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ECONOMICAL COMPACT PERTURBATIONS. II:
FILLING IN THE HOLES

DOMINGO A. HERRERO

1. INTRODUCTION

Let £ (o) denote the algebra of all (bounded linear) operators acting on a
complex, separable, infinite dimensional Hilbert space o, and let ' (3#) denote the
ideal of all compact operators.

If 6(T) denotes the spectrum of 7" and o (T) is the essential spectrum (i.e., the

spectrum of the canonical projection 7 of 7T in the quotient Calkin algebra
(YA (), then

6o(T) = {4 € C : Ais an isolated point of ¢(T) \ ¢.(T)}

is the set of all normal eigenvalues of 7. An isolated point A of ¢(7") is a normal
eigenvalue if and only if the Riesz spectral subspace #(T'; 1) (corresponding to the
clopen subset {1} of o(T)) is finite dimensional; o,(T) is an at most denumerable
set, all whose limit points belong to do.(T), the boundary of o.(T), and there exists
a compact operator K, such that go(T — K;) = O [18].

Recall that T € #(s#) is semi-Fredholm if ranT := 73 is closed and at
least one of nul T : = dimker T or nul 7* is finite dimensional. In this case, the
index of T is defined by

ind7T =nul7 —nul T*.

The reader is referred to [17] for the stability properties of the semi-Fredholm oper-
ators. Recall, in particular, that if T is semi-Fredholm and K € #'(s#), then 7' — K
is also semi-Fredholm, and ind(T — K) = ind T)

Let p,p(T)={2€C:A—T is semi-Fredholm}. The Weyl spectrum
of T, ay(T):=0(T)\{Aep p(T):ind2 —T) =0} (=d(Nu{iep, T):
:ind(A — T) # 0}) is the largest part of the spectrum that is invariant under compact
perturbations:

ow(T) = {o(T — K) : K e X (#)};
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moreover, J. G. Stampfli proved that there exists Ky, in # () such that oy (7) =
= ow(T -~ Kyy) [18].

A more general theorem was later obtained by C. Apostol, C. M. Pearcy and
and N. Salinas in [3] (see also [9, Section 4.3]). In particular, given any bounded
sequence {/,} < C\o(T) such that the /,’s only accumulate of ¢o (T), and a
subfamily {Q,} of the “holes™ of ow(T) such that {/,} n (L:ZJ Q,) = O, there exists

KeA' () such that

o(IT'—K)=ay(T)Uu{},}u (LkJ Q). 0T — K) = {4,}.

(A “hole” of a compact subset I' of C is a bounded component of C\\I".)

In [1], C. Apostol introduced the notion of “‘triangular representation’ of
an operator, which strongly simplified the analysis of these problems. In [12], the
author began to analyze the problem of computing the infimum of the norms of
the compact operators K that produce a modification of the spectrum of the above
described type. For instance, if the only information that we possess about 7' is
o(T), 64(T) and o (T), then the best possible result for K (such that 6o(T — K,) = O)
is this one: given ¢ > 0 there exists K, as above with

Ky <-1— max{dist[Z, o (T)] : 2 € ao(T)} + .

(Exactly the same estimate holds for Kj, such that o(T — Ky) = ow(T).)
If

m(i. — T) = min{r e 6([(2. — T)*(2 — T)M2)}
and
my(2 — T) = min{r € 6 ([((2 — T)*(2 — T},
then we define
4T)={eC:m(—T)<y} (=0
If, in addition to o(T'), 0,(T) and oy (7T’), we have information about the function

m (A — T) (A € C), then the best possible estimate for the size of the compact oper-
ator Ky (oo(T — K,) = @) is given by

1Ky < max{m(T; %) : 2 € ao(T)} + ¢,

where m (T; A) = min{y >0 : dist[4, 4,(T)] < y}. (Once again, exactly the same
estimate holds for K, such that (7)) = o(T — Kjy).)
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On the other hand, in mady interesting cases, the distance from a given oper-
ator T to a class of operators ¥ that is invariant under similarities, but not under
compact perturbations, is given by a formula of the type

dist[7, #°) = max{dist[T, #" + A ()], 6,(T)},
where
0o(T) :=inf{||B|| : B € L(#), 0,(T — B) = O}.

