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SCATTERING MATRIX AND SPECTRAL SHIFT
OF THE NUCLEAR DISSIPATIVE SCATTERING THEORY. II

HAGEN NEIDHARDT

1. INTRODUCTION

The present paper continues the investigations of the scattering matrix and
of the spectral shift function of a scattering theory of maximal dissipative operators.

The scattering theory of maximal dissipative operators was developed in
{12, 13]. In these papers the wave operators were introduced and a definition of the
completeness of the wave operators of maximal dissipative operators was given.
The scattering operator was defined in [13] and the investigation of this object
was started there. A detailed representation of a dissipative scattering theory can
be found in [17]. ‘

An attempt to define the notions of the scattering matrix and the spectral
shift function as well as to clarify their interplay was undertaken in [15—18], where
a maximal dissipative operator and a selfadjoint operator which differ by a nuclear
dissipative operator were considered. The aim of the present paper is to generalize
these results to a pair of operators {H,, H,} consisting of a maximal dissipative
operator H, and a selfadjoint operator H, both defined on a separable Hilbert space
9 such that the resolvent difference belongs to the trace class, i.e.

Ly (Hy — )™ — (Hy — 1) € Z(9),

where Z,(9) denotes the class of trace operators on $.

To obtain such a generalization we start with a pair {7}, T,} consisting of a
contraction 7; and a unitary operator T, both defined on $ such that their difference
belongs to the trace class, i.e.

(1.2) T, — T, € Z:(9)

In the first section of chapter two we introduce the wave and scattering oper-
ators for such a situation and derive a formula of the family of scattering matrices.
The second section is concerned with the definition of a spectral shift function and
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the verification of a trace formula for the pair {T;, 7,}. It turns out that these consi-
derations are independent of the assumption that 7, is unitary. In such a way we
assume through this section that T, is a contraction on §, too. Returning to the
case where T, is a unitary operator, we prove a certain Birman-Krein formula in
the last section of this chapter.

In the third chapter we try to obtain similar results for a pair of operators
consisting of a maximul dissipative operator and a selfadjoint operator. For this
problem the main tool will be the invariance principle of wave operators and the
Cayley transform. Using the invariance principle and taking into account the Cayley
transform we find a formuia for the family of scattering matrices and we carry over
the results of the second section of chapter two to a pair of maximal dissipative oper-
ators. The Birman-Krein formula follows then directly.

An attempt in the same direction was undertaken by A. V. Rybkin [20. 21].
The results of A. V. Rybkin partially coincide with the results of [15—18]. Further,
publications of H. Langer [11]. R. V. Akopjan [2, 3], V. M. Adamjan and B. S. Pavlov
[1] and P. Jonas [8, 9] are related to the subject of this paper.

2. CONTRACTIVE CASE

2.1. SCATTERING MATRIX. First of all we remark that the condition (1.2) implies
the existence of the wave operators W, ,

2.1 W, = s-lim T TEP*(T,),
n—+4oo

and W_,

(2.2) W_ = s-lim TPT§"P*(Ty),

n—--00

where P*(T,) denotes the orthogonal projection from $ onto the absolutely conti-
nuous subspace $*(7,) of the unitary operator 7,. A theorem of this contents can
be nowhere found, but it is not hard to see that such a theorem should be the discrete
version of Theorem 2.1 of [14]. Consequently, transforming the considerations of
Theorem 2.1 of [14] into a discrete language we obtain a proof of the above men-
tioned existence assertions. Moreover, these considerations imply the existence of

the dilation wave operators Wi,

(2.3) V. = s-lim U TiP*(Ty),

n- %00

where U, denotes a minimal unitary dilation of 7, defined on the dilation space
H,H C H.
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In the following if the wave operators W. exist, then we call the triplet
A = {1y, Ty; [} a scattering system.
The scattering operator S of the scattering system A is defined by

2.4 S = Wrw_.

Obviously, the scattering operator S is a contraction verifying ker(S)2 9 © $(Ty)
and ima(S) € $*(7,). Moreover, the scattering operator commutes with the unitary
operator T, i.e. :

Q@.5) T,S = ST,.

Let Ey(-) be the spectral measure of the unitary operator Ty, i.e.

