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AGREEMENT OF WEAK TOPOLOGIES ON CONVEX SETS

HASAN A. SHEHADA

1. INTRODUCTION

Let S be a weak* (= ultraweakly) closed subspace of the algebra L(H)
of Hilbert space operators. In answer to a question of D. Larson [4], B. Chevreau,
J. Esterle [2]and P. Dixon [3] showed that if the relative weak* and weak operator
topologies agree on S, then S is in fact weakly closed. Looking at the proof,
several immediate generalizations come to mind: L(H) can be replaced by any
Banach space L with a separable predual 7, and the weak operator topology can
be replaced by topologies induced by many subsets F of T.

In this paper, we consider a further generalization of this result by allowing S
to be an arbitrary convex subset of L. The obstacle to carrying over the original
proof to this setting is that the classical description, in terms of linear functionals,
of when two relative topologies agree on a linear subspace of L is no longer
available for arbitrary convex sets. Theorem 3.4 of this paper develops such a
characterization. Once this is done, it is easy to conclude (Corollary 3.7) that if
the relative weak* and F-topologies agree on a weak* closed convex subset S
of L, then S is F-closed.

In this paper the term weak topology will always denote the F-topology.
rather than the topology induced on L by the dual of L.

The structure of the remainder of this paper is as follows. Section 2 is
devoted to preliminaries needed for the main theorem and corollaries. In Section 3
we present the main results along with the further corollary that if the relative
weak* and weak topologies have a common base at a single point of a convex
subset S of L, then the two relative topologies agree on all of S. The first four
examples in Section 4 show that the theorems and corollary are sharp; this is
followed by further consequences of the main results.

Larson’s original question was motivated by recent developments in invariant
subspace theory. For more details, consult [1], [4], [6] and the references listed there.

This paper is based on the author’s dissertation [6]. The author would like
to thank Professor E. Azoff for his advice and encouragement.
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2. PRELIMINARIES

If (X, 1) is a topological space and S is a subset of X, then the relative topo-
logy on S is the topology, {4 n S|4 €t}, induced by the members of z on S.

It is clear that if the relative weak* and weak topologies agree on a subset S
of L, then the two relative topologies agree on every subset of S. Moreover, the
two relative topologies agree on every translate of S.

For the proof of Theorem 3.4 some tools and terminology are needed which
we state here without proof. For more details and proofs see [1].

DeriniTION 2.1. A topological space (X, 7)is said to be Polish if it is separable
and 7 is induced by a complete metric. A subset of a topological vector space is
called analytic if it is a continuous image of a Polish space.

The analytic sets have the following properties:

(1) Continuous images of analytic sets are analytic.

(2) All Borel sets are analytic.

(3) The Cartesian product of countably many analytic sets is analytic.

(4) The collection of analytic subsets of a space X is closed under countable
unions and countable intersections.

Note that if X is a separable Banach space, then the linear span of any
countable collection of closed subsets of X is analytic.

THEOREM 2.2, (B. J. Pettis [5]). Let X be a Banach space. Suppose S < X
is analytic and is of second category. Then S — S is a neighborhood of the originin X.

The definitions and results of this paper are valid regardless of the field of
scalars, R or C, for the Banach spaces involved. Throughout the paper, 7' will
be a separable Banach space, L its dual, and F will denote a dense linear manifold
in T which is an analytic set. We write {x, t)> for 1(x) when x ¢ L and 7 € T. The
motivating example discussed in the Introduction is when L = L(H), T = T(H),
the space of trace class operators and F = F(H), the set of all finite rank operators.
The examples in the sequel will be in the simpler setting L = £(R), T = £,(R),
and F = {x €/, x has at most finitely many non-zero entries}.

3. MAIN RESULTS

DeFIniTION 3.1. Let S be a convex subset of L.
(1) S is said to be confined by F if for every ¢ € T there exists a constant
K > 0 and a finite subset F, < F such that

() IKx, 1)) < K-Jiell + % Kx, f)l for all x € 8.
SEF,

K and F, may depend on ¢ -
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(2) S is said to be uniformly confined by F if (+) holds with K independent
of t and F, can be chosen such that ¥}, ||f]l < K]j¢l.
feF,

Note that the weak* closure of a (uniformly) confined convex subset of L
is also (uniformly) confined.