(dist[T, %" + ()] is usually determined in terms of the structures of [#" + A ()] -,
the different pieces of the Weyl spectrum of 7, and the sets 4,(T); see [2, Chapter
12], [8].) :

The above result applies, in particular, to the cases when % is the set of
all nilpotent operators [9, Section 12.7.3], [12], or ¥ is one of the Cowen-Douglas
classes 7,(2) [6] (see [13], [14, Section 5]).

The reader with some expertise in these problems will intuitively find some-
thing odd in the definition of §,(7): the idea of “erasing’’ the normal eigenvalues of
T with a non-compact perturbation sounds atrocious!

In the first part of this article, it will be shown that (at least in the present case)
intuition and rigourous analysis can go along ‘“hand-in-hand”’:

0¢(T) coincides with inf{|| K| : K, € £ (), oo(T — K,) = O}.
(This affirmatively answers Conjecture 3.3 of [12].)

The second result is the analogous of the estimate of [12], for the problem of
“filling in the holes”:

Let {Q,} be a finite or denumerable family of “holes’’ of o (7) and lete > 0;
then there exists X €. £°(s#) such that

o(T — K) = o(T)u(JRQ)
and
IKl| < max{m,(2 —T):2e\J Q) + e
k

Several related problem are analyzed, in both cases.
2. ERASING NORMAL EIGENVALUES
THEOREM 2.1. Let T € L(H); then
inf{||B|| : B € L(#), 6o(T — B) = O} =

= inf{|K]|| : K € (#), 6(T — K) = D}.
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Clearly, it suffices to show that if B € &(#°), ,Bj <C and o(T - B) = O,
then there exists X € .7'(3¥ ) such that

K< C and o(T—K)=0

If 6o(T — B) = @, we cannot expect, in general, to find a compact operator
K such that |K! = "'B!' and o(T — K) = @. For example, if {e,}2, is an ortho-
normal basis of # and P, = ¢, ® e, is the orthogonal projection onto “the first
ccordinate’’, then

1 1
j() ("—I Po) _I
\ 2 2
and

1
GO(P()“A) { l/—l <;‘}#(’)

for all 4 € Z(#) such that |4, < 1/2. (This is an easy consequence of the conti-
nuity propezrties of the funcnonal calculus; see, e.g., [9, Chapter 1]. Here (e ® f)g ==
= (g, f)e for all e, f, g in 5 .)

Thus, if B = -- (12} 1 -- P;), then6o(P, - - B) = @, whence we obtain 5y(Py) ==
= |iBli = 1/2; but
‘e 1 ' ' 1 l
oo(Po— K)ni{i:id —1 < 2| £0

for all K € #' (o) such that |K| < 1/2. Indeed, if K" < 1/2 then for each n :-
=1,2, ..., I(1 — 1/mK|' < 1/2 and we can find a point 1, € go(P, — (1 — 1/m)K) n
n{i:1A—1<1/2}. Let pe{i:11 —1]<1/2) be a limit point of the se-
quence {/,}52,; the upper semicontinuity of separate parts of the spectrum (same
reference as above) implies that 7, € o(Py — K). Since P, — K is compact and
%y # 0, we see that /4y € 04(Py — K), and therefore 6o(Py — K)n{i : ;. —1]<1/2}
is a nonempty set.

Hence, we cannot expect go(Py — K) = O and [ K|| = §,(P,) in this case.

However, we can easily construct a finite rank operator F, with [ F| = 1/2,
such that

.1 y
Po——}=—2—eo®e0+ Y rie; ®¢
i

for any finite sequence {r;}}.; such that 12> r, > r, > ... > ry > 0. If the r’s
are carefully chosen, then given ¢ > 0 there exists C, of finite rank, with | C,| <&,
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such that
Qe =P0—(F+ CC)

is a finite rank nilpotent operator, and therefore 6,(Q,) = @ [9, Chapter 2]. Thus,
the compact operator K, = F + C, satisfies

1Kl < -]E +¢&¢ and oy(T—K,) =0.