2n
2.6) T, = S e'dE,(t).

[\
With T;, we associate a selfadjoint operator A4, given by

2r
Q.7 ' Ay = Sz dE(r).

0

Obviously, we have T, = ¢ and §*(T,) = H(4,).

In the following we consider the spectral representation of 43¢ = A, [ H*(A4,).
We denote this spectral representation by L*(4, |-|; 9,,), where 4 = [0, 27] is a
spectral core of A3, | -] is the Lebesgue measure on R, which is thought to be res-
tricted to 4, {§,}rea is a family of separable Hilbert spaces and S is an admissible

subsystem of x $,. For more details of spectral representations of selfadjoint oper-
ted

ators we refer the reader to [5).

Because of T3°= T, | £*(T, 0)=ei”SC in this spectral representation the operator

a is represented by the multiplication operator which is induced by the function

€', t € A. Having in mind this fact we call the spectral representation of Aj° also
the spectral representation of T§°.

The above mentioned properties of S allow to introduce the family of scatter-
ing matrices {S(e**)};cs With respect to the spectral representation L%(4,}-1; 9,, )
of Tgc. The family of scattering matrices {S(e")}iea consists of contractions for a.e.
tedmod] | '
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With the family of scattering matrices we associate the family of scattering
amplitudes {T(e")};cs which is defined by

(2.8) T(e") = S(") - - Is,

€ 4, where Is, is the identity operator on §,.

It is important to note that the family of scattering amplitudes allows an
analytical representation. To expiain this representation it is necessary to introduce
some notation. We remark that on account of Lemma 2.9 of [15] therc are bounded
operators B = B* and C such that the representation

(2.9) T, — Ty = BCB

holds. Moreover, because of (1.2) the operator B can be chosen a Hilbert-Schmidt
one, i.e. B € Zy(H). If B = B*e Zy(9), then on account of Proposition 13 of
[S, p. 57] the derivative M{z),

(2.10) M(t) = Ed? BP*(T,)E,(t)B

exists for a.e. t €[0, 2] mod |- ! in the trace norm. Hence we have M(¢) € £,(Hd
and M(¢) > 0 for a.e. ¢ €[0,2n] mod |-|. Further, we need the operator-value)
family {I',(e")}ref0.2x1,

2.11) ['p(ei') = C — CB(T, — pe')~1BC,

p > 1. Taking into account Proposition 14 of [5, p. 57] it is not hard to see that the
limit I'(e") = lim I" () exists for a.e. t €[0, 2njmod ! -} in the operator norm.
il

THEOREM 2.1. Let L¥A4,|-|; 9., L) be a spectral representation of T§® and
let {T(e*)}1ca be the family of scattering amplitudes of the scattering system {T\, T,: I},
which obeys (1.2). Then there is a family of isometries {V(e")}1ea, V(e™): (ima(M () —
— 9,,t €4, such that the representation

2.12) T(e") = 2n V(") M(t) eI (" M(1) ¥ (")*

holds for a.e. t € 4 mod | - |.

REMARK 2.2. It is quite possible that the set 6 = {r €4 : M(t) =0} has
positive Lebesgue measure. In this case we set V(e") = 0 and T(e'*) = 0 for every
ted.
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The proof essentially follows the considerations of Theorem 2.15 and Corollary
2.17 of [15]. Therefore we omit the proof.

COROLLARY 2.3. If the assumptions of Theorem 2.1 are valid, then we have

.

(2.13) T(e") € Z+(9)

for a.e. tedmod]-|.
Proof. The relation (2.13) immediately follows from Theorem 2.1. %

2.2. SPECTRAL SHIFT FUNCTION. In distinction from section one, through this
section T, will denote a contraction on §, too.

