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MODELS FOR OPERATORS USING WEIGHTED SHIFTS

VLADIMIR MULLER

INTRODUCTION

It is well-known that the shift operators in a Hilbert space can be regarded
as universal operators. This was first pointed out by Rota [9], see also Foias [5]
The most important result in this direction is the following theorem, [10], [3]:

THEOREM. Let T be a contraction in a separable Hilbert space, T" — 0
strongly. Then T is unitarily equivalent to a part of the (unweighted) backward
shift of infinite multiplicity.

Later the conditions under which an operator is similar to a part of a weighted
shift were studied. Some Rota type models for operators using weighted shifts were
obtained in [6] and [12].

It is natural to ask when an operator is unitarily equivalent to a part of a
weighted shift. This question was first studied by Agler [1], [2] who proved a
generalization of the above mentioned theorem for hypercontractions.

The aim of this paper is to study the question which operators are unitarily
equivalent to a part of a given weighted shift.

The paper is divided into three sections. The first section is introductory
and presents motivations and some general ideas which are used in the remaining
two sections. In Section 2, the weighted shifts with non-increasing weights are
studied and some generalizations of results of [6] and [12] are obtained. In Section 3
we study the weighted shifts whose weights satisfy some recurrent relation. This

section is closely related to the work of Alger [1], [2] and generalize some of
his results.

1.

Let H' be an infinite-dimensional, separable complex Hilbert space with an
orthonormal basis {e,, €, , .. .}. Denote by B(H’) the algebra of all bounded operator:
-on H'. Let o = {a;}%.; be a bounded sequence of positive numbers. Then the back
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ward shift S, e B(H') with weights %, is defined by Sle, =0, Sl ='a¢;_,
G=12,..).

Let H = {*(H’') be the Hilbert space of all square summabie sequences
X = (xy, Xy, ...) of vectors x; € H' and let the weighted shift S, € B(H) of infinite
multiplicity be defined by

S,(x0, X1, -2 2) = (X, ZaXs, w0 )

Let T be a bounded operator in a separable complex Hilbert space K.
We are looking for necessary and sufficient conditions on 7 to be unitarily equi-
valent to a restriction of S, to some invariant subspace M = H, §,3f = M. We
say shortly that T is unitarily equivalent to a part of S,. Equivalently, we are
locking for an isometry ¥ : K — H such that

1 S,V = VT.

As H = 5 H' we may write ¥Vx = (dyx, Ayx, ...) where A;: K - H' are bound-
i=0

ed operators. Then condition (1) gives ¥ Adx = A, Tx (i =1,2,...,x €K),

so A; =07*4;_,T and by induction

Ay =7 %78 a7 YA, TS .

If we put

) by=1,b,=a7% % ..o (s3> 1),
then A, = |/b,4,T° (s > 1) and condition (1) is equivalent to the formula
€) Vx = (dox, Vb,A,Tx, Vb:4,T2x, ...) (xeK),
where A, is an arbitrary operator 4,: K - H'.
We would like to find 4, such that the operator ¥ defined by (3) will be an
isometry. Let x€ K. Then
@ (Vxi® = [ Aox(® + byjj Ao T 2 + bofj 4T3 ]2 + ...
If V is an isometry then

ixi® = [[Agxi[® + bul doTx? + byfidyTx12 + ...
Wi = AT + Byl A T2x(E + ..
1T} = AT + ...
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hence
fix1i® | 4px|i?
W Tx |2 | A, Tx|i2
) i Ix|| _ B | Ao Tx|j
| 722 | 4T 2x ][
where
1, b]y’ bz > ba s
la bl ) bz )
B = l: bl >
. 1,
0 .

Put ¢; = 1 and consider the following system of linear equatioﬁs:
bl + Cl = 0,

by + byey + ¢ =0,

©)
§—1 :
by+ ¥, byiei +¢,=0,°
i=1 ,
Clearly, the numbers b,, b,, ... determine ¢;, ¢y, ... satisfying (6) uniquely and

vice versa. The Toeplitz matrix

[1, ¢, €, €3, .. )
1, ¢, ¢, ...

