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ON THE STRUCTURE OF CONTRACTION OPERATORS
WITH DOMINATING SPECTRUM

B. PRUNARU

INTRODUCTION

Let & be a separable, infinite dimensional, complex Hilbert space and
let £(#’) denote the algebra of all bounded linear operators on .

In this paper we show that an absolutely continuous contraction in Z(#°)
whose spectrum is dominating for the unit circle belongs to the class A,(r),
for some r. In the last years various criteria for membership in the classes A,(r)
have bezn obtained (see [1], [2], [3], [4], [8], [10], [11], [15]). Unfortunately, the
_abstract criterion from [10] is not applicable in the present context. However,
our proof relies heavily on the techniques appearing in [10]. The main idea is to
apply thosec methods to some compressions of T corresponding to different parts
of its spectrum. Combining the rank-one operators constructed at the first step we
obtain another ones close to the given element in the predual Qr of the dual algebra
generated by T in Z(F).

In the first section we recall some useful definitions and results from the
theory of dual algebras. We also recall some facts concerning the minimal coisometric
extension of a given contraction and list some technical lemmas from [10] for future
use.

In the second part we begin by proving some lemmas, treating parts of the
spectrum of T. The main intermediate result of this section is Lemma 2.5 which
shows how to approximate elements in O by rank-one classes. After that, the proof
of the main theorem becomes easier and it is very similar with that appearing in
{10, Theorem 4.7].

1. NOTATIONS AND TERMINOLOGY

We recall some definitions and results from the theory of dual algebras (see [4]
for basic of dual algebras). If €,(5#) denotes the space of trace-class operators on #
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then it is well-known that L(#) = (Z,(#))* via the bilinear map
(T, Ly =t{(TL), T & Z(¥#), L €C(#).

A dual algebra is, by definition, a weak® closed subalgzsbra of Z{%) thut
contains 1. If & < L(#) is a dual algebra and Q., = T,(), ~7. where ~ 7
denotes the preannihilator of «7 in €,(57). then &/ = (Q.)* via the bilincar mop

(LI =w(TL), Tedd, [L]el,.
(Here [L] denotes the coset in (., containing the trace-class operator L.)

If T e £(A) then 7~ denotes tac dual sigebre generated by T in F(s#).
If x and y are vectors from S then the rank-one operator defined by (x&y)o=
= (z,1)x, z €, velongs o 7y(37) and satisfes t(x ®3) = (v, 3) and v @ 3 =
= x® ¥y =X !y Morcover, if B e ZL(#) then B(x ® 3) = Bx @ ».

A dual algebra «7 = Z(J¢) is said to have property (Ay{r)), for somie r > 1
if for each [L} in Q. und & > #, there exist vectors x and ) inm &F satisfving

0y (L] =[x ® )]
and
) Ll < silLd,

Let D denote the open unit ¢isc in Candlet T =D A sot § = D is said
to be dominating for T if almost every point of T is 2 nontangential Lmit of a
sequence of points from S. As usual, #* denotes the Banach algebra of all bounded
analytic functions on D. It is well-known that H® = (LY HY)*, where LY and Mt
are the Lebesgue and Hardy spaces on T and H} consists of all those fia At

Pl

L

satisfying S fle¥)dt = 0.

Suppose now that 7 € Z(#) is an absolutely continuous contraction (i.e., a
contraction whose unitary summand is either absolutely coatinuous or acts on
the space {0}). For such 7, the Sz.-Nagy-~Foiuas functional calculus

G H® = o/

is a weak® continuous algebra homomorphism such that 1@, < 1 and $4z) =
where - denotes the position function (see {7] and [14]).

The class A = A(#) consists of all absolutely continuous contractions in L{H#")
for which &, is an isometry. If 7€ A{)#¥) then one knows {cf. [4, Theorem 4.1)
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that &5 is a weak™ homeomorphism between H®™ and «#; and there exists an
isometry @rfrom Q4 onto (L'/Hg) such that &y = @f. Let’Z € D and let P, denote
the Poisson kernel

Pie") = (L — 1291 — ei=2, <V eT.