The aim of this section is to define a spectral shift function for a pair of con-
tractions {7y, T,}. An attempt in this direction was made in [15—18] for a dissipa-
tive situation. In the language of contractions these results can be expressed as
follows. Let G be a set of functions defined by the condition that their elements
¢(-) admits a Fourier decomposition

(214) 0@ =Y, ad

I=—O°
ze T = {z € C :|z| =1} such that the condition

-+ o0
(2.15) Y |la) < + oo

= =00

is fulfilled. Introducing the functions ¢, {-) € 61,
+oo

(2.16) 0.(2) = Y ad,
I=0

and ¢_(-) € 6m,

@17) o-)= ¥, az,

I=—co
z ¢ TY, we decompose ¢(-) into a sum of two functions
(2.18) P(2) = ¢.(2) + ¢-(),
z € TL. The condition (1.2) yields

(2.19) ' @+ (1) + ¢ (TY) — ¢+ (To) — ¢ (T5") € Z1(9)
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for every @(+) € Gr:. If in addition to (1.2) the defect operators Dr = l’f:‘-‘fl*ﬂ,
Dpy =1 I--TTF, Dy, =T~ T§T, and Dy = \'T=T,T# belong to the trace

class, then there is a real measurable function u(-) € LY({0, 2 n]) such that the trace
formula

tr(@. (1) + 0 (I7) — 0 (1)) — o (T§)) =
(2.20)

[N

N4 d )
= \u(1) - p(e*)dt
\ ds

ot

holds for every o(-) € ®:. The function u(-) is called a spectral shift function of
the pair {7, T} and is dzfined by (2.20) up to an additive constant. The function
#(-) admits the representation '

Q221)  u(t) = —lim ~Tm tog det(I +(T, — T,)(Ty — pe)~1) + const.

p
for a.e. t €[0,2n]mod -, where we have assumed

lim logdet(J + (T, -~ To)l(Ty, —2)™H) = 0.~

If the condition (1.2) is fulfilled but the defect operators do not belong to the
trace class, then in accordance with [18] it is quite possible that the representation
(2.21) makes sense but the spectral shift function defined by (2.20) is even not locallty
summable. Hence the trace formula (2.20) loses its meaning.

In the following we try to solve these problems modifying the trace formula

(2.20). For this purpose we restrict the set G to the set # 1 which elements are
characterized by

(2.22) Z g, < +oo.
l=—c0
PROPOSITION 2.4. Let {Ty, T,} be a pair of contractions on & obeying (1.2).
Then there is a real measurable function () € LN[0, 2r)) such that the formula

tr(@ o (Ty) + ¢_(TIF) — 0 AT,) — o_(T§)) =
(2.23)

2
., dr
= - \ew S o
dr®

[\
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holds for every @(-) € F1:. The function &(-) is defined by (2.23) up to an additive
constant.

Proof. Because of (1.2) we get|| 7% — T¥|, < k||Ty — Tplly, £ =1,2,...,

>0
where || - ||, is the trace norm. Hence the sequence {ll; te(T¢ — T{,‘)} belongs to
< k=1

¢%. Therefore we can define a real L2-function &(-) by

1 &1 .
Et) = = § —tr(TF — TEe—i* 4+
(1) 2n1§1k2 (Ty o)
(2.24)
4 __1__ s _}_tr(Tl*k_ To*k)ei'k,
27 k=1 k2

t €[0, 2xn]. Obviously, we have é(-) € LY([0, 2xn]). Then since

2r 2
2
(2.25) — S 0 (% el dt = n \é(l)e“" dt = to(T7 — TP),
t
0 0 .

n=1,2,...,we have

2x
(2.26) te(@.(T1) — 0.(To) = — Sé(z)—j—t; @ (e")dt
and similarly

2r g8
227 tr(o_(TF) — @_(T§) = — S 40 - o_(e~dt

]
for every () € F1t. But (2.18), (2.26) and (2.27) imply (2.23).

To prove the uniqueness it is sufficient to show that

2z d2 .
(2:28) ‘ S E(t) — p(eydt =0,
de?

0

N

¢(+) € F11, implies £(¢) = const. for a.e. t € [0, 2x]. But this is obvious.

4 - 1731
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In the following we call a real measurable function &(-) € LY([0, 2x]) verifying
(2.23) an integrated spectral shift function of the pair {7}, T,}. We note that the
integrated spectral shift function is defined up to an additive constant.