ProrosiTION 3.2. (1) Every norm bounded subset of L is confined by F.

(2) Let S be a cone in L. If S is confined by F, then K in (x) can be taken
to be equal to zero.

(3) Let S be linear manifold in L. Then S is confined by F if and only if
Jor every t € T there exists f € T such that {x,1> = {x,f) for all x € S.

Proof. (1) Every norm bounded subset of L is a subset of a ball in L,
so take X to be the radius of the ball and F, = 0.
(2) Since S is a cone then n-x e S for all x €S and all » € N. Hence
Knx, )] € K+f2 [{nx,f>] for all x € § and all n € N. Divide both sides of
EF

the inequality by n, then let n — co to get the conclusion.
(3) (=) Clear,
(=) If t = 0, set f = 0. Otherwise there exists a finite subset F, = {f;, f5, ...

...s [y} © Fsuch that [Kx, t)| < i Kx,f>lforallx e S. Therefore[ . Ker(f,-)] n
i=1 i=1

n S < Ker(t). Define M = {({x,f;>, ..., {5, f,0) | x € S}; then M is a subspace
of C,. Define the functional ¢ : M - C by ({x,£.>, ..., {x, fi0) = {x, t); then ¢

is well defined. Hence there exist (1, ..., 4,) € C, such that {x,t) = i A%, )

i=1

for all x €S. Set f = ¥ Aifi. %
i=1

LemMmA 3.3. Suppose S is a convex subset of L which is uniformly confined
by F and x4 € L. Then, given a weak* neighborhood U of x,, there exists a weak
neighborhood V of x, such that VnS < Un S.

Proof. First we should point out that the collection, # = {P,|t € T} where
P,={yelL | [{y — x4, )| <1} forms a subbasis for the weak* neighborhoods of
Xp. Since some finite intersection of members of & is contained in U, it suffices
(and simplifies the proof) to assume U €.

We determine the constant K > 0 from the definition of uniformly confined;

then we find g € F such that ||t, — gl < L . By the triangle

41+ K)(1 + {Ixoll)

inequality,

[Kxg — X, tod} € Ko — X, gD] + Kxo, to — o] + IKx, 80 — g)[ for all x = L.

11-2129
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Apply the definition of uniformly confined to ¢, — g and apply the triangle inequality
once more to get

[Kxg = X, to)| < KXo — X, 8D + [IXoll- llto — &l + K- lltg — gl +

3 : _ _
Y Kw—xhl+ % KeNl <t io—nol+ ¥ K x )

feF
1,2 t-g o= 8

for all x e S.

Let V= {x eLH(x\ —x,g}[ + ¥ Kxe— x5, <—i~}; then ¥n S ©
feF
-2

cUnS.

THEOREM 3.4. Let S be a convex subset of L. Then the following are
equivalent :

(1) The relative weak™ and weak topologies agree on S.

(2) S is confined by F.

(3) S is wniformly confined by F.

Before proving this theorem we require a lemma.
LemMA 3.5. The three statements in Theorem 3.4 are translation invariant.

Proof. (1) Clear.
(2) Suppose S is confined by F. We show S — x, is confined for any fixed
Xp € L. Let O s ¢ € T and find the corresponding K and F,. Then

Kx = X0, D] < [ x> D] + K, 1) <

< Ixll - el + K- fiefl + 35 1Ko, I < forall xe S

feF,

fEeF, feF,

< fxolf - flell + K- fielf + 30 IKxoa /D1 + 3 Kx — xo, /1 <
< Aol - flefl + K- flefl + O DXl + ¥ Kx — %0, ] <
fEF, FEF,

< Kp-lell + 3 Kx = xo, O

feF,

where

P

&7,

i

Ky = |Ixll + K + [Ixll
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(3) Repeat the argument of (2), noticing that Kj < |xo)| + K + Klx| is
independent of ¢ if K is.

Proof of Theorem 3.4. By Lemma 3.5, without loss of generality, we may assume
that S contains the origin.