The proof of Theorem 2.1 is nothing but a glorified version of the same

construction.
We shall need an auxiliary result. Following {1], we define

min.ind T = min{nul 7, nul T*#}.

The proof of the main result of [12] yiclds the following.

COROLLARY 2.2. Let T € L(#). Given & > 0 and a finite dimensional subspace
A of #, there exists K € A () such that

minind(A — [T — K])* = min.ind(2. — T)*

for all 3 € p_(T)N\oo(T) and all k = 1,2, ..., oy(T — K) = @

K, Ko\ A
K = ( 1 12) ,  max{|| Ky, | Kill, | Kaill} < &
Ky Ky H M

and
1Kyl < max{m, (A — T): A € 6o(T)} + .

Sketch of the proof. If A € L(Hy), B € L(#.), then A @ B is the direct
sum of 4 and B acting in the usual fashion on the orthogonal direct sum J¢, @ #,
of #, and #,. For each cardinal, 0 <a < co, A denotes the direct sum of o copies
of A acting on the direct sum of « copies of the underlying space.

As in Lemma 2.10 of [12], we first consider the case when T = 1, @ A ¢
€ L(Ct @ H) (1y ¢ 5(A4)). We can obviously assume that C' < .. In this case, the
proof follows exactly as in that of [12, Lemma 2.10], with y, = m (T; 2,) replaced
by yo = MLy — T) (= m(4y — A)); then we only have tochange “—(2g — po) ® ...”
in page 296 of [12] (second line from the bottom) by “0@..."".

This guarantees that the modification will be small in ‘“‘the coordinate of
CY’, in the sense that the modified operator, 7 — K, will satisfy | Ke,|| < ¢,
|K*#e,yl| < & (where e, is a unit vector in C'). Since 4 is finite dimensional,
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in order to guarantee that i]K!.///I] and ||K*|.#jj will be small, it suffices to leave
untouched a sufficiently large number of the first direct summands of A® =
=APADAD... .

Now the general case follows exactly as in the proof of Theorem 2.1 of [12]. @

Proof of Theorem 2.1. Suppose (T —- B) = @ for some operator B and
let C >{jBj and 0 < ¢ < (C — ||B|))/6. We can (and shall) assume, without loss
of generality, that C = 1.

Preparation. Let {P,}32., be an increasing sequence of finite rank orthogonal
projections converging sirongly to 1.
For each / € C, we have (T —- B — /) = U,H, (polar decomposition) with

(7 — B — ) = min{r € 6(H,)}
and

i (T — B — 2) = min{r € o.(H,)}
O<m(T — B — 7)sm{T — B — 7)).

~

If H, = SrdE,-_(t) (spectral decomposition) and
F, = Smax[me(T—B — /) — t,0] dE (1),

then U,F, is compact and m(T — B — U,F;, — ) = m(T — B — 7).
For each Z, we define C, = P,U,F,P,, for some n large enough to guarantee
that
m(T—B—~C, —A)>m(T--B—1) —e

Since {4 € C : m(T -- B — 1) < &} is a compact set, it is not difficult to deduce
from the above construction that there exist a finite family of finite rank operators
{C}ra (C, = C,, for a suitable 2, in the above set) and an index m such that

Ci = ‘Plnci = CiPm and “Ct” < ”T” for all i = 19 2» ces Py
and
maxm(T -~ B—C;—2>m(T—B—7X)—¢

for ali A such that m(T — B — })<e.
Another elementary argument of compaciness shows that
WPl — B — "1 —P). >0 (n— o0),

uniformly for A ¢ A (T — B).
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First Step. Consider the operators
T,=T—[B—¢(l —P)B] (n>m).

Clearly, ||(B—¢e(1 — P)B + K)™||=(1 —s)|]§]| for all compact K. It will
be shown that, for a sufficiently large n, there exists a compact operator K;, with
1K1l < (5 + 1/2)e, such that

oI —[B—¢(l —P)B+ K)]) = (%]
Suppose A € 6o(T,). If 2 € A (T — B), then 2 € 4,,(T,) because
1T, — (T — B < |IT, — (T — B)|| =¢ll(1 — P)B|| < e||Bll<e.