Let P,(0) be the Poisson kernel,

. 1 I —r?
(2.29) P,0) = — T ,
27 1 + r® — 2r cos(0),

0 =[0,27]. and let 3(-) & LX([0, 2n]). If the limit &%(s),

2n
(2.30) I7¥s) = hm — SLj(t) E'P,(t — s5)dt
F1l de
i)

exists at s €[0, 2a], then we call ¢¥(s) the generalized derivative of &(-) at the point
s €[0,271. 1t is possible 1o show that if the usual derivative £'(s) of ¢(-) cxists at s,
tien the generalized derivative also exists at s and both derivatives coincide, i.c.
CHs) = J(s).

TuroreM 2.5. Let {T,. Ty} be a pair of contractions on © such that the con-
dition (1.2) is fulfilled. If $(-) denotes an integrated spectral shift function of {17, T,},
then for a.e. t €[0,2x]imod -} the generalized derivative £*(t) exists and we have

(2.31) £4(1) = — im-' Imlogdet(I + (72 — To)(T, — r-tei)~),
[ B4 .
where we have fixed a branch of the logarithm by the condition lim log det(I-+(7}--
RN -1
=TTy —2)"H =C.

Proof. Because of (1.2) the determinant det(J +(T7, — To}(Ty — 2)-Y), o' >1,
makes sense. We get

.(?- logdet(I + (T, — T}(Ty — ™Y =

(2.32)
= —t(f, ~ ) = (T, — )7,

(z| > 1. Setting (") =——hL— .1 €[0,2r),, 2! > 1, we have ¢(-)& F11. Using
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Proposition 2.4 we get

tr(Ty —2)' — (T, —2)™Y) =
(2.33) )

2n
it
=\ew -5 e,
(e"— z)®
0

| z{ > 1. But from (2.33) we obtain

logdet(I + (T, — T )T, — 2)-1) =
(2.34)

2r
d eir
=—i — s,
‘Sm) dt (ef* — z) t

lz] > 1. Hence we find

1 Imlogdet( + (Ty — T )Ty — r~1¥)-1) =
T _

(2.35)

2n

d
= S {0 g B =9 &,

[\

0<r<l,sel0,2n].

It remains to establish the existence of lim-lv- Imlogdet( + (T, — To)(Ty —
rtl1 7

— r-1¢9) 1) for a.e. s €[0, 2n] mod |-|. To this end we use the notion of the regu-

larized determinant det( + -), which is applicable to Hilbert-Schmidt operators.
For a detailed presentation of this determinant the reader is referred to [7]. Taking
into account the factorization (2.9) we get

log det(I + (T, — To)(Ty — r~1ei)~1) =
(2.36) = logdet(I + CB(T, — r~1¢*)~1B) +

+ tr(CB(Ty — r~'e*)-1B),
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0 <r < 1,5 €[0,2n]. From Proposition 14 of [5, p. 57] we find that lim CB(T, -
r+l

«-r~1g¥%) 1B exists for a.e. s €[0,2n] mod !-' in the Hilbert-Schmidt norm. But the
determinant d&([ + -) is continuous in the Hilbert-Schmidt norm. Conseqguently,

the limit lim d;t(H— CB{T,—r~1e¥)~1B) exists fora.e. s € [0, 2r’mod ' - ;. For the same
1l

reason the limit lim d?t([ — CB(Ty — r~1")"1B) exist for a.e. s €[0, 2n]med |- .
rtl

Hence we obtain

lim det({ + CB(T, — r-1¢'*)-1B).
ril

(2.37) Jlimdet(f — CB(Ty — r~te*}~1B) =

rtl

= limexp{ ~-tr(CB(T, — r 1) "1ECB(T, — r~1¢*)"1B) #

rtl

for a.c. s€[0, 2n]mod .. But (2.37) implies lim det( + CB(T, — F1eB)=IBY £ 0
1l

fora.e. s €[0, 2n]mod ! -|. Consequently, the limit limlog d&([-%— CB(T, —r1¢*)" 1B)
ril

exists for a.e. s €[0,2nx] mod:.!. It follows that lim L Im logdet( + CB(T; --
rtl g

- r~1ei¥)~1B) exists for a.e. s €{0,2n] mod :-!.