It [C,] = o7 X([P;]), then it is easy to verify that

D), D =), feH™

For eachr > 1, Ay (r) denotes the class of all those T'in A for which 7, has
property (A,(r)).

For any T € Z(5F), o(T) denotes, as usual, the spectrum of 7. Furthermore,
let 6,(7T) denote the essential (Calkin) spectrum of 7" and let 01(7T) denote the left
essential spectrum of T. If H is a hole in ¢.(T) (i.c., a bounded conponent of
C «0.(7)) then i(H) denotes the Fredholm index of H.

The following notations from [10] will be uscd frequently in the paper.
If T e &(#) then

F_(T)={H;H< o), His a hole in ¢.(T) and i(H) < 0},
F'(T)={H ;H c o(T), His a hole in ¢ (T) and i(H) > 0}.
Let also denote:
0:ie(T) = {4 ;2 € o(T)N\({T) u Z _(T)), i(T — ) =0}.
It follows from spectral theory'that for any T e Z(#), [T <1 we have
3 (D = (6 (T)N D)y F_(T)u F.AT) U oie(T).

In the following we shall review some useful facts about the minimal coiso-
metric extension of a given contraction. Recall from [14] that if Te £(s#) and
Tl < 1, then there exist a Hilbert space 2 and a coisometry Be ZL(X") satisfying

C)) H o
&) BH <A
and
Q) Bh =Th, VYhest.
We supposz also that B is minimal, which means that
¢ o = N B

then B is unique, up to an isomorphism.
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Since B* e Z(x) is an isometry, there exists a decomposition
®) B=S*@R
corresponding to the decomposition
9 H =P OXA

where, if 7 # 0, S € £ () is a unilateral shift and, if Z # 0, R € £(#) is a unitary
operator. If T is absclutely continuous, then R is also absolutely continuous
(cf. [14, p. 84)).

Suppose now that T'e L(#'), 'T.| < 1 and let #, < ¥ be a semi-invariant
subspace for T (i.e., #, =.# © &, where & <= ./ < A are invariant subspuces
for T). If we denote T #, =Py T H,, then Ty satisfies

(10) (T ) = (T, 731

Moreover, if T isabsolutely continuous, then T, #, is also absclutely continuous.,
If B e () is the minimal coisometric extension of 7" and

(1 Hy =V B,

nz0
then £, < X is & semi-invariant subspace for B and
(12) B; = By,

is a minimal coisometric extension for T, - Throughout the paper, giver a contrac-
tion T" in () and a semi-invariant subspace #, < J#, we assume that the minimal
coisometric extension B, € L (%) of T,ﬁp1 is that given by (11) and (12).

If T e A(5#) and B € L(&) is its minimal coisometric extension, then the
projection of #" onto # will be denoted by Q and the projection of % onto #
will be denoted by 4.

The following three lemmas from [10} will be used in the sequel:

Lemma 1.1. ({10, Lemma 3.5)). Suppose T € A(K) with the wmininol
coisometric extension B € L(X). Then B € A(X), Pr = gl is an isometry and weak™
homomorphism from of 5 onto &y and j = ¢ oy is a linear isometry of Qp onto Qp.
Moreover

J(Clp) =1Clg, 72€D
and
Ax@ ) = ® k. xred
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Lemma 1.2. (10, Lemma 3.6]). If T € A(3F) and B € A(X') is its minimal coiso-
ametricextension,thenforeach x,y € # andw,z € X

Ix @ ylzll = ilix & 315,
[* ®zlp =[x @ Pyzlp
and
[w® 2]z =[Qw ® Q7] + [Aw ® Az]p.