Assume that A ¢ A (T — B), and let x be a unit vector such that T,x = Zx;
then

0=(T,—MDx=(T—B—2)x+ &1 — P,)Bx,
so that (T — B — A)x = —e&(1l — P,)Bx, whence we obtain

m(T—B—2)<|(T—B—2x| <c¢|Bfl <s
and
x=—¢T—B—2)"%1 — P,)Bx.
It follows that

IPux|l < el Po(T — B — )71 — PHII- || Bl < &/(I|T1] + 1)
provided n is large enough; that is, if #n > n(m, ¢), then ||P,x|| < ¢/(|T|| + 1), and

therefore x is “‘almost orthogonal” to ranP,,.
Thus, we have

m(T'—B—1)< mgx”(T— B—C,— x|+ &<
<[(T — B — 2 + max||Cix|} + & <
<e+ |Clle/(ITI + 1) + & < 3e,

so that 1 € 4;(T — B) < 4,,(T(m.0))-
By Corollary 2.2, there exists K; € #'(s¢), such that

! K ’
= (e “ ) < iRal <5

K K20 ker P, K
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and
UO(‘n(m_s) - Kl) = 0

Since K, is compact, there exists n; > n(m, ¢) such that

= % & \ranpP,
K=+ K = |ran(P, — P,
« | ker P,,1

kS £

where F, = (P,,1 — Pm).l'\’,(P’,,1 —P)=0@Ki®0 and G, = K, — F, sulisfy
[iFill < Se and, respectively, i|G, |} < &/2.
Thus, if Q1 == Pm, Rl = Pn(m‘e), Sl = P"l (Q1<R1< Sl) and

B, =B—¢l-—-R)B+ K; (=[1—¢&l —R)B+F, +0Gy),

then

T—B =Tyue— Kis c(T—B) =0,
. . 1
IB,"<'B" + "K," <'B'+ (5 + - e,

and
"By = (1l —e)iB.

Inductive Step. Repeat the same argument with B replaced by B, and {P,},7,
replaced by {P;}2,, where P, = Py v (n=1, 2,...)

We obtain finite rank orthogonal projections Q. Rs, Ss (01 < R. £ 5, €
< 0,< R, < S;) and a compact operator K, such that, if

Bn = Bl —“8(‘; —R«_‘:)B + Kg

(=[R, — &(R, -~ Ry — 2e(1 — R)B + Fi + G, + Ky),
then

K, = Fy + Gy, where Fy = (S; — O)Ku(S, — Q). Gy = K. — F,

1) <Se, [ Gall<eld,

[iBoll < 1B + max{j[F; [, | Fell} + [IGili + [ Gal < 81 + (5 + '2‘ T ‘4")&
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(because Fy = (S; — QF, = Fi(S; — Q) and F, = (S; — Oo)Fs = Fy(S; — @),
so that || Fy + Fl| = max{||F|l, [|F3lI}), 1Bl = (1 -- 2¢)!| B], and oo(T — By) = 0.
By replacing, if necessary, ¢ by some ¢', 0 < &' < ¢, we can assume that 1/e = N
is an integer. After N steps, a formal inductive repetition of the same argument will
produce finite rank orthogonal projections {Q;}}.1, {R;}}.; and {S;}Y., with

O1<SRISS, SO<R,<So< ... SOV Ry Sy,

and compact operators Ky, K,, ..., Ky satisfying

Ki=F;+ G;, F;=(S;—QpK(S;—0), G =K;—F;

i

WEll < Se, |IGill <e/2) (j=1,2,...,N),
such that, if

N N
By = [R1 — ¥ G~ De(R, —Rj_l)]B + $ K,
Jj=2 Je=1

then
Uo(T —_ BN) = @

It is completely apparent that B, is a compact operator, and

Jh

12 <I13] + maxi £ + ¥ 161 <

j=1

< ||1Bll + 5e + ﬁa/zf < ||B| + 6e < 1.