To show the existence of lim 1 Im tr(CB(T, --- r ') "1 B) we use Theorem 2

rtl 1w

of [4). Considering the transformation R! 5 4 — 2 arcctg 4 = ¢ € [0, 2z}, Theorem 2
of [4] can be formuiated as follows. If g(-) : [0, 27] — C is a function of bounded
variation, then the limit

. 1
(2.38) limy - ————--dg(r)
et — ple¥
exists for u.c. s €[0, 2n) mod | -|. Denoting by F,(-) the spectral measure of a unitary

dilation of T, we find

tr(CB(T, — r~1€*)"1B) =

~
)
W
N1

- S . l  d(t(CBE,()BY),
et — r-leg¥
0
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0 <r <1, s €[0,2n]. Setting g(t) = tr(CBF,(t)B), t €[0, 22, it is not hard to see
that g(.) is of bounded variation. Hence the limit

2n

Jim -- Im S-—*—l——— d(te(CBF,(1)B))
rtl it — p-1gis
0
exists for a.e. s €[0, 2n] mod]|-|. %

Theorem 2.5 shows us that the existence of (2.21) does not require the addi-
tional conditions DTI’ DT;g, Dr, and Dng € Z,(9). But if these conditions are ful-

filled, then normalizing the spectral shift function pu(-) of {T;, T,} by the condition
2z

S u(r)dr = 0 an integrated spectral shift function &(-) of {7, T,} can be obtained by

4]
?

the formula £(r) = Su(s) ds, t €[0, 2n]. Consequently, every integrated spectral shift
1]

function of {T;, T;} is absolutely continuous in this case. Hence the usual derivative
&'(r) exists for a.e. 7 €[0,2n]mod |-| and the equality &*(f) = &'(r) = &(t) holds
for a.e. t €[0, 2n) mod |-|.

From this point of view it seems to be quite natural to call every function p(-),
which differs form £*(- ) by a real constant, a spectral shift function of the pair {73,7,},
what we will do in the following.

At the end of this section we note that introducing a distribution theory of
functions over C=(T') < F11, regarding &(-) € L*([0, 2x]) as a distribution ¢ defined
2r
by (£, ) = S{(t)(p(t)dt, ¢(-) € C°(TY), and considering the distribution derivative
0
¢’ given by (¢, ) = —(¢, @) the generalized trace foimrula (2.23) cen te transform-
ed into

(240 (@ (Ty) + 0 (T1) — ¢+(To) — - (T§) = (&', @),

¢ € C(TY). In accordance with the consideraticns of P. Jonas [9] the distribution
derivative £’ of the integrated spectral shift function ¢(-) can te called the spectral
shift functional or the spectral shift distribution of tke rair {7}, T}.

. Following this line the contents of Theorem 2.5 can te understood as the
p-g;;ibility to localize the spectral shift distribution for a.e. point of [0, 2z] mod |-!.
Hence the spectral shift function &(-) of the pair {Ty, Ty} is nothirg else then tke
a.e. mod |-| localized spectral shift distribution of {7}, T,}. But it is in gcneral im-
possible to restore &’ or £(+) from the spectral shift function £*(-).
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2.3. SCATTERING MATRIX AND SPECTRAL SHIFT FUNCTICM. We return to the
situation where T; is a unitary operator on $. Our next aim is to gencralize the
well-known Birman-Krein formula to our contractive situation.

To this end we remember that if {U,, T} is a pair of unitary operators on $
such that the condition U, - T, € &,(9) is fulfilled, then a spectral shifi function
u(-) of the pair {U,, T,} exists, which belongs to LX([0, 2x]), and in accordance with
(2.21) can be represented by

.1 .
(2.14) p(t) = —lim — Imlogdet(J + (U, — T) (T, — r~'e")~1) + const.
rtl gx

for a.e. t €[0,2n] mod , - . The spectral shift function is only defined up to an additive
constant. Usually a certain spectral shift function u%(-) is fixed by the condition

(2.42) Sp"(f’)dr = —itr(log(U, T&)),

(6}

where by —ilog(U,T¢*) we denote that operator of —iLog(U,7¢), whose spectrum
is situated in (-, n), and is called the mcan value of the spectral shift functions of
{U,, T,}. The family of scattering matrices {Sy(e*)}:;c1 of the scattering system
Ay = {U,, T,; I} defined in accordance with Section 1 consists of unitary operators
in this case. Taking into account Corollary 2.3 it makes sense to consider the function
det(S,(e™), t € 4. Now M. S. Birman and M. G. Krein have established in [6],
that the spectral shift function ;°(- ) and the family of scattering matrices {Sy(¢*)}
are related by