(1) = (2). Suppose (2) fails. Then there exists ze T such that for every
K>0 and every finite subset J< F there exists x;, € § such that [{x,, >|> K- ||¢]|+

+ Y I<x,, Ol Fix K such that K-|lt[l > 1 and set y, =—2 . Then each
[<xl ? t>l

y; € S because S is convex and |[<y,, t>] = 1 for all finite subsets J = F. Let 4 =

= {y, ( y, as defined above and J is a finite subset of F}. Clearly 0 is not a weak* accu-

mulation point of 4. To see that 0 is a weak accumulation point of 4, let g,

....g,€Fande > 0 be given. Set J = {(1/e)(g;, . ..,8&,)}; then Y Ky, gDl <e,
i=1
so every weak neighborhood of zero does intersect 4.

@ =@).Setd={t/1...NeTEI|Kx, )} <n+ Z IKx, £;>] for all

xeS; il <1, i=1,...,n}. Each 4, is closed.
Let B, = 4, n (Tx F™). Then each B, is analytic. Let E, denote the range

of the projection of B, onto 7. By hypothesis [j E, =T, and since projection is
no:1
continuous, each E, is analytic. By Baire category Theorem there exists N € N
such that Ey is of second category. By Pettis’ theorem, Ey—Ey is a neighborhood of
the origin in T'; therefore there exists a constant ¢ > 0 such that the unit ball of T
is contained in c¢(Ey — Ey). Therefore, given ¢ € T there exist 1, and 1, in Ey such
that |[{x, t)| = ¢- |lt]] - Kx, , — #,)] for all x € §. Let F,, and F,, be the finite sets
corresponding f, and 1, respectively, by definition of Ey. Then Y ||f|| < N and
SfeF,;

Y, I/l <N, and

FEF,

Kx, £ | < c-lefl 2N +f2;! A1 1<%, £ +f§ 1AL Kx, )]

for all x € S. Take F, = {2c||tl|f | f € F,, U F,,} and set K= 2Nc. Then |(x, t)] <
S K-t + ¥ KKx, fo] for all x € S and
SEF,

Y il = e lltH(f?F_,‘ Al +fe;‘, 171 < 2Ne- (lt]] = K- [Je]].

JeF,

(3) = (1). By Lemma 3.3, if x € § and U < L is a weak* neighborhood of
X, then there exists a weak neighborhood V' < L such that x, e ¥VnSec Upn S
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The proof of Theorem 3.4 establishes the following remark:

REemARrk 3.6. Given a convex subset S of L which is confined by F, there exists
a fixed n, € N such that the cardinality |F,| < n, for all ¢ € T; n, may depend on S.

COoROLLARY 3.7. If S is a weak™ closed convex subset of L and the relative weak*
and wealk topologies agree on it, then S is weakly closed.

Proof. By Lemma 3.3, if x, is 2 weak accumulation point of S, then x, is a
weak* accumulation point of S. Hence, if S is weak* closed then x, € S, i.e., S
is weakly closed. %

COROLLARY 3.8. Let S be a convex subset of L. Suppose the relative weak*
and weak topologies have a common base at a single point of S. Then the two rela-
tive topologies coincide on all of S. In particular the weak™ and weak closures of S
are the same.

Proof. Let x, € S be the point at which the two relative topologies have the
same base. Then S — x, is convex, contains the origin and has the property that
every net in it which converges weakly to 0 must converge weak* to 0. By the proof
of (1) = (2) of Theorem 3.4, S — x, is confined by F. Thus S is confined by F and
the proof of the first statement follows from Theorem 3.4. The second statement
foliows from Lemma 3.3. Vi

4. EXAMPLES AND FURTHER RESULTS

Examples 4.1 —4.4 show that Theorem 3.4 and Corollary 3.7 are sharp.

ExampLE 4.1. This example shows the necessity of density of Fin T. Set
S = F = a common one-dimensional subspace of R2?, and L = 7 =R% Then
S is T-closed but not F-closed; in fact the F-closure of § = L.