Jj=1

Thus, the operator K = By satisfies all our requirements.
We conclude that

5o(T) = inf{[|K|| : K € #'(#), oo(T — K) = OB}. %

In certain interesting cases, the distance formula from 7 to a similarity-invar-
iant class of operators involves, not the removal of all the normal eigenvalues, but
only those in a certain region of the plane (with respect to the essential spectrum of
T). For instance, it may be necessary to remove normal eigenvalues inoy(T)\c.(T)",
where a(T)" is the polynomial hull of ¢.(T)(= the complement of the unbounded
component of C\o (T) = the union of ¢.(T) and all its holes; see[10],[11],[16]).

Ad hoc modification of the proof of Theorem 2.1 produce analogous results
for these special problems. For instance, we have

3 ~1731
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COROLLARY 2.3. Let T € L(); then
inf{{!Blj : B € L(H#), 6o(T — B)\o (T — B)" =0} =

= inf{| K] : K €#4(#), o(T — K)\a(T)" = O}.

3. FILLING IN THE HOLES

THEOREM 3.1. Let T € L(H#) and let ® be the unicn of a collecticn of bounded
components of 6(T) \ oo(T). Given &> 0 there exists K € A" (H), with
PK! < max{m (A —T):2ed} +e¢
such that
o(T —K)=o(T)U®, oy(T—K) =oo(T)\ &,

nl(i — [T~ K)) =nul(A — [T —K))* =1 forallicd,
min.ind(A — [T — K)* = minind(2 — T)*  for all J. € p, (T) \ &
and all k = 1,2, ..., and
T—K|V{#T —K;7):iea(T — K)}
is unitarily equivalent t¢
T| V{#(T ; 2) : 2 € ay(T — K)}.

(Here V denotes “the closed linear span of >’.)

The proof follows by a combination of the arguments of [12] and the resuit
of Lemma 3.2 below. Lemma 3.2 appears “intuitively true”, and it would be highly
desirable to have a more clementary proof, but the author was unable to find it.

LeMMA 3.2, Ler @ = interiorQ~ be a bounded open subset of C. Given
& >0 there exist A, N € &(3¢) such that [A%, A] .= A%A — AA¥% is compact, N is
normal, 6(A) =Q~, 6(N)c 27, 6.(A4) =0(N) =0Q, nul(A — 4) = nul(A — 4)* == 1
Jorail ) € Q, A — Nis compact,and ||A — Nj| <.

Proof. First we shall consider the case when Q is connected. Given ¢ > 0,
there exists a subnormal operator S = S(Q) with ¢(S) = Q- and ¢.(S) = ¢Q such
that {S*, S] is compact, "[S*, S]|l <y and ind(2 — ) = —nul(A — §)* = —1 for
all 2 € 2. (This is Lemma 5.2 of [7].)
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If Q% ={1:4eQ}, S(2*) is the operator constructed in [7, Lemma 5.2]
with Q replaced by Q*, and B = S(Q) @ S(@*)*, then ¢(B) = Q-, 0.(B) = 0%,
[B*, B] is compact, ||[B*, B]|] < # and nul(A — B) = nul(A — B)* =1 forallle Q.
It follows from the Brown-Douglas-Fillmore theorem that B = M + K, for some
normal M and some K compact [4], [5]; moreover, M can be chosen equal to a diago-
nal normal operator of uniform infinite multiplicity such that (M) = ¢ (M) = 0£2.
Let {e,}5=., be an orthonormal basis of # such that Me, = A,e,(n = 1,2, ...) for
a suitable sequence {4,}52, with {1,} - = 0@, and let P, denote the orthogonal pro-
jection of # onto V {e;}}.,. Since Kis compact, ||K — P,KP,|| -0 (n — o), and
therefore B, = M + P,KP, satisfies ||[B*, B]|| < 25, provided »n is large enough.

Observe that B, = (P,(M + K)|ranP,) & M |ker P, (Mker P, is normal). It
follows that C, = P,(M + K)[ran P, acts on a finite dimensional space and satisfies
IIIC¥, C.ll| < 2n. Furthermore, since S(2) is subnormal, we see that |[(A — B)~1|| =
= (dist[4, @)~ for all 1¢ Q~, whence it readily follows that o(C,) <@, :=
:={AeC:dist[4, Q]<n} and [|(2 — C,)~* || <(dist[2, ) for all 1¢ Q,, for
all n large enough.