C_ 1', Cy, ...

is formally the inverse matrix of B (in general, B and C do not define bounded
OPLIaiorns).
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It is reasonable to expect that the operator 4, : K — H’ will satisfy

A et
o | _ o f 1T
| 4y Tx Ty

In particular,
- N haid PR
[ Aoxii® = lixE® + Y, eifiT xi.
=1

So we can expect that a necessary condition on T to be unitarily equivalent to
a part of S, will be

ixlF+ Y TP > 0 (xeK).

i=1

If this condition is satisfied, the operator

e . \172
@) A, = (1 + 3 c,-T*'T‘)
i=1
will satisfy (7).
ExampLE. In the theory of Sz.-Nagy and Foiag we have; = o2, = ... =1,
by =by = ... = 1. It follows from (6) that ¢, = —1, ¢; =¢; = ... =0, hence

Ay = (I — T*T)'2. This operator naturally appears in the theory of Sz.-Nagy and
Foiag and is called the-defect operator of 7. Analogous operators are used also
in [2].

The considerations in this section were not quite correct. We neglected ques-
tions of convergence in several places. Nevertheless, in reasonable cases, these
considerations will work. Two such cases will be studied in the following two sections.

2.

In this section we suppose that the weights form a non-increasing sequence
o = =03 > ... >0

Letb;, c; (i =0, 1,...) be defined by (2) and (6). Denote b> = b, + b,_;¢; +...
vei 4 by_ic; (k>i>0). Then b =b,, bV = —c, and b{) = b{i- +
+ by_ic; (k > i > 1). Further, b,_,/b, = «f.
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2.1. LeMMa. a) 6> >0 (k>i>0)
b) ~biy1 < <0 (120)

b . BV
b i b§i-b

0) (k>1>i>1)

Proof. We prove Lemma 2.1 by induction on /. For /i =0 the assertions

a) and b) follow from the definitions. Let i = 1.

a) BD = by + by_ro, = bkbl( L 3’2) — beby(e — o) > 0
b, by
b) ¢, = —bV <0
Cy = _b2 hd b101 = _bo + bl = _bg.

c) We have

by 1 1 b1

i e ? 2 a v

b, ey .o OF of ..oty - by
S0

biby_y < byby_y,

bkb; + bibi_yey = biby + biby_ycy,

. N
bbY > b b,

BBV > bylb, = b/,

Suppose now that the assertlons a), b) and c) hold for every j, 0 < j <

b)

We .prove them for i

a) . bﬁ') = bﬁ -0 4 by_ic; = b("l)(b?‘

where b{{-D > 0 by the induction assumption and

b=

WD B b, 1
WD e b s 7 2
bl b; b, Ofpy -« Op of ... g
b) civ1 = —bh <0
Ci+1 = '_b.-+1 - bicl T eee — blc" 2 "‘bi+1 .

by a),

I—1.

by a),
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8
¢) We have
L S R b
—— 2 = - - = = =
(-1 03 2 3 2 2
py-b b b, Ripy - .. OF Fjoiar .. By by

G—1) i1
by ¥~V < b, bY ),

_bg—nb;hm + 4’5b5; bty-x) = b(t—l)b(v-l) Cb, bﬁi—l)’

b ~Vbj > bi~Vbj,
BB > BB
2.2, THEOREM. Let 2y, > 2, > ... > 0,b; = o7 . a7 (i> 1). Let T< B(K)
satisfy yir 5i2b, < 1. Then T is unitarily equivalent to a part of S, .
s=1
Proof. Let ¢4, ¢y, €5, ... be defined by (6). By the previous lemma, 0 oz
2 —-b, (=12 ...) Let,\cK Xl =1. Then .