Lemma 1.3, ([10, Lemma 3.7)). If T € A(3#) with the minimal coisometric
extension B € A(AX) and (x,) is a sequence in # such that

([x, ® ylzll =0 Vyes#
then

”[xu ® Z]B“ -0 Yzed

@x, ® z]3ll =0 Vzed

and
HAx, ® zlsll =0 VzexA.
The following lemma will be used in the proof of Lemma 2.2.
LemMA 1.4. Suppose T € A(#) and B in A(X) its minimal coisometric
extension. If (z,) is any sequence in P that converges weakly to zero, then
Iy ®zlsl -0 Vvyex.
Proof. If 2 = 0 then the result is trivial. If & # O then, for every y in X~

“[}' ® Zn]BH = Sup !(f(B)}’ zn)i =

FEH®
ifli =1

= sup [(f(S)Qy,z)i = [Qy ® z,]s¢li.

feH®
0f4==1

‘This last term tends to zero by [7, Lemma 4.4], since $* € A(Z)n Co. .
Another result that will be needed is the following.

LeMMA 1.5. Suppose T € A(s#) with its minimal coisometric extension
B2 A(H). Let Ky be an invariant subspace for T and let B, € Z(A,) be the
sninimal coisometric extension of T, = T‘,fl‘ If x e and y € Ay then

[Px’lx ®¥p=[x® P.if’ly]l}-
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Proof. Let fe H® and let f(z) =f(3), z € D. Since P.#IB;;: = 7}5"1’,(;:1, we
obtain

(f(B)Pw x,3) = (FBYPe,x, 3 = (P 5. FBEY) =
= (%, P fBIW) = (5, FAIPo 1) = (5, (TP ) =
= f(T)xs Pa&".y) = (f(B))C, P«%‘l}‘)' m

The following iemma will be an essential tcol in proving Theorem 2.1.

LemMA 1.6. Suppose T € A(#y with the wmunimal coisometric extensisn
Be (P & R). Let 3, <t be a semi-invariant subspace for T and ot
B, € Z(P, © #,) be the minimal coisometric 'exiension of T = T. #, - Suppese
that B, e A(#, © #;). Suppose also that 0 <p<1, ¢>0, § >0, ea€.s,,
weP, be#, e’ @ F#.z€P and {2,, ...,3y} = C are given such that
i ot < 0. Let Ixiie; < o, 1 < i < N,begivensuchthat | xi)| < 1and

i1

Imixi ® 3] =0, yeH, 1<i<N.
(13) Jim il @ 31 3

Then there exist a n-tuple vy = (ny, ..., mY), ay€ Ky, w; € Py and by ¢ A
such that

(14) Xl e ® Xolp + e ® (v + D)z — 2, ® (wy + B)lp <€
§a:l i i 3
(13) “a, — afj < 30%2
a6 i — < 55
a7 Byl < - @b1 - 5)
14
(18) "o —a) @zl <e¢
and
(19) [z ® vy — W)l < &

Proof. Most of itis an easy adaptation of the proof of [10, Proposition 4.6].
Only he following modifications are needed:

i) The isometry j = @3'< ¢y must be replaced by j, = @5le @r.
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ii) Theorem 3.11 from [10] can be made to work for an absolutely conti-
nuous contraction. Therefore, it can be applied in the setting Ty, B; .

iii) In this way one obtains (14) to (17).

iv) To obtain (18) and (19) recall that ¢, — a = v, + v, where v, is of the

N N o
form Y, Vozix,",i , v € ¥ with || Qx| small enough and w, —w= ¥ chixj,i. It follows
FEES ) i1

from (13) and Lemma 1.4 that n; can be chosen to satisfy (14) to (17) and

Hu, ® z]p] < - and [z; ® (wy — wilgll < »;

&
2
Recall from [14, p. 68] that

10x12 = x| — lim || T7x 12
and similarly for Q, and T;.
Since J#°; is semi-invariant for T, it follows that '|T7v|| < ||T"v|| for each

n>1, therefore || Qv||<|! Q,v||. Since v can be chosen to satisfy || Qyv]| < &/(2jiz]} + 1)
with =z € # we get

1o ® 215l < [ ® z5ll < Qv z] < %

and the proof of (18) is finished.

