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THE K-THEORY OF TOEPLITZ EXTENSIONS

RONGHUI JI and JEROME KAMINKER

In this note we study the Toeplitz extension along the orbits of a minimal
flow on a torus, T". There has been considerable recent work in this area, [2], [4],[5],
[6),17), [9). We will completely determine the K-theory exact sequence for this exten-
sion as well as the K-groups of each of the algebras involved. The method is based
on the relation between the Toeplitz extension and a “smoothed’’ version of it.
This has been used in [6], [7] and in some unpublished work of Arveson. For
the smoothed Toeplitz extension the exact sequence is analyzed by using the Thom
isomorphism theorem of Connes, (3], [8]. It is noted that from this perspective
the Pimsner-Voiculescu Toeplitz extension (or rather the version studied by
Rieffel in [10]) is dual in the sense of KK-theory to the smoothed Toeplitz
extension. The authors want to thank Jingbo Xia for many illuminating conver-
sations, and Ron Douglas for many insights. We would like to take note of the
fact that Jingbo Xia has also obtained a proof of Proposition 3.2 which will appear
in [I11].

1. TOEPLITZ EXTENSIONS

Let R act on the n-torus, T* = R%2xZ", by B,(0,, ...,6,) = (0, + to,,. ..
<., 0, + to,) where o, ...,a, are linearly independent over the rationals. The
resulting flow is uniquely ergodic. The numbers «,, ..., «, generate a dense subgroup
I' = R of rank n. Conversely, given a dense subgroup I' = R of rank n, one

obtains a flow on T” precisely as above by taking Pontryagin duals, R = Rc

ST ~T" and letting R act by translation on its cosets. We construct an algebra
of Toeplitz operators along the flow as a subalgebra of #(L¥T")). The construc-
tion could also have been done on L2(R), but in the present context the algebras
would be isomorphic.

Three C*-algebra extensions will be constructed. One will be the genuine
Toeplitz extension, which is our principal interest. The other two are a smooth
invariant of the Toeplitz extension, and an extension containing both of these
which we construct first.
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Let 6(f)(x) = lim be the generator of the action. It is given
t—

[

BLf)x) — f(x)
t

by the unbounded skew-adjoint operator on LXT"), iD = ¥ ozj?_j%—- Let
J

P e Z(L¥T") denote the spectral projection for D corresponding to the interval

[0, o). We define J to be the C*-algebra generated by P and C(T"), where

C(T™) acts as multiplication operators on L2(T"). Let € denote the commutator

ideal of .93 .

ProPOSITION 1.1. The quotient algebra T /‘& is isomorphic to C(T%) & C(T),
where T denote two copies of T". Thus, there is a short exact sequence of
C*-algebras

0% 59 5 C(T)® C(T") -0,

where the map o satisfies 6(PoP) = ¢ on the first summand and 6((I — P)(I— P)y=y
on the second.

Proof. Define t: C(T))@C(T")>T 1% by t(@, ¥)=PeP+(I—PW(I—P)+%.
Then 7 is a surjective *-homomorphism. Since C(T%) @ C(T") = C(T" y T*)
we see that the kernel of t consists of all functions vanishing on some closed
set 4 = T% yT”. Moreover, since the kernel is invariant under the action of
R on T% y T” induced by the original action on each of T, A4 is an invariant set.
By the minimality of the action, An T4 is either T% or is empty. Since 1(1,1) =
I+ % 0 we see that AnT. =T and, hence, 7 is injective. Setting ¢ = -1
completes the construction. %

Next we construct the Toeplitz extension. Let J be the C#-subalgebra of g
generated by {7, = PeP : ¢ € C(T")}, and let ¥ be the commutator ideal of J.
Then  is the algebra of Toeplitz operators. There is a commutative diagram

0—% T > C(T)—— 5 0
(N

o

0—>% —>T —> C(T?) ® C(T") —> 0

where the vertical maps are induced by inclusions. Note that j is the identity
on C(T7%).