() ' . . ad i ; ‘
Ja + Y cidTxi2 > 1 — ¥ 1T/, 2 0.
i=1

=1,

Put D=+ 2 ¢, THTHY2 and define the operator VK-> O H' by Fx =
=0

i=1

'5.DTx  (xeK). Then S,V = VT (see' (3)).

6)8

0

ty
i

F=

It is sufficient to prove that V is an isometry. We have i Dy} = 2 e’ T ’\;2

and
N ) i’y

oo oc o0
[Vxit = V61D x)? = ; ; ST = 2 %kb( =[xl

i=0 " k=0
Z bie; =0 for k > 1. The rvdrrmgement of the series is correct as
Pyt '
oc e S ) oo e o
YL Y e T N <Y b TR TR I =

j=0 i,j=¢

(E b T) <4

i=4

and the serics converges abselutely.
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. The following corollary imprdves the result of Foias, Pearcy [6], (see also
Yadav, Bansal [12]) that every quasinilpotent operator is similar to a part of some
quasinilpotent weighted shift. :

2.3. CorOLLARY. Let T € B(K). Then there exist weights oy, o, ... such that T

is unitarily equivalent to a part of the welghted shift S, and the operators T and
S, have - equa! speciral ‘radii.

Proof. Put a, = 1/s + sup(2k[| TEOV* (s = 1,2, ): Then o, > 2, > ..

2

. >0 and :
1S,le = lim || S3|t/s = hm (az1 s M =dima, = ]Ti,.
§S—=00 . .S—voo . . .
Further ' ' '
=} L -] si2 . oo i T2
S U1, = ¥ J'T Ui “Tn L
s=1 s=1 4} cee ay §=1 (ZE'P
co can lS 2 B o o ¢ 2
gz___“T_H___.—_- _].L:_-_n.,<]._
ST S M o
The assertion of Corollary 2.3 follows now from Theorem 22,

Note that if T is quasinilpotent then hmcx =0 and the welghted sh;ft S,

s-co S
is compact (compare with [6]). i

3.

In this section we suppose that the sequence {b}.¢ of positive numbers
satisfies a recurrent relation of order » \

(9) o bs = _(.lbs"l - L’izbs_z — ... = bg_" (S= ], 2_, . .'.)

where we put formally b, =0 for s < 0 and b, = 1.
By this we always mean that {b,}&° ; satisfles no recurrent relation of order n’ < n.
In other words only finite number of ;s defmed by (6) are non-zero and
obviously all of them are real numbers. S

Let p(z) = Z ¢;="~" be the characteristic polynomial of the' recurrent sequence '
i=0

(b %0 . Recall that we always put ¢y = 1.

3.1. DEFINITION. Letp(2) -—‘ 2 ;2" ‘bcapol)nomnal :md let X be a scpara-
i=0
blc complex Hilbert space. We say that an op*rutor TeB(A) belongs {o thé class
Cip)if
Y alTix)® >0 for every xe K.

i=0
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3.2. ExampLe. T € B(K) is a contraction if and only if T eC(z - 1).
In [2], n-hypercontractions were defined. In the present notation T € B(K) is an

n-hypercontraction iff T € M C((z — 1)%).
k=1

3.3. ProPOSITION. Let p(2) = (z — 4y) ... (z — 4,) be a polynomial, 7y, ..., 4

* p

its (complex) roots and let > 0. Then T C(p) if and only if uT e Clg) where

L s
q(z)=(z—-—/—1~)... z—~~"-)-
1 e

Proof. The following conditions are equivalent:

T € C(p),

y clITx|® >.0 (xeK), where p(z) = Z c;z" 7,
i=0 : i=8

Y LGy 3 0 (ve k),

i=o | .

uT € C(g), where ¢(z) = 2 i--"-i = (z—-?'}_) (z‘_-)f'z).

i=o M i

Proposition 3.3 shows that we may consider without loss of generality only

the case of a polynom;al () thh roots Ay, ..., /,, satisfying max 7; = {. As
1<isn

hm p(t) = 00 and p has no roots between 1 and oo, we get p(1) > 0. The following
120
¢ real

proposition proves that the condition b, >0 (i =1,2,...) implies p{l) = 0.
Let 4 be a root of the polynomial p. We denote by m(2) its multiplicity.