2. A SPECTRAL CRITERION FOR MEMBERSHIP? IN A,(r)

The central theorem of the paper is the following:

THEOREM 2.1. Let T € L(#) be any absolutely continuous contraction such
that o(T) N D is dominating for T. Then T € A((r), for some 1 < 4262,

The proof of this theorem will be accomplished by proving a sequence of
lemmas.

Qur program is the following. Using (3) we cut the spectrum of T into three
parts, each of them having different signs in the spectral picture of T (see [12] for
the terminology). To each part we associate a set of elements in Q; that are norm
limits of rank-one operators satisfying some vanishing conditions. Once we have
established these facts, we use the dominancy of o(T) together with Lemma 1.6
from above to obtain a certain rank-one operator close to a given element in Qr
(sec Lemma 2.5 below). As mentioned in the introduction, this will be the crucial
step in the proof of Theorem 2.1.
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If Sis a subset of D then NTL(S) will denote the set of all nontangential
limit points of S. Let I' be a Borel subset of T such that m(I') > 0 (here m denotes

the normalized Lebesgue measure on T). Then we denote by 7,~ = Y p (i)
the normalized characteristic function of I' and let [;{,] be its image in the quoticnt
space LY H}. We also denote [‘;:,]T = <p;1([ffp]).

The following lemma shows that if I' < NTL(0y(T)) and m{l) > 0, then
[TAI,]T belongs to Ej(sZ;) (in the terminology of [10}).

LemMa 2.2, Lot Tin A(3€) the with minimal coisometric extension B € (P @ ).
Suppose that m(NTL(0:¢(T))) > 0. For any Borel subset I' of NTL(ox(T)) there
exists an orthogonal sequence {x,} in the unit ball of 5€ . P such that

(20) ([l =[x, ® Xirl = 0
and
(01} iz @ x];f -0 Vzesk.

Proof. Let # = V Ker(I' — ). Since R = B:Z is unitary one sees that
M < P. Let A eo(T), I « NTL(0i(T)) and & > 0; it follows from the proof
of [5, Lemma 1.2} that there exists {4}, < 64(T) and {,)}¥, = R* such that

< ~
Wy — ) %Py <& and Y o<1
i1
Thus
Do~ bl :
'I[ZF]T — E IE{CZ&ET i < é&.
z i ,
- A’ - . .
With {15, Theorem 2.2] one gets x;, € VY Ker(T — 2,) satisfying [x, ® 3]y =
i1
N V-
=Y 2,[CzJr. Therefore ||x;!* = Yt and
i1
0y — [ ® vl <e
N
Let /=40 V Ker(T—2,). Then A" is semi-invariant for 7T and
i1
AT (ay. o2y @ 6e(T,). By repeating the above argument onc gets
N’
Sty o Moy € aie(T)NIAy . ... 7y} and x, e V Ker(T,- — 2)) such that "x, <1
i=1
ang

~
(8

il — [ @ x]. < —
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Using this procedure, we construct, by induction, an orthogonal sequence
{x,} in the unit ball of 2 n# satisfying (20). Since {x,} converges weakly to O it
follows from Lemma 1.4 that [|[y ® x,]7[{ = O for each y €s#. The proof is
finished.

The following lemma deals with the “positive part’” of the spectrum.

LeMMA 2.3. Suppose T € A(H#) and let B=S*® Re X(P? ® &) be its
minimal coisometric extension. If p € F'(T) U (61(T) n D) then there exists a sequence
{z,} in the unit ball of P such that

(22) “[C[l]T - [P#Zn ® P#Zn]T“ ~0
and
(23) Ix ® Pez,l7ll -0 Ve

Proof. If p € 01(T) then it follows from [12, Proposition 2.15] that there
exists an orthonormal sequence {x,} in 3# such that

@9 (T — wx,fi — 0.
It is well-known (cf. [9, Theorem 3.1]) that such a sequence satisfies
HCur — [x, ® x,]J7l! = 0
and
Ix ® x;l -0 xes.
From (24) one easily gets
19x, — x,[l = 0

and hence ||P,Qx, — x,|| » 0. With z, = Qx,, (22) and (23) are satisfied.