Fix n so that all these conditions are satisfied. It follows from [4] (see especially
the beginning of Section 5.7) that there exist normal operators N, and M, , acting
on finite dimensional spaces, such that o(N,) U ¢(M,) = Q- and

1Co @ Ny — M| <f(1) =0 (- 0).

Thus, if n is small enough, then ||C, @ N, — M| <¢/2. If A, =B, ® N,,
then 4, = S(Q) @ [S@Q*)* ® N,] + G,, where G, is a compact operator such that
[|G,]|=0 (n—oc0). By using[1], (or [9, Chapter 3]), we can find a finite rank operator
F, of arbitrarily small norm (|| F,|| < min[e/2 — ||G,[,, n]) such that F, is reduced,
and equal to 0, on the subspace correspondin g to the direct summand S(Q), F, =
=0 @ F,, and

A = S(Q) @ [S@*)* @ N, + F]}
satisfies o(4) = Q7,0.(4) = 0Q, nul(A — A) =nul(A — A)* =1 for all 1eQ,
and [|(A — A)~*|< (dist[4, @,])~ for all 1 ¢ Q.
If N is the normal operator M, & M |ker P,, then

This completes the proof for the case when Q is connected. If Q ={JQ,
k

(disjoint union of the components of ), then for each Q, we can construct A, and
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N, as above, with (4 — 4™ <(dist[4, (2,), D~ forall 2¢Q . (A =1,2,...).
It easily follows that A =@ A, and N = & N, satisfy all our requirements. #)
A %

REMARK. Let A and N be as in Lemma 3.2. Since NVis normal and o(V) <« Q-+,

the inequality A4 - - N < g automatically implies that 6{4)<= Q, . Since ¢(4) = Q-
the same inequality implies that o(N),=>Q~. (Use the fact that (2 — N)1 =
= (dist[2, a(N)) ! for all . ¢ a(N).) Thus. the normal eigenvalues of AN “flm)d ?

Q (within g).

Proof of Theorem 3.1. First Perturbation. Let R = p(T) = L(H# ). where p
is a faithful unital =-representation of the C*-algebra C-(T) generated by 7 and 1
on a separable Hilbert space # . By replacing, if necessary, p by p¢®), wecandirectly
assume that R is unitarily cqmivalent to R® . By Voiculescu's theorem, there exists
K, e Z(#),with"K, <&12,suchthat7T — K, =UT @ R G R, B R ®...)U*,
where R, is unitarily equivalent to R for all # =0, 1,2, ...,and U is a unitary
mapping from .# @ H onto # [19]. Moreover. R can be chosen so that

(o 5)

where M 1s a diagonal normal operator of uniform infinite multiplicity, o(}) =
= g (M) = {(P~) and 6(B) = g (B) = 6.(T) (see, e.g., [9, Chapter 4]).
By Lemma 3.2 (and its proof), there exist a normal operator M|, acting on
a finite dimensional space, with o(M,) = Q := interior #~, and an operator A4
such that [4%, Al and 4 — M © M, are compact,6(A) =Q~ =P~ , 6.(4) =a(M) =
=0, nul(/ —~ A =nmul{i — A)* =1forall 2, and [|A -MD M, < ¢/12.
Suppose M, = diagli;, 79, ..., 4, With respect to some orthonormal basis
of its underlying space, and consider the operator

MC
Ro@Rl(@Rg@...@Rm:( )@{@R}
0 B jiol

Let y, = max{m. (2 — T):/. €®}. Since ;€®~, and (4 — R =
= (4 — R =m (. — T)~forall . ¢ o.(T), it readily follows that m.(%; —- R)) =
= m(/; — 1")< voforallj =1,2, ..., m. By proceeding asin {12, proof of Lemma
2.10], we can find compact perturbations Ci(j=1,2,...,m;C; acts on the space
of R;) such that