The algebras @ and € are related to the crossed-product C(T") x! R, as
represented on L2(T"). We must make this connection precise, (cf. [6]). First, there
is a representation of C(T") xi R on L3(T") coming from the covariant repre-
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sentation of C(T") by multiplication operators and R as translation operators
Let I’ denote the subgroup of R corresponding to the action. The Fourier transform
provides an isomorphism Co(f{) x! I' = C(T") xt R. The corresponding maps of
Cy(R) and I into #(L¥T") are given as follows. Let a,, ..., o, be a basis for I’
and let r €I be given by r = Y m;a;. Then define f, € C(T") by f(z;, ...,2z,) =
= z;1 ... 2. The functions f, are a complete orthonormal set of eigenfunctions
for the flow. The required maps are given by sending r € I to the multiplication
operator My , and g€ CO(IAI) to g(D). Let &, denote the C*-subalgebra of C(R)
generated by characteristic functions y P where r, s € I', and %7 the analogous

algebra where r, s> 0. Note that Cy(R) = 4,. The next result is simply a transla-
tion from [6] to the present context.

PROPOSITION 1.2. The following hold.

i) € is the C*-algebra generated by finite sums Y, ¢ (D)M frl}/,(D), ©,, Y, €%B,.
ii) € is the C*-algebra generated by finite sums ¥, @ (DYM ;Y (D), ¢,, 1, € B .
1) C(T") x1 R is the C*-algebra generated by finite sums

Z (pr(D)Mfrl,/r(D)a P> (//r € CO(R)

Proof. 1t follows from [9] that the algebra € is the crossed-product B, xi I'.
Since Mfrx[s.') i r't_r).Mfr the generators described in (i) suffice. Statement
(i} is a direct computation. Finally, we note that Co(R) < %, and the representation
described earlier of C((R) xI " is generated as in (iii). %

Finally, we construct the smoothed Toeplitz extension. Let 42 be a smooth
function on R satisfying

s K@) >0, A <1 for all t.

(1.3) h(t) = {0 1<0
1 t>¢

Using the functional calculus on L%(T") we set P, = (D). This operator can be
viewed as a smooth approximation to P. '

PROPOSITION 1.4. Let P = Xy o0)(D) and P, = h(D). Then one has

iy P— P, e%,

iiy P2 — P, e C(T") xR,

Proof. Let I' be the subgroup of R generated by «,, ... a,. We will show
that X O_r)(D) €@ for re I, where X[o,r) is the characteristic function of the interval
[0, r). Approximating Xg.c0p — h by such characteristic functions will then complete
the proof of (i).
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Recall that each element re I' is an eigenvalue for D, for, if r = Z mo;,
then f(z;,...,z,) =z ... z » satisfies Df, =rf,. Moreover, the f, form an
orthonormal basis for L%T"). We claim that [(f,P)*, (f,P)] (D), if r > 0.

For this note that the commutator is equal to P — £,Pf,, and one checks directly that

= Xio,n)

fo f0<s<r
0 otherwise.

(P — £, = {

Since this is the same as yg, ,(D)f;, (i) follows.
For (ii), one observes that 12 — /i € Cy(R) and applies Proposition 1.2 (iii).

We now define the smoothed Toeplitz extension. Let J, be the C*-algebra
generated by {P,pP,:¢ e C(T"} and C(T") x R.

PROPOSITION 1.5. There is a short exact sequence

0 CT") xR > T, 5 CT") -0

which fits into the commutative diagram

0—> C(T") xI R —> T, —*3. C(T") ——» 0

l ; 7'1

——

(1.6) 0 % g5 caye o) -0
T
0 4 T 5 0

where ' and J are the identity maps onto C(T").