If p e F(T) then it follows from elementary Fredholm theory combined
with [9, Lemma 2.3] and [10, Lemma 5.2] that there exists an orthonormal
sequence (x,) < V1 Ker(T — )" € 2 satisfying (25) and (26).

n»

Before proving the next lemmas, we introduce some notations. If T € A(#)
and B e A(A) is its minimal coisometric extension, where # = 2 © # and
B = S§% @ R, then we denote

24 Ay = A(T) = F_(T) v {6T)\0e(T)}

(25) Ay = A(T) = F(T) u {0(T) 0 D}

(26) Jfl = e}fl(T) = V KCT(T* _— Z)"
n»0

Ze/ll
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and
27) Hy =Ho(T) = {Pypw; we P}~

(Here P, denotes the orthogonal projection of .# onto .#.) Since TPy =
= PeB*w, w € 2, it follows that both #, and ', are invariant subspaces for 7.
We denote

(28) T, =Te and T, =T%,.

Let also B’ € #(/") denote the minimal coisometric extension of 7™ and let
B = §'*" ©® R be the canonical decomposition of B’, where S’ e #(#') and
R € #(#'). We also denote by B, € £(X';), i = 1,2 the minimal coisometric
extensions of T;. The spaces #;, #; and the projections A, Q', 4;, Q,, i = 1.2
are defined appropriately. Since T##, « #, one easily sees that B'#’, < 47,
therefore ¢, reduces B'.

Recall that Cy. = Cy.(#) = {T e L(#), |T| <1 and |T"x|| >0, x €#}
and that C.p = (Cy.)*. It is easy to see (cf. [9, Proposition 2.8]) that if #; s {0},
then T; € C.y hence Z,#{0}. Since S} € A(#,) is a part of By, it follows that
B, € A(X,) iff #, # {0}.

We treat now the “‘negative part’ of o(7').

Lemma 2.4, Suppose T € A(#) and let p € F_(T) U (6(TYN03(T)). Ther
there exists an orthonormal sequence (x,) in J¥, such that

(29) {CM]T = [.\'n ® xn]T, ne N
and
(30) Tzl —=0 Vzes.

Proof. If pt € .7 _(T) then it follows from [9, Lemmas 2.2 and 2.3} and [10,
Lemma 5.2} that there exists an orthonormal sequence {x,} < V Kerx(T%-- gy

nel
satisfying (29) and (30). On the other hand, if u € 6.(T)N\a1(T) then by virtue
of [12, Proposition 2.15} we have dimKer(T* — i) = N, and accordingly to
[13. Corollary 3.5 and Lemma 3.6] each orthonormal sequence {x,} in Ker(T* - - fi)
satisfies (29) and (30). F3

Recall from [4, Proposition 4.6] that every absolutely continuous contraction
T € () with o(T) n D dominating for T belongs to A(¥).

We are now prepared to link up all the above results. The main idea is
to apply Lemma 1.6 to the compression of T to the subspace #, and to the restric-
tion of T% to #,. The sequences of rank one operators appearing in the statement
of Lemma 1.6 are furnished by the, above three lemmas. Using (18) and (19)
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we shall see that the cross-terms can be made sufficiently small. This in turn implies
that a rank-one operator can be constructed to satisfy (32) to (35).