3.4. PROPOSITION. Let {bj¥o be a sequence of positive mumbers satisfying
. . n
arecurrent relation (9) of order n. Let p(z) = Y 2" be the characteristic polynomial

of the recurrent sequence {b;,® . Suppose max{Z{, p(A) =0} = 1. Thes p(1) =0
and m(1) = max{m(%), A =1 and p{’) = '

Proof. Suppose on the contrary that k= max{m(?), '}, =1 and p(4) = 0} >
. . 92iAl =1
> m(l). It is well-known that b, = )] Y, a.; 5775 for some (complex) num-
{4; Pay=0 j=0

b . .o
bers a, ;. Put by = Sk“_l. Then b; = B, + R, where B, = 2 a; ;-14° and
i =1
ri().,-—k

lim R, =0.

s—oo
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Further,
N . IN+1
Z 2= 1 s 2
| 5=0 1 _;u ll—)‘-l

N
for every 2, [Al =1, hence limN-*Y; B, =0. Let {2, p(2) =0, |2 =1 and

N-o0 §=0
m?) =k} = {2, ..., ) and let A, =" where 0 < @, <1 (t=1,...,t).
Let 64, ..., 0, ("' = 0) be some irrational numbers such that 1, ¢y, ..., 0, are
linearly independent over the rationals and

for some integers r, ;,r.4,d, d > 1.
By [7, p. 48] lim N-'card{s < N, —¢ < s6, < ¢ (modl), t=1,...,¢t"} =
N-o0

= (28)*" for every ¢ > 0. Then

liminf N-tcard{s < N, —& <s¢, < ¢ (modl), t =1,...,t'} >

N-oo

> liminf N-'card{s’ < N/d, —¢ < s'dp, < ¢ (modl), t =1,...,t'} >
N-co

> d-liminf (N/d)~1card{s’ < N/d, —¢/§ < s'c; < ¢/S (mod 1},
Njd-o0 .

. e\
=1, =d-1(—) >0,
5 S ‘

pr
where S = max Y |r;l. Let 5, > 0 and & > 0. Then

1K< j=0
i 2e "
liminf N-*card{s < N, |B;, — By | < ¢} > - - Lo > 0.
N-oo : d\ SY, la k1!
=1

Denote by R, the set of all non-negative real numbers and suppose 1 =
. dis‘t(.Bs0 , R.)> 0 for some s,. Then dist(B,, R,) > //2 for infinitely many s so
b;¢ R, and b, ¢ R, for some s sufficiently large, a contradiction. Thus B, > 0 for all
s. Suppose B > 0 for some s,. Then

liminf N-'card{s < N, B, > B [2} = h >0,

N-og
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hence

Em N-1 ¥ b =lim N-* YV B, > hB; /2> 0
Nooo Lo N-o0 &glo %o ’
a contradiction.
We have proved that B, = 0 for all s, hence {b,)%, satisfies a recurrent
relation of order »’ < », a contradiction.

As the root 4 = 1 plays an important role, we are going to study this root
in more detail. '

Suppose now p(z) = (z — 1)g(z) where n > k > 1, degg =n-- k. Letan
operator I'€ B(K) belong to C(p),x € K»j x=1Forr=0,1,... %k 5 =01,
define '

n—k-r
(10) ‘ d, E el T”H“2
: =0

where ¢{"’s are the coefficients of the polynomial

n=k-o.p i
(Z - 1)'q(2) - E c(ir)zﬂ—l’c-.j-r-—t .
i =0 v
It is easy to check that ¢{? =¢f'~D — ¢ (i=1,...,n—k+r—1) and
(11) dyy=dyosy—dirgs r=1, .ok s =0.1,..),