Proof. The proof of exactness of the sequence on the top row is very similar
to that of Proposition 1.1. Let ¥, denote the commutator ideal of ,. Define
: C(T" —» T ,/%, by ©(f) = P.fP, + €,. Since C(T") x R is simple one has that
C(T") x; R < ¥,. Using Proposition 1.4 it follows that 7 is a surjective *-homo-
morphism. The kernel of 7 is an invariant ideal, and since the action is minimal,
it is zero. Finally, direct computation shows that [TG’ . T}s] € C(T") xi R, where

Tt = P,gP,. Since these elements generate ¥,, the result follows.
The vertical maps are inclusions so it is only necessary to note that

yggﬂasinceP—Paefé.
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2. THOM CLASSSES AND SMOOTHED TOEPLITZ EXTENSIONS

If (4, R, o) is a C*-.dynamical system then A. Connes has shown that there
is 2 Thom isomorphism, @:K(4) - K;,1(4 x1 R), which depends functorially
on the action, [3]. This has been reformulated in terms of KK-theory by Fack
and Skandalis, (8], {I]. In their version, an isomorphism @{, ,,: KK/(B, 4) —
— KK/+Y(B, A xi R), for any B, is obtained by finding an element U e KK!(4,
A xIR) so that ®{, ,(x) =x®,U. Of course, given P{,, one may take
U = ®(4.(1), 1 € KK(A4, A). We will refer to any such U as a Thom class. There
are a set of axioms which characterize a Thom class uniquely. Fack and Skandalis
give an explicit way of associating to (4, «, R) a Thom class U. We will have need
for this, so we review their construction (cf. [1]).

Given (4,a, R), let 9: 4 - #(A x R) and p: #(C*(R)) - H#(A x: R) be
the standard maps, where .#(B) denotes the multiplier algebra of B. The real-
-valued smooth function f{t) = 2h(t) — 1, where A(t) is the function defined in (1.3)

satisfies f'(¢) = 0, f(r) ={ I ot2e , and fe CYR)x=.#(C*(R)). The triple

¢ u(f)) satisfies that u(f)2 — I'e A x R and [¢(@), u(f)l€ A x R for all
ac A. One may construct from this data an element of KK(4,4 x R ® C)) =

—_ < —8

=KKX(A4, A x! R) which we will denote U. Indeed, the triple ((C(T") xi R) ® Cy,

Yy i[ u(f)

—u(f) O
KK(4, A x1 R ® C,) whose class is independent of the choice of f as long as it
satisfies the above requirements for some ¢ > 0. Then the map &, (x) = x ®,U
satisfies the axioms for a Thom isomorphism given in [8]. Hence, &, ,y is an
isomorphism.

D satisfies the requirements to define the element, U, of

Let R act on C(T”) via the dense embedding of the rank » subgroup I < R.

PROPOSITION 2.1. Under the standard isomorphism of KKYC(T"), C(T") xI R)
with Ext(C(T"), C(T") xI R) the element U corresponds to the extension T ,.

Proof. Let (C(T") x1 R, @, u(f)) be a triple as above, and ((C(T") x| R) @) C,,

0 &1 i[ 0 R/ )]) the associated element of KK(C(I"), C(T") xR). The

—u(f) O
corresponding extension in Ext(C(T"), C(T") x| R) is defined by the map 7: C(T") —
- M(C(T™ x RYC(T™ xi R where ©(g) = n(Pp(g)P), P = _#(_f%f_{_ and

:A(C(I" x R) » H(C(T") xI R)/C(T") xi R is the projection. We need to
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check that P, = h(D) is equal to P. This follows by noting that the composition
CP(R) - H(C(T") xiR) - L(LNT")

is given by g — g(D). From this it is easy to check that 7 is the same map which

defines the extension 7 ,. %

The conclusion we have reached is that [F]e KKYC(T"), C(T") x: R) is
a Thom class and, hence, ® (n[7.]: K (C(T?) - K, +1,(C(T)x: R) is an iso-
morphism.

We may now consider the six term K-theory sequence for the extension 7.

Ko(C(T") x1 R) —— Ko(7,) —— Ko(C(T7)
a3 dg

Ky (C(T") Ky(7) «— K(C(T") x: R).

Since the boundary maps are given by 05(x) =—‘X®C(Tn)U, {11, they are iso-
morphisms and we obtain

ProrosiTioN 2.3. K (9 ,) = 0.