(2.43) det(S,y(c)) = e=in’it

for aec. red mod -|.
To extend the Birman-Krein formula to our contractive situation it is

necessary to introduce the characteristic function of a contraction, which was widely
investigated by B. Sz.-Nagy and C. Foias in {22}. In the following we deal with
contractions 73 characterized by the condition dim ker(7;) = dim ker(77"). Con-
tractions of this structure allows a representation of the form T, = U, R, where U]
is a unitary operator on $ and R = T3;. For this restricted ciass of contractions
the characteristic function 071( -) can be defined by

(2'44) 0T1(Z) =R - zl ’I - R? Ui:(l - ZTIL)—I VI_::R"

zeD ={zeC:!lzj< 1}, where the values of 07-1(-) are considered as bounded

lingar operators acting from (ima(‘,r"l — R'f))“ into itself. It is not hard to see that
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the definition (2.44) is equivalent in the sense of [22, Chapter V, 2.4] to the defi-
nition of the characteristic function given in [22, Chapter V, 1.1].

The characteristic function is an analytic contractive one, which completely
characterizes the contraction 7;. Asking I — R e %,(9) we obtain 011(2) -
— 1€ Z1(9) for every z € D. Hence it makes sense to define the complex-valued
function dr (-),

(2.45) o7 ,(2) = det(0r (2)),

z € D. The complex-valued function 5T1(-) is an analytic contractive one, too. But
this fact implies that the limit dr (e¥),

(2.46) S (e") = lim &y (re"),
1 r1l 1
exists for a.e. t €[0,2n] mod |-|.

THEOREM 2.6. Let L¥A4,|-|; 9D, &) be aspzctral representation of T and le
S(e")}ie1 b2 the fanily of scattering matrices of the scattering system A = {T,, Ty I}
which obeys (1.2). Then there is a spectral shift function v°(-) of the pair {Ty, Ty}
such that

(2.47) det(S(e")) = o7 (e )
1

Jiolds for ae. t € Amod!-|.

Proof. We prove this theorem in several steps.

1. On account of [10, Chapter IV, §5] and condition (1.2) we find that T,
is a Fredholm operator with the property nul(7,) = def(7}). Consequently, the oper-
ator T, allows the representation T; = U;R, where U, is a unitary operator on
$ and R = |T,]. Moreover, we find T, — U, € Z(9) and U, — T, € Z(9).

2. The considerations of the first step allows to divide the scattering system
A into two new scattering systems A, = {Ty, Uy; I} and A, = {U,, T; I} such that
we have

{2.48) det(S(el")) = det(S(c!*))det(S,(e™))

for a.e. € A mod |- |, where {S;(e")};cs and {Sy(e¥)}1c4 are the families of scattering
matrices of the scattering systems A, and A,, respectively. The fact that the spectral
cores of both families of scattering matrices are the same must be established but
it can be casily done.
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By u°(-) we denote a spectral shift function of the pair {U;, T,} normalized
by (2.42). If £,(-) denotes the integrated spectral shift function of the pair {T;, U,},
we choose the generalized derivative £¥(-) for the spectral shift function of the pair
{Ty, Uy}. Setting

(2.49) V@) = 1) + 1),

t € [0, 2n1], we obviously define a spectral shift function of the pair {T;, 7,}. Taking
into account (2.48) and (2.43) it remains to show

(2.50) det(Sy(e") = dr (e T

forae. tedmod!-'.
3. We prove the relation (2.50). To this end we apply Theorem 2.1 to the

scattering system A, = {7}, Uy; 7}. Replacing T, by U, the operator-valued function
e~ "M(t), t €[0, 2n], can be represented by

ROV
(2.51) c-iM(t) = lim B ~ (=)o :
rt1 2g I+ r? — pUfe" — rUe™"

for a.e. t €[0,2n]mod|-". The limit can be taken in the trace norm. Using this re-
presentation and the property T; = U;R we get

det(Sy(e') =
e (1 = Uy ,
= 1'1;1; det(I + BI = U — U "
(2.52) .{C — CB(T, — r-'%")~1BC}) =
= limdet( — /T= R L—re VI—k-

r11 I+ 2 — pUfel* — rUe

A+ VI"R@ —r )0,V T= RY)
for a.e. t €A mod|-|. We set

(2.53) n(z) = I = JI—R(T, - 2)-U, )T — R,
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{z] > 1. We find