IC; I <30 + €12, 7,€0R;—C)) (G=1,2,...,m).
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Thus, if K, = U*(O@O@ { (%Cj} 090® .. .)U, then K, € X' (),
j=1
1Kl = mjiXHC,-H < 7 + ¢/12, and
M C m (). G;
T— (K +K)+U T@( )@{ ( ) ®R,1®R, @---]U*=
s [ 0 B 2o =, P
M(—B{@)v} Ceo {@ Gj}
j=t
=U T@ @Rm+l®Rm+2@"' U*’
0 B® {é’ Hj}
where 2; acts on a space of dimension one for all j =1, 2, ..., m. Therefore, M ®

m
@ { @ 4 j} is unitarily equivalent to M @ M, and there exists a compact operator
Jeil

K;, with | K| < g/12, such that

A’ C@{é G
j=1
T-_(K1+K2+K3)=U T@ @Rm+1®Rm+2@"' U*’

0 B® { ® Hj}
\ j=1
where A’ is unitarily equivalent to 4. The compact operator K; is reduced by the

image under U of the space of M @ {% A }, and K; = 0 on the orthogonal comple-
j=1

ment of this subspace. Thus,if #; = V {#(T; 2) : 1 € oo(T) \ &}, then T|5#, is
unitarily equivalent to U*[T — (K + K, + K3)]U f?/Zl for a suitable subspace %,
of # @A invariant under U[T — (K, + K, + KpJU.

Second Perturbation. The operator Tlgf1 admits an upper triangular matrix
with respect to some orthonormal basis of s#;) of the form

ta
Hy *
T|s#, = Hs ,

where card{j : u; = A} = dims#’(T'; 2) for each A € go(T) \ @; furthermore, if

T=(T1 le)‘%l
0 T,)#o#,
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then o(Ty) U o(T,) = o(T) (because o(7Ty) coincides with the left spectrum of 77,
o(Ty), and therefore o(Ty) = o(T|#) < o(T)), and oo(T) \ 6o(T7) < 6y(T2) (see
[9, Coroliary 3.4] and [15, Proposition 4]). Thus, we have

(A’ C@{@Gj}
T, T, i1 oo
T—- (K, +K+K)=U (1 ”)@ (-D[ ® Rj] Us =
07T, m J om4
0 B@{@Hj}
3 Jj -1

T, 0 Ty 0
0 4 0 C@{él G;}
=Uilo o 1 o ® [, (:%IRJ.] U —
0 0 0 B@{é' H,}
| \ j=1

r "
Nnaed Tm@)C@{@ Gj}

il

" Jj=mi+1
000 T,0B® {@ Hj},

J--1

By construction, ,(Ty) Noo(T) = 6i(T) = @, 04(B) =0, and go(R) == O
(because B~ B®) and R; ~ R =~ R®) and :

m
gy (j@l Hj)c {LeCm(i — R)<n}axi}Cj!?} <4, oD

Indeed, if 1 €6y(R; -~ C;) and x is a unit vector such that (R; -- C))x = x,
then
m(A — Ry = (i — R) < {|Cpx | < NGl < p9 + £/12,
o that 4 € 45 +onelR) = A,,,Oﬂ,m(T) forall ieo(H) (=12,...,m).
According to [1], {9, Chapter 3], there exists a compact operator F;, with
| ¥;." < /12, such that H; = I; — F; satisfies 6( H}) = oo(H;)and min.ind(% - - H}) =
= 0 for 4 € p,_x(H;) \ 0,(H;). Now we can wrile

Ty @ H; =( 3 ) 2,
{?31 } 0 T.)#;

where #, = V {,}K(Teea {(% H,-};/'.) P L Eay (T2® {éH,’}) n <P}.
jot j-1
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The proof of Lemma 3.2 shows that A’ = A, @A_, where A, € L(HF ),
A_eP(H#_),0(A.) =0(A_) =0~ =D~,0,(4d,)=0.(4_)=02,and —ind(A—4,) =
=nul(d —4,)* =indA —A4_) =nul(A —A4_) =1 for all 21e€Q. By using,
once again, the results of [1], [9], we can find Fy e #(#_ @ #,), with |F| <
< ¢/12, such that

nul(A —[A_- @ T3 — F]) =1
for all 2 € @, and

nul(A —[A_ @ Ty, — F)* =0
for all 4 € p, (A @ T,). (To ses this, use the fact that T; is a trlangular operator
and [9, Corollary 3.40] or [15, Proposition 4].)