3. TOEPLITZ EXTENSIONS ON T"

We are now able to analyze the K-theory sequence for the Toeplitz extensions
for flows on T” associated to dense subgroups of rank x, I' € R. (This extension
is referred to as J  in [9] and [6].) We will need the following basic result
from [9].

ProPosiTion 3.1, (R. Ji and J. Xia). The inclusions 1: C(I")xi R — &

induces a surjection 1,.: K (C(T)xIR) - K*(%). It is an isomorphism on K4 and
a surjection on X, with kernel Zel, where [e] is the image of [1}e K (C(T")
under 05 .

We can now state our main result.

ProPOSITION 3.2. Let (C(T™), a, R) denote a dynamical system obtained from
a dense subgroup I' = R. Then the K-theory exact sequence of the associated Toeplitz
exfension,
Ko@) — K(7) ——> Ko(C(T™)
0, a,

K(C(I") «—— Ky(7) «—— Ky(¥)
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satisfies that the boundary map 8, is an isomorphism and the boundary map 3, is
surjective with kernel Z[1}, where [1]€ Ko(C(T")) is the class of the unit in C(T").
Moreover, K(T) = Z and K(T) = 0.

Proof. We obtain three six-term sequences from diagram (1.5).

Ko(%) Ko(T — Ko(C(T)
PP

N

Ka(%)

.

Ko(7) ———— Ko(C(T™M) @ Ko(C(T)

e )

Ko(C(T") x R) —Ky(7 ) — K‘,(C(I")) /

9, ‘fx :10 a,
K{(C(T")) ~— Ki(7)) e—— K, (C'T") x R)
4, . 7 A
C(T")'® Ko(C(T")) «—— K, (7 ) K.(%)
Ko( (T") o(C(T")) uf ) ,,» ‘
K,(C(T")] < K,(7) < K,(€)

First note that ]* and ]—‘; are injections onto the first summand so that
(,.j,,")—lj* =1, Thus, one has ¢, = i,;laA,j; = i1, 0%, hence 0, is an isomorphism.
Similarly 0, = iz'i,0; is onto, with kernel (05) ~*(keriy) =~ Z[1]. From this it follows
from the exactness of the outer ring that K,(7)xkerdy=~Z and K,(7) =0. @

4. REMARKS

1) We have formulated our results for flows on a finite dimensional torus
that was induced by a dense finite rank subgroup I' € R. However, all the results
still hold even if the subgroup I' does not have finite rank by taking direct limits.
We did this because in the finite rank case the situation is more analo\gous to a
general theory of Toeplitz extensions on foliated manifolds.

2) In [10], Rieffel has considered an extension associated to (4, «, R) which
he calls the Wiener-Hopf extension:

(4.1)

It is the analog of the Pimsner-Voiculescu extension for a dynamical system (B, Z, B).
This relationship is best understood by considering the algebra Cy(Z u {+ oo})
with action given by y(n) = n — 1, y(c0) = co0. Cy(Z) is an ideal which is preserved
by y. Then the exact sequence

0 AR A T >AxR 0.

0->C(Z)® BxygpZ = Cy(Z u {+ 0}) ® B Xiy,gp Z — Quotient — 0
can be identified with the Pimsner-Voiculescu extension

0—>B®f—+,7pv—>Bxll,Z—>0
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(cf. [1],10.2.1). If one now starts with an R action (4, «, R) and does the analogous
construction then one obtains (4.1).

One can check that associating [ ;] € KK!'(4 x] R, 4) to (4, x, R) enables
one to define a homomorphism ¥/, .,: Ki{(AxR) - K;1(4) by ¥, ,(x)=
= X ®4x r[Z ] Wwhich satisfies the axioms in [8]. Specializing to the case of a
minimal R action on T” we obtain, from the uniqueness of the Thom isomorphism,
that

[7]® C(T")x'R['g-R] =1 and [7,.]® o’ [7.) = ]C(Tn))< R

This can be interpreted as saying that the Wiener-Hopf extension of Rieffel is
dual, in the sense of KK-theory, to the somoothed Toeplitz extension along the
orbits of the flow.

Research supported in part by a grant from the National Science Foundation.
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