(2.54) [n(2)]~! = I —VI—= R(U, — z)"'U,/T— R
and

(2.55) det(n(2)) = [det(I + (T; — U)(U; ~ 2)79]7,

Iz} > 1. Consequently, we obtain

det(Sy(e") = limdet(] — /I — R(U, — r~e")-'U, J/T— R —
rtl

(2.56)
R 1 — r2
I+ r2— rUfelt — rUe

VT_—l“I_Q) det(n(r—lei*)),

for a.e. t €[0, 2n]mod {-|. Hence we get

(2.57) det(Sy(e") = limdet( — |7 — R (I — rei*tU¥)~1)/T — R-det(n(r ")),
rt1

for a.e. t €[0,27] mod |-].
A simple calculation proves the equality

det(GTI(rei’)) =
(2.58)
= det(I — VT — R + re"UF)I — re*T¥)~1/T— R),

0 < r<1, tel0,2n]. Using (2.58) we find

det(0r (re™) [det(n(r et =
(2.59)
= det(I — |/T— RU — reU¥) -1 T = R),

0 < r < 1, ¢ €[0, 27]. Putting (2.59) into (2.57) we obtain

(2.60) det(Sy(e) = lim det(0r,(r¢"%) det(n(r~"e"))

det(n(r~%e'®)

for a.e. t €[0, 2n). From (2.55), (2.31) and (2.46) we obtain (2.50). N\
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3. DISSIPATIVE CASE

In this chapter we transform the results of chapter two to a pair {H,, Hy}
of operators on $ which consists of a maximal dissipative operator H, and a self-
adjoint operator ff, which verify the condition

(3.1) (H, — i)~ — (H, — i)' € ZH).

We formulate the results and only sketch the proofs.
The main tool to cbtain such a transform is the Cayley transform

o~
(93]
iJ
~—

T, = (H; + i)(H; - i)~%,

J = 0.1. 1t is not hard to see that (3.1) implies the condition (1.2) for the Cayley
transforms Ty and Ty. In such a way the results of Chapter 1 hold for the scattering
system A = {T,, Ty; I}. The problem is to carry over these results to the scattering
system = = {H,, H,; I'. Notice that under (3.1) the wave operators Q.,

(3.3) Q, = slime Hre Mopac( ),
f++ 0
and £_,
(3.4 Q_ = s-lime-itHgitH,pac( gy
t=--00

exist, where P*(H,) denotes the projection from $ onto the absolutely continuous
subspace £*(H,) of the selfadjoin operator H,. In Section 2.1 it was remarked
that under (1.2) beside ¥ the dilation wave operator W.. exist. The same can be
said concerning the dilation wave operators of Z. See for instance [14]. Taking
into account the invariance principle [5, Corollary 26, p. 248] we obtain that the
dilation wave operators of the scattering systems A and Z coincide. But from this
fact we get the equalities W, = Q.. . Hence the scattering operators Sand ¥ = Q% Q _
of the scattering systems A and = coincide. Moreover the family {Z(Z)};c~ defined
by

(35) Z(}) — S(eiZur:ctg }1)

. GN ={ieR':/ =ctg(t2), t €4} is a family of scattering matrices of the
scattering system =. Obviously we have

(3.6) 50) ~Ts, o € ZL1(9)

for a.e. L e Nmod - ..
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. A+ \ .
By the transformation ¥(1) = ¢ ( + 1), . €Rl, we obtain a new set

|
of functions from & 1: which we denote by & g1 . Similarly we introduce the functions
¥..(+). A simple calculation shows the validity of

3.7) Iim (1 + 22)¥'(4) = — 2-3— (e lr=0 = — 2¢(1).

Ao 200 t
. ’ P .
Hence we get a certain subset & g1 of # gt setting

(3.8) Fro={¥() eFr : lim (I + /HP'() = 0).