LEMMA 2.5. Suppose T is an absolutely continuous contraction in L(K)
such that o(TYn D is dominating for T. Suppose also that 0 < p <1, [L] € Qr,
aeH,, weP, beR, ad €lHy,, wePy, bR, 6>0 and ¢>0 are
given such that

(31 ILlr — (@ + Px(w' + 5)) ® (@ + Py (w + B)Irll < 6.
Then there exist a, € #,, wy € P, by €Ay, a; € H'y, w; € P, and b] € R, such
that
(32) L]y = [(ay + Px(wy + D) ® (a] + Py (w1 + b))l < &
(33) llay — all < 3062, |lay —a'|} < 3612
(34) = wll < 812, g — wii] < 82
and
(35) Bl <=l + 8, gl < - (o) + ).
p p
Proof. Let
(36) . Ly = [Llr — [(a + Pa(w' + b)) @ (@' + Py (w + D)y

andsetd = ||[L,]llrs00 < d < 0.1fd = 0,justseta, = a,a; = a’,w, = w,w] = W/,
b, = b and b; = b'. Thus we may suppose that ¢ > 0. Let us recall from (24)
and (25) that A, = F_(T) U (6(T)\01(T)) and A, = F'(T) U (6.(T) n D). Since
a(T) n D is dominating for T it follows (cf. [4, Proposition1.21]) that

AC0{([Clr ; 4 € 4, U A) U ([Xp)rs T = (NTL(oi(T)))}

. . . ~ LY !
equals the closed unit ball in Q. Therefore there exist {A,.}?Lllc:/ll , {/u,-}f‘_’?N 41 S 4,
= =N, 2

I, « NTL(6i(T)), N;<i< N, _ and complex numbers {:x,-}?’a

2, such that

N‘.’.
2 jol; < d and
i1

Ny N,
Lir— Y alCGl— X al2r)r

i=1 i=Np 1

o

f4
< —.
2
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Thus from Lemmas 2.2, 2.3 and 2.4 therc exist sequences {x}}® ., 1<igN,
in the unit ball of s such that

(38) () ey, [Cile =¥, @ wilr, 121

and Vi e, ([ ® tly' - 0, L i< N,

(39) (x)) = o, FICJr — X, @ Xi]y =0 asm— o0
and Vi e#, [t ® xily. -0, N, <i < Mg

39) (xi) = Hy, fArle — [Xh @ ¥ily =0 as i = oo
and Vi e, ([t ® xily, — 0, Ni < i< Ny.

It follows that there exists i, € N such that for any Ny-tuple = (i, ..., 5x)

with #; > i1y, 1 < i < N,, we have

: ! Ve i i €
(40) i[Lle - Z ai[xni & xlii]T < _2'"
§:=1
Choose w, € % so that
G @ — Pyl < — -

24 . 3()'17’2

Using Lemma 1.6 in the setting (5;, T ) one gets a,eHy, W€ Py, by E Y,

and an Ny-tuple vy = (0, .. ., nf’vl) such that

PN ; .
l Ei di[xﬂn@ ® X;Q]B + [(a + PXIPX(W' + b,)) @ (‘1' -+ b)]g —_
i1 ¢ ’

(42)
' >
— @+ a, + PJPIP;?(W, +6) @ (0 + bn)]B_ < '_Sf'
(43) i, < 384
(44) wy — wj, < 642

“3) (bl < - Bl + 09
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and
(46) I, @ wilgll < — -
From (41) and (46), we get:
@7 I, ® a'lpll < |jlar ® (@ — Pywo)lpll + [[[a1 @ Pawolsll < -;"

Another application of Lemma 1.6 in the setting (#,, T*|#,) yields vectors
4 €Hy, Wy €P,y, bjeRy and an (N, — Ny)-tuple v = (ay j1,...,7y) such
that

@) | Y b ® gy + [0 ® 00 + by — (4 ® (v + Bl || < -
N1<1<N2 i ! 8
49) la, — a'|| < 362
(50) wi — w']} < ov2
| .
(51 bl < 7(Hb | + 6%%)
’ ! €
(52) @y — @) ® (@ + a)lpll < T6.
|
and
(53) [Py P (w1 + b)) ® (W] — w)lwl| < %
Since B'H s ¢ Ay, from (53) one gets
4) 1P 01+ 52) ® (5 = W)l <
or using Lemma 1.2 and passing to QO
&
(55) N[Pr(wy — W) ® Px’l(Wl + b)Irll < —

