopg ﬂ2 -6 ﬂ"n

since t(" t :) A

(n) (n+~) —14 (1) : — — —
lt“z,m and ¢; = A"y Borra and since Oy, = Ogypq = Po, =

= f,,.4 for any (a, f) for which either e,{x, ) # 0 or (¢,e,412,)c, B) # O.
A similar argument shows that e,e,_,e, = A7%, and the proof of the propo-
sition is complete. %

Z

Nore. Tt must be remarked here that ¢,, as above, is precisely the projection
in M, ., that implements the conditional expectation of M, ., onto M, in the sense
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that e,xe, = E,(x)e, ¥V x € M,,, where E, is the unique conditional cxpectation
of M,,, onto M, which is compatible with the trace t/M,,,; this is fairly casily
established using the (also easily established) formula for the conditional expectation
E, ., of M, onto M,, (where m < n) given by

(n)
tp
2n
Epomy @ B) = B =gy o 0, B 0)
' 9€Rom,ony To,,
02m=a2m
whenever x € M,, and o, f € Q,,, satisfy a,, = B, %

The next proposition identifies the range of each e,, where of course we are
assuming that the underlying Hilbert space is L%(R, u").

PROPOSITION 7. Let E€ LY R, 1™) and n = 1; then, & belongs to the range
of e, if and only if there is a function f defined on Qz.\ (o, 2,440 X @ such that
for p“-ae. («,B) in R, we have

&, B) =6 ()2 flaz o\ angnrar » B)-

X,
o ®onta Tonri®enigs Fonte

Proof. e, = ¢ iff (e,)(a, ) = &(w, f) a.e.(u”); now compute:

(.9, B) = 3 e (%1)E(, B) = 0.

< on®sn+q F2a+1 20+

™) (1) L(at1)172
Aﬁ!"] 0 ta2n+2)

2T

wn

Vn+1
x ( ) X(tary % GR) % & g5 B)) :
j=t

This shows that if ¢ = e,¢, then £(a, B) has the prescribed form. Conversely, if
&(a, B) has the prescribed form, it is not too hard to verify that ¢, = ¢. )

ReMARK. The author became aware, after the preparation of this paper,
that A. Ocneanu has obtained (cf. [3]) essentially identical formulae for the pro-
jections e, that arise when one iterates Jones’ basic construction in the case of
the inclusion N ¢ M of a general pair of hyperfinite II, factors which satisfy
M nN' = Cl1; he does this by considering the AF-algebra generated by the increasing
sequence {A,, :n > 0} of finite-dimensional C*-algebras defined by 4, = M, nN’,
where M, =N, M, = M, and My < M, € M, < ... is the tower obtained by
iterating Jones’ basic construction in the case of the inclusion N < M.
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