A= 400

Supposing that H, is also a maximal dissipative operator Proposition 2.4 reads
now as follows.

PROPOSITION 3.1. Let {H,, Hy} be a pair of maximal dissipative operators
on 9 such that the condition (3.1) is fulfilled. Then for every ¥(-) € & i we have

(3.9) V. (H) + ¥_(—H) = V. (H) — Y_(—Hf) € Z,(9).

Moreover there is a real measurable function p(-) belonging to LXR*, (1 + 72)~2d})
such that

te(W (Hy) + O (—HY) — ¥ (Hy) — Y _(—HY) =
(3.10) ioo
= — S PP (2)dA

—_0

holds for every W(-) € F ru. The function p(-) isdefined by (3.10) up to a linear finction.

The proof essentially follows the considerations of Chapter 3 of [19].

In the following we call a real measurable function p(-) belonging to LY(R?,
(1+4%)~2d2) and satisfying (3.10) the integrated spectral shift function of {H,, H,}.
We remark that the integrated spectral shift function is defined up to a linear function.

Let 6(-) be a smooth function on R'verifying0 < 0(x) < 1, x € R, 0(») = 1
for xe[—1, +1] and 8(x) = 0 for {x! > 2. Let p(-) be a locally summable function
on R If the limit p*(1),

+oo

. d 1 y
3.11 #*(A) = — lim x0(x — ) — — ———— dx,
( ) p*(A) b0 S p(x)0( )dx Gt X

| oo
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4 & RY, cxists, then we call p“(4) the generalized derivative of p7(-) ot 4 ¢ RL It
is not hard to show that if the usual derivative p’(4) exists at 4, then the generalized
derivative p*(4) alse exists at A and equals p'(2), i.e. p'(£) = p*(4). Hence the gene-
ralized derivative of a linear function exists at every point and equals a constant.

Now Theorem 2.5 implies

THROREM 3.2. Let {H;, H,} be a pair of maximal dissipative operators on
9 such that the condition (3.1) is fulfilled. If p(-) denotes an integrated spectral shift
Sfunction of the pair {Hy, H,}, then the gencralized derivative p*(}) exists for a.c.
2€R modi-|.

The proof is based on the fact that for every integrated spectral shift function
¢(+) of the pair of Cayiey transforms {T,, T} there is a real constant such that we
have

(3.12) $#(t) |i=2arcetg s + comst. = —p*()

for a.e. 2 € R mod |-1.

In accordance with the previous chapter we call the generalized derivative
of the integrated spectral shift function of {H,, H, } a spectral shift function of the
pair {H;, H,}. We note that the spectral shift function is defined up o a constant.

We return to ihe situation where H, is seifadjoint. Next we generalize the Bir-
man-Krein formula to a pair {H,, H,}, where A, is a maximal dissipative operator
and H, is a selfadjoint oparator verifying (3.1). Let Or () be the characteristic function
of the Cayley transform 7, of H,. We call the operator-valued function
Ou (-) defined by

(3.13) 0}1’1(2’) _ 0T1 (’Z:-.%_) ,

z—1

Im z < 0, the characteristic function of the maximal dissipative operator ;. Ob-
viously the characteristic function 0 (-) is a contractive analytic one defined on the
lower half plane. Because of (3.1) we have Ggl(z) — I e Z,(9) for every z in the
tower half plane. Hence it makes sense to define the complex-valued function ¢5H1(z)=
= det(OHl(z)), Imz < 0, which is a contractive analytic one, too. Consequently

for a.c. Z€eR'mod |-} the [imits 5;;1(/1) = lim 5;1}(). — 1y) exist. Obviously we have
y-r-0

du,(2) = or, ()—i——l—) for a.e. 2 €R'mod |-}

A—1
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THEOREM 3.3. Let {Z(1)},en be the family of scattering matrices of the scattering

system E = {H,, Hy; I} verifying (3.1). Then there is an integrated spectral shift
Sunction p(-) of the pair {Hy, H,} such that

(3.19) det(2(2)) = o (He2r™(2

hoids for a.e. . € Nmod |-|.

The proof uses Theorem 2.5 and the relation (3.12).

Acknowledgment. The author wishes to thank the referee for his hint which
allows essentially to simplify the proof of Proposition 2.4.
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