The following example shows that the finite subset F, < F appearing in Defi-
nition 3.1 and consequeatly in Theorem 3.4, cannot always be reduced to a single
element in F.

ExAMPLE 4.2. Let S = {x = (x;, X,,...)€L®|x; < X, < xp for all n}.
S is a cone with vertex at origin. To see that S is confined by F, note that each
x € § satisfies ||x]| < [x| + [x). Let t = (¢, #,,...)€,. Define f and g in F
such that f = ())¢|,0,...) and g = (0, ||z}, O, ...), then

1K, 51 < lell- lixll < flefl(ixal + xgl) = Alell-Pxal + flefl- el <

< [+ Kx, g>f forallxe S.



WEAK TOPOLOGIES ON CONVEX SETS 361

Hence, S is confined by F.

Let tg = (11, 15, .. .), t, > O for all n. We show no single f € F with 1, makes
the inequality in Definition 3.1 (consequently in Theorem 3.4), hold with K = 0.
It suffices to show that for every fe F there exists an x € S such that |{x, t,>| >
>Kx, Ol Fix f=(fi,fa s S0 0, .. )EF.If f; = f, =0 set x = (0,1,0, ...).
Otherwise

Case 1. If f; > 0 and f; > 0, with one at least strictly positive, set x =

= (— /13, /1,0, ...).
Case 2. If f; <O and f, <0, set x = (f, — f;,0,...).

Case 3. If f; and f, have different signs, define x = (x;, X, ...)€S
such that

. ={Ilf‘ll 7,20
"l iffi<o

where

I~ =—=X{n]fi<0}

and

Il = X%{f | fi > 0},

In all cases {x, f) = 0 but (x, #,) # 0, i.e., [Kx, #,>| > Kx, .

The following two examples show the necessity of the convexity hypothesis
in Theorem 3.4 and Corollary 3.7.

ExampLE 4.3, Let S = {r%, — ¢,},2, < £o,. Then the relative weak* and
weak topologies agree on S because every point in S is weakly isolated. We show
that S is not confined by F. Let t+ = (1, 2732, 3-32 _ )e/,. For any choice of
K > 0 and finite subset F, = F, choose n, to be sufficiently large such that, ]/;7;—- 1>

> max{(largest index of the nonzero entry for all fe F,), K + ¥, |fi| where f; is
JEF,
the first entry of fe F,}. Then

|Kn%e, — eq,t)] > K+ Y, [Kn®e, — ey, 5| for all n > n,,
feF,

i.e.,, S is not confined by F.

ExAmPLE 44. Let S be as in Example 4.3. Then S is weak™ closed because
it has no weak* accumulation point and the relative weak® and weak topologies
agree on it but it is not weakly closed because — e, is a weak limit point of S which
does not belong to S.
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No subspace of L with interior in L can be confined by F because L itself is
the only subspace with interior in L. Also, Proposition 3.2 tells us that every norm
bounded subset of L is confined by F. The following example shows the existence
of unbounded convex subsets of L with interior in L and confined by F.

ExAMpLE 4.5. Let S = {x =(x;, X, ...) €40 |0 < x, < x,, for all n}.
For any t €?,, let F, = {f} where f = (||¢], 0,...); then Kx, )| < Kx, f| for
all xe 5, so S is confined by F.

Note. Theset S = {x = (x;, X3, ...) € £ |0 < x, for all n} is not confined
by F. To see that, note that {n%,}°, < S converges weakly to 0, but not weak* —
to see that, let ¢+ = (1,2-2,3-2, . ).

The following example shows that the relative weak* and weak topologies
may agree on a subset S of L without agreeing on its convex hull co(S).

ExAMPLE 4.6. Let § = {n%,}°, U {— e;}. The only nets in S which converges
weakly to a point in § are those which are eventually constant, so the rela-

tive weak® and weak topologies agree on S. However 0 €co(S) and we have

. akl cakly* . .
just seen that n?, 2% 0 but ne, 225 0. Hence the two relative topologies do

not agree on co(S).

We conclude this paper with some further results, the first of which is a gene-
ralization of Proposition 3.2(1).