3.5. THEGREM. Let p(z) = (= — 1)%g(2), k > 2, degq = n'— k. Let T B(K)
be a power bounded operator {i.e. sup [Tl <oo), Te C(p). Then Te C((z--1)Y¢(z))

. $=0,1,...
for cvery r, 1 < r < k. '

Proof. Fix xe K, ;x| =1 and let d, ; be the numers defined by (10). As

Te C(p), we have d, ;>0 (s=0,1, .), ie. {di_; )26 is-a non-increasing

sequence. Further

l by

E dlz-l,s

y=0

N
(dk—z,s - (!11—2,s+1) ==

s=0

’ : E n-Rk
='di_og — dhoonaal € 2( Y EC;k-Z)') sup §T°
: ’ ~ $=6,1,...
which is-a constant-independent on N. Thercfore d,_, ;> 0 (s =0.1,...). As
x € K was arbitrary we conclude that 7 € C((z — l)"‘lq(‘)) Using this amumem
repeatedly we obtain T € C({z — 1Yq(z)) for every », 1 < r < k. :

Theorem 3.5 gives the following characterization of . n-hypercontractions.
This characterization was proved in [2] for n-hvpercontractions .7 satisfying T — 0
strongly. Note that then T is power bounded by the Banach-Steinhaus theorem.
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3.6. CorROLLARY. The following conditions are equivalent:

‘a) T is an n-ll)y)ér‘co}i'f)'hctz'Oiz, ie. Te M C((z = ).
k=1 |

b) TeClz—1))and T is powe; bouna’ed

¢) TeC((z— 1)) and [|T||

3.7. LeMMA. Let p(z) = (z — 1)q(z), k > 1, degq =n — k. Let Te B(K)
he a power bounded operator, T € C(p) and x € K, || x| = 1. Let d(r=01,...,k
§=0,1,...) bé the numbers defined by (10). Then for every r, 0 <r <k —1

N "N+ i—r
D Y (’ )d, s =diopo1, — 2 ( )d/;~.-+i—1,1v+1
§=0

i=0 | l
(s
for every N = r ( we put ( ) =0 for s < i’)'
, ,

2) lim dy_,-, n exists and
N—»oo

§ (S) dk_s =dypor,— limd,_,yx.

s=0 \7 N-—o20

§= co

If k 2 2 then lim (s)dk_l’s = 0.
r

Proof. We prove statements 1) and 2) by induction on r. Let r = 0. Then

1) Z dp s = Z (-1 s Aoy s01) = dmap — iy n+1-

§=0
2) As T'e C(p) the numbers d, ; are non-negative. Further

N
Y dis = 10— -1 541 S

s=0

n—1
< 2( )2 lcf-"‘“i) sup{J| T*[}, s =0, 1,

0

where ¢%-1 are coefficients of the polynomial (¢ — 1)" 14(z), see (10). Therefore

(2]

Y, dys <0 which means that lim d;_; y., exists and Z di s =d;_10— lim dean
s=0 Nooo s=0 N-oco
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Further lim d; , = 0. Suppose k > 2 and r = 0. Then Te C((z — 1)*~¢(z)) by

S 00

Theorem 3.5 and thus also limd,_, , =0.

S0

Let » > 1. Then k > 2 and T € C((z — 1)*~2¢(z)) by Theorem 3.5.

1) The induction assumption gives

N s =i NG j—r+1
( ) dk-],s = dk-—r—l,r—l - Z ( i )dk—r+i—1,w+1 -
i=0

s=0 \ ¥ —
Then
N (g N
( )d“ y ( )(dk-“ e and) =
s=0\7 5=0
Nolgfs+ 1 s N
= ( ) - ( ))dk—l,sn - (J )dk—l,Nn =
s=0 ¥ ¥ ¥
12)

N-1f N
= Z ( \)dix—}.,s+1 - (r)dk-l,,vﬂ =

§=0 F — 1;
r(N+i—r
( )dk—r+i—1,xv+1-

k—r Lr Z

i=0

dy_; s =0 or, equivalently, lims'd;_;,=9.