Therefore, there exists K, € A (o), with
| Kqll < (max]| F5[) + || Foll < 2¢/12,
]

such that 2, reduces K, , K,|#, =0, and

— (K + K+ K+ K) =

T,®@ A4, * * ]
=U 0 (A_ @ T, — F) * @[ @+1 R] Ly =
Jj=m
0 0 T,® B/
=U(L * )U*,
0 T.&[ @ R}
Jj=m+1
where
T,® A, * *\
L= 0 (A_@ T, — F) =]
0 0 B,

Third Perturbation. The operator Ty = T — (K, + K, + K; + K,) is a com-
pact perturbation of T, and therefore it satisfies p, x(T5) = p,x(T) and ind(A —
— T;) = ind(A — T) for all 1 € p,_(T); moreover,

@) o(Tp) = o(L) U o(T) = o(T)U P, and oo(T5) = [0o(T)\ @] U 0o(T),

(b) if A€ &, then A ¢ o(T;) and nul(A — Ty) = nul(k — Tp)* =1
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{c) U4, is invariant under T and T, 5lU9?1 is unitarily equivalent to T!%‘”l.
(d) if iep, (T)\ [(I) ] ao((i)’ H})], then min.ind(A—7T,)* =min.ind(z.—T)*

j=1

foralk =1,2,...,and
@) if 7 eao(

Ds

H}) = 0'0((:91 Hj\), then mi“'ind(;~‘-T5)k=min.ind(;__.']~)ic+
=1 il

J:

U

¥ k
+nul(/".—— & H}) foralk =1,2,... .
j 1
On the other hand, if #; denotes the space of L and P, is the orthogonal
projection onto Us#, , then the compact operator K; + K, + K; + K| satisfies

K+ Ky + Ky + K<y + 5e/12
and

max{ (1 —P)(Ky + Ky + Ky + K, [(Ky + Ky + Ky + K1 — PP} < 512,

Since ¢, (é; HJ’) < A.,.oﬂ_,lZ(R), by applying Corollary 2.2, we can find K; €

J=1

e A (I 1), with
K5l < 70 + 26112,
such that
(re[E,2]-7)-0
Je=m+1
and

o k
min.ind (A — { W@ [ ® Rj] — Ks’}) = min.ind(A — T,)*

Jj=m+1

forall i e p, f(T) \op(TH andallk = 1,2, ... .
Let K; = U{0(on#' ) ® K5}U*and K = K, + K, + K; + K; + K;; then K;, K
are compact operators,

_ (Du Dm)w@
Dy Dy )U#Y

b O R A

< (yo + 7¢/12) + 5¢/12 = max{m (i — T) : A € P} + ¢,

= max{|| Dy, | Dpoll} + max{! Dy,ll, Dy, 1} <
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and T — K satisfies
@) o(T—K)=0(T)U P, 0o(T — K) =6o(T)\ &,
(b) if 2e @, then nul(2A — [T — K}) = nul(2 — [T — KD)* =1,

(©) UR, = V{(T — K; 2) : 2 € 6o(T — K)} is invariant under T — K and
T — K|U#, is unitarily equivalent to T|a#’;, and

(d) if 2 € pe(T)\ @, then

minind() — [T — K])¥ = min.ind(/. — T)*
forall k=1,2,....
The proof of Theorem 3.1 is now complete.

The same argument can be applied to modify the behavior of T on components
of p._p(T) where the index is not zero. We can also combine these arguments with
the results of [12] in order to prove results of the following kind :

THEOREM 3.3. Let T € L(H) and let & be a union of bounded components of
o(T) N\ o(T). Given p>1 and & > 0, there exists K € #(H), with
JK|l < max[max{m (T ;%) : A€ o(T)\®}, max{m (. —T): L€ dP}]+¢

such that
o(T — K) = [ao(T) \oy(MIu P, 0o(T —K) =0,

and for each 7. € p,_.p(T),
0, if ) eao(T),

minind(2 — [T — KD* = {min.ind(A — T)*, if 1€ po(T) \[oo(T) U &I,
minind(A — T)* + kp, if/.€®,

Jorall k =1,2, ...
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