ProprosITION 4.7. Suppose S is a subset of L such that every point of S has
a norm bounded relative weak neighborhood. Then the relative weak* and weak
topologies agree on S.

Proof. Let {x,}aer = S be a net such that xa—“ﬂxo, Xy € S. Then there
exists a norm bounded, say by M, relative weak neighborhood U of x, in S. There-
fore there exists o, such that o > a, implies x, € U. Now if t € T"and ¢ > 0 are
given, choose g € F such that |t — g|| < &. By the triangle inequality,

[{xe = xo, 1D < Ky — Xo, @)1+ 1x, — X0, £ — ).

Clearly, [{x, — Xy, g>)| > 0and fora > a,, we have |[{x, — Xo, 1 — 8> | < 2M-¢
weak ¥
Since ¢ is arbitrary, [{x, — x,, D] = 0, i.e. x,——>X,. %

The following proposition shows that the converse of Proposition 4.7 holds

for convex subsets of £, .

PROPOSITION 4.8. Let S be a convex subset of {. If the relative weak™ and
weak topologies agree on S, then every point of S has a norm bounded relative
weak neighborhood.
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Proof. Review the proof of Theorem 3.4, setting

E,={tet,|Kx, > <n+nY |x for some neN and all
i=1

X =(Xy, Xg5000y Xy, ...)E S}

Then ¢; = G E,, so by the Baire category theorem, there exists N e N such that

n=1

E, is of second category; an application of Pettis’ theorem shows that
N .
IKx, )] <2N-jt]] (1 + Y |x,~|) for all xe S.
i=1

Thus the set {xe S||x;] <1, i=1,..., N} is a norm bounded relative weak
neighborhood of 0. By translation invariance the proposition is proved.

The following proposition and example show that the analogue of Proposition
4.8 does not hold for convex subsets of L(H).

PRrOPOSITION 4.9. Suppose S is a weak* closed subspace of L such that the origin
has a norm bounded relative weak™ neighborhood. Then S is finite dimensional.

Proof. Since the origin has a norm bounded relative weak™® neighborhood in S,
the closed unit ball of S is also a relative weak* neighborhood of the origin. But
the closed unit ball in S is relatively weak* compact. Hence S is finite dimensional
by Problem 9 on page 99 of [18]. %

ExaMmpLE 4.10. The converse of Proposition 4.7 fails, even for operator alge-
bras. Let H be an infinite dimensional Hilbert space and take S = (L(H))*®), the
infinite ampliation of L(H). Then the relative weak® and weak topologies agree on

S {1}, but by Proposition 4.9, the origin has no norm bounded relative weak
neighborhood.

ProposiTioN 4.11. Let M and K be linear manifolds in L such that M < K
and M is confined by F. If dim(K/M) < oo, then K is confined by F.

Proof. Without loss of generality we may assume dim(K/M) = 1. Choose
Xo€ K™\ M. Given t € T, apply Proposition 3.2(3) tofind f€ Fsuchthatt — f | M.
Since M is confined by F, there exists f; € F such that fi(x,) =1 and f; L M. So
there exists A e C such that (t —f) (xp) = 4 = Afy(x,). Then (¢ — f— Af1)(x) =0
and (t —f— Af) IM = 0. Therefore (t — f— Af;) L K, ie., t|K = (f — A)K
Hence K is confined by F. %
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PROPOSITION 4.12. Suppose S is a subspace of L and t € T is given. Then S
is confined by F if and only if the set A = {x € S|Re{x, t> > a} is confined by F,

Proof. (=) Clear.

(<=) Without loss of generality we may assume a = 0.

Let 4; = {xe S| Re{x,t) < 0}. Then — A4 = 4, and A is confined by F
if and only if 4, is. Since 4 isconfined by F and '(— x, D] = |{x, tD| for all x € S,
then S is confined by F. %

DEFINITION 4.13. A subset S of a linear space X is said to be x,-star, xo € S,
if the line segment

I + 1 —Dx|0<i<g1}c S

whenever x e S.

REMARK 4.14. If S is a subset of L which is x,-star for some x, € S, then
all results in this paper which hold for general convex sets still hold for S.
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