. . (s
2a) First we prove lim -
s—=o0 \ F §- 00

As TeC(p) and TeC{(z — 1)" 9(z)), we have dy_, >0 and 4,
..). Therefore {d;_, }o is a non-increasiag

=d._ 1,877 ;.- ls+1/0 (s=0,1,

s

sequence of non-negative numbers. By the induction assumption 2_' ( ) dyy s <
s=0 \F—

s sr—l
) »>~———— foralls large enough we have Z sy < oo.

F-—1 /2(r—1' =0

<oo.As<

The rest follows from the following lemma:

3.8. LEMMA. Let {a,}2, be a non-increasing sequence of non-negative numbers

r>1 Let x s"ta; < co. Then lim s"a, = 0.
5=0 500

Proof of Lemma 3.8. We have

N N
T
Zsr—1> S tr ldt_ﬁ_
§=0 r
0
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o
Let ¢ > 0 and let N be an integer such that Yy s'la, < ¢f2r. We prove that

s$=N--1
s'a, < ¢ for all s >2N. Suppose on the contrary that there exists N' > 2N such
that N"ay. > ¢, i€e. qy > a, > ... = ay > ¢/N". Then
oo N’ e e N’ &
Y saz Yy sty
s=N+1 s=N+1 N7 2N 2r

a contradiction.

Proof of Theorem 3.7 (continuation). b) By (12),

% (0 =5 (, ) )dren = () o

s=0 \F s=o0 \r—1

i s . .
where 2( )d,‘_l,s+1<oo by the induction assumption and

5=0 r_l

N
lim (N)dk_] v+1 = 0. Therefore Y (S) d, . is bounded by a constant independent
¥ ’ r )

N-ooco $=0

s=0\T

on N. As >0 (s =0,1,...) we conclude Y. (s)dk_l,w+1 < co. Using (12)

and the induction assumption we get

® (s i Ky .
Z (r)dk,s = Z ( 1) dk—l,s+1 = dk—r—],r — lim dlz—r-—l,N'
Fo—

=0 5=0 N-oo

3.9. THECREM. Ler {b 2, be a sequence of positive numbers satisfying a
recurrent relation (9) of order n, let p(z) be the corresponding characteristic poly-
nomial. Suppose max{|1], p(2) =0} =1 and p() =0, |\l =1 # A implies that .
is a simple root of p. Suppose further that the weighted shift S, with weights «;
defined by (2) is a bounded operator,ie. inf bybs,, > 0. Let T € B(K), |T]| < 1

s=0,1,...
belong to class C(p). Then ||Vx|? = ||x|2 — lim ||T"x|?® for every x;K, where V
is the operator defined by (3) and (8).
Proof. Recall that Vx = (4,x, Vb, 4,Tx, Vb,4,T2%, ...) where A, =

= ("Z c.T""’T")I/2 . Then

i=0

1VxlE = 3, bl ATxIE = 3, bydis = lim Sy
5=0 -0

5=0
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where Sy = Z b dk s+ K is the multnphmty of the root 2 =1 of p and «

§s=0

= ¥ of T*+xi? (see (10)). Here k> l,‘i.e. {1} = 0 by Proposition 3.4. Usiag'(9)

i=0

we have
Sy = 2 b, 2 i Toviy'e =
Cos=0 =
(13
N-n
=fxlE 4y, BT 3 b
re=N 1

As {b,iP, is a recurrent sequence there exist numbers a,; (p(4) =0. 0 <j <
< m(2) — 1) such that

r(Ay—1 A
by= Y, Y a8 (s=0,1,...
{4;p(0)=0}  j=0

As s/ can be expressed as a linear combination of (S) ( § ), . (:), (3)
J j—1 .

we can find numbers ay ; (j =0, 1, ..., Kk — 1) such that

(14) b, = B, + R,
where

k-1 8

B, = Z a,,j( )

j=1 J

and
mi(a)—1 X .
R, = Z Y a0+ Y ans+ as o
A<l j=0 VAl=1l#4

(if kK = 1 then we have B, = 0 and all considerations are much simpiler). Clearly,
R, is a bounded sequence.
Using (13) and Theorem 3.7 we get

o (o)

(1]
k-1 ]V + 1 —_—
R, st V‘ 01, (dg -j-1,j — . ( j) d/c—j+i—l,3\'+1) =

=0 i

Il
fea=

—S\+SV+S’”
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where
N
SI:T = Z dek,s'
s=0
r k-1 ’
Sy = Z al,j(dk— -1,j d{‘—_j—l_N‘f-l)
o )
and
ree k=t r - N + I -
(15) : Sy == Y a; 2 ( j)d/;-j+i—1,1v+1'
P =
By Lemma 3.7, lim Sy’ =0so || Vx| = lim (Sx + Sy). Substitute from
N-oo N-oo

(10) and express Sy, Sy, Sy and Sy’ as linear combinations of |'77x/2:

Nin . , N+tn , )
SN = E )’r,l\'”Trx |27 SN = 2 ‘VV,NH T'x ]2!

r=0 r=0

N+-n N=n

Zy {Tx|* and Sy’ = 2 Vel Trx)2.

Then (13) and (15) gives Yon =L My=Texy= ... =fyN= 0, von = vilny =
= ... = yN'y = 0, therefore Yon + Yon =1, “/1’N + 9y =... =yyn+ VI’V',N =0.
Let (@ =0,...,n—k+rr=1,...,k) be the coefficients of the poly-
n—k4+r
nomial (z — 1)"g(z) (see (10)). Then Y & =0 (r 2 1), so the sum of coeffici-
i=0
N.in N-tu s
ents of d,  is equal to 0 for r > 1. Thus Y v = Y vn =0, hence
s=0 s=10
N-in
Y. Cuw + vin) = —1 for every N.
s=N L
Further

N-'n n—j—lv .
Y vl < ( Z las j.) "2+ max Y je(t=i-1)
s=0

1<jsh—=1 Ty
which is a constant independent on N.

Analogously to (13) y/ = Z Re, G =N+1,...,N+n),
deion
SN

thus

N 'n
Y, v/ vl € 0% max ¢+ max 'R
P 1 i=0,....n y=8,1,...
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Therefore
iVx2 = lim (Sy + Sy),
N-oo
, " ‘ ) N-rn
Sy + 8y = ixi*+ Y, (v + vn)ITxiE,
r=N--1
N-ion Nin
? " I3 .
Y O~ + x) = —1 for all N and o + 7wl is bounded by a con-
P=N-1 r=N-"1

stant independent on V.

As Iim |{T7x"2% exists we conclude that
F=r00

Pxil® = ix[? — lim {T"x P,

F—00

If T* — 0 strongly, the operator ¥ will be an isometry. In general, the weli-
-known functional model of Sz.-Nagy and Foias [11] gives that any contraction
T e B(K) is unitarily equivalent to a part of S @ U, where S € B(H)is a backward
unweighted shift and Ue B(H,) is a unitary operator. In other words there exist
operators W : K » H, W,: K —» H, such that SW, =W,T, UW, = W,T and
[IWixi® + [W,oxii? = x| for every x € K. Also (see [11], [4] or [8])) 'W,x'? =
="x.2 —lim [ T"x{% ie. 'W,x.2 =lim "T7x 2 So we may take the operator 17,

from the model of Sz.-Nagy and Foias to complete the operator ¥ from the previous
theorem to an isometry. This gives the following theorem:

3.10. THECREM. Let (b))%, be a sequence of positive numbers satisfring
a recurrent relation (9) of order n, let p(2) be its characteristic polynomial. Suppcse
max{,i, p(2) =0} =1 and p(2) =0, 2} =1 # 4 implies that 7. is a simple root
of p. Suppose further that the corresponding weighted shift S, is bounded. Lot
T e B(K) be a contraction. Then

1) Te C(p) if and only if T is unitarily equivalent to a part of S, ® U
where U is a unitary operator.

2y If TP - Oswrongly then T € C(p) if and only if T is unitarily equivalent
to a part of S, .

Proof. 1t remains to prove that S, @ U e C(p) for every unitary operator

U € B(H,). Let p(z) == §; ¢;z""¢ . By Proposition 3.4, Y < = p(l) =0, therefore

i=0 i=0

i==0

YU 2= (Z ci) ixit =0 for every xe H,.
1=
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Let x = (x¢,X;, -..)€ H. Then

n n
Y il Saxl? =Y cill(oioy o 06X s Figa . OpXiggs CIIE =
i=0 i=0

lbj i= H“‘O“

gM~

ﬁxW~——§

J'

f
"‘M =

by (9).

3.11. REMARK. If m(l) > 2 or if p has no roots 4, |Al =1 # 4 then §,

is always bounded, i.e. mf b bk > 0.
§=0,1

Consider now the general case of polynomial p(z) = Y 2" i =(z—4) ...

i=0
oo (—2,) with max{|2},i=1,...,n} =M. Clearly M # 0 as p(z) # 2"
{¢; = —b, #0). The previous theorem applied to the polynomial p(z) = (z— A4/ M) ..
oo {2 — A, /M) gives:

3.12. THECREM. Let {b}?, be a sequence of positive numbers satisfying a
recurrent relation (9) of order n suck that inf bbbl > 0. Let p(z) be the corres-

ponding characteristic polynomial. Suppose p(ﬂ) =0and i = M $ J implies that
is a simpleroot of p,where M = max{|d], p(’) = 0}. Let T € B(K), ||T|| < M~V2.
Then

1) T e C(p) if and only if T is unitarily equivalent to a part of S, & M~Y2U
where U is a unitary operator.

2y If M72T" — 0 strongly then T € C(p) if and only if T is unitarily equivalent
to a part of S,.

Proof. Put T =VMT, p(z) =(z — AJM) ... (z — 2JM), &, = M~"c, (i =
=0,1,...) I;s = M~h, and &, =M, ie. S5 = 1/11730,. Use Proposition 3.3
and Theorem 3.10.

3.13. ExaAMPLE. A. If p(z) = z — 1 then Theorem 3.12 gives the model
of Sz.-Nagy and Foias for contractions.

B. Let p(z) = (z — 1)". Then we get the theorem of Agler [2] :

1) T € B(K) is an n-hypercontraction iff T is unitarily equivalent to a part
of §S, @ U.

2) Tis an n-hypercontraction and 77 — 0 strongly iff T is unitarily equivalent
to a part of §,.
Here (9) and (2) gives b, = (S o 1) and o, = V,b_s_—.l_-

n—1
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C. As an example of general situation let us consider the Fibonacci sequence

by=1,b,=1,b,=2,b,=3,b,=5,b;,=8,...,b,,, =b,.; + b,. Thecharac-
teristic polynomial is

pE) == —

1)

n
|
Ju—
|
—_—~
L]
|
Ji
(o
N —
o

M = 1'9'_21_/_5_ Then we have:

THEOREM. Let T € B(K), I'T' < M~Y2% Then T satisfies !'x ® 2 Tx'® +

+ | T2x[2 for every x€K if and only if T is unitarily equivalent to a part of
S, ® M-VU. If M'*T" - Q strongly thein T is unitarily equivalent to a part of S, .

11.

. PTAX, V.; VRBOVA, P., An abstract model for compressions, Casopis Pési. Mar., 113
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