16
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Letusdenote @, = a + a,. Since T*#, < #,, from Lemma 1.5 we obtain

[(a + P,galPﬁ(w’ + ) ® MW+ b))y =
(56)
=[la+ Pe(w' + b)) ® P,fl(w + b)ls
and similarly for a,, w, and b,.
From (42) and the above identities we get by passing to Oy:
N
2 o [\7"0 ® x o]T +{(a+ Pp(w + 85) ® Py (u + )y —

i1

(57) |
— (@ + Pelw' + 5)) ® Py (w1 + 0)lr < Z

[N

Using Lemma 1.2 and passing to Qrs we get from (48):

i 2 &i[xia? ® .*\'i{')]rak + [a’ ®@ P‘;.:;(W' + b’)]ri: -

i, N TR,
— a1 ® Pulwy +b0)ir < 'iag'
Therefore '
i [\0®\O]T+[P,,;(u +b)® d')y —
llf“ <ig N,
(58)
’ :n €
— [Pu(w; + b)) ® af)r | < .1_6._
Let

[L:lr = [Llr — [(a, + Pre(wy + b)) @ (a1 + Pyl(“'l + b))lr-
We estimate the norm of [L,];. We have
[ [La)rl < [L]T —[a+ Pu(w + b)) ®

N,
®(a'+P#1(w+b))]T Za[vo@lu]’+ Za[xo@\o]

(@ Pol' + ) © P (v + B)lr — (@ + P’ + 1) @ Py +b)r [ +

Y alxe ® xolp + [P + b)) ® a'ly —

|

!

| ¥ <isn,

— [Pt + b)) ® ailr | + e © @l — [ @ i +
i

+ [[P2(W + b — i — b)) @ P (91 + b)lrll = A+ B+ C+ D + E.
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It follows from (36) and (40) that 4 < ¢/2. From (57) and (58) we get
B + C < ¢/4. Let us estimate now the last terms D and E. From (47) and (52)
we obtain

D =g, ® &ilr ~ [a ® a']7]| < ||[[(a, — @) ® @7 +

I € €
+ l[a a; —a' <—F — =—-:
llla; ® (a; )zl T T6 5
Let us show that
(59) [Pw(by — b) ® Py (W, + by)lp = 0.

Indeed, for each fe H, we have:
(fT)Px(by — b'), Py (w1 + b)) =
= -0, f(T Py (w1 + b)) = (by — ', f(THP w, (W1 + by)).

Since #, c V Ket(T* —2)'c &', and b, —b €R, = & it follows
nz=0
A€D

that b — b’ is orthogonal onto s, . Finally, from (55) and (59) one obtains
’ ’ ! ’ 8
N[Pr(wi —w + by — b)) ® P.;?’l(wl + b)lrll < ”é‘

Therefore ||[L,]l} < (¢/2) + (¢/4) + (¢/8) + (¢/8) = ¢ and the proof is finished.

Proof of Theorem 2.1. Fix [L]; € Q such that 0 # ||[L]]] < 6 = 1/4. Let
{5,321 be a sequence of positive numbers strictly decreasing to 1/2 such that §; = 1
and define p, =1 and p, =s5,../5,, n€N. Set q; =a}; =0, b, =b; =0 and
w; =w; =0fori =0, 1. Letrn > 1and suppose that for each & satisfying0 < k < n,
vectors a, €3¢, w, €%y, b€y, a, €Hs, w, € P, and b, € #, have been
chosen so that for k =1, ...,7]

(60); ML)y — @k + Pr(wi + b)) @ (a; + Py (Wi + B)rli < 6%
k-1 L—_]_.-

(61), o —aall <36 * , flag—ai4ll< 36 *
k-1 k-1

(62), Wi — wi—all < 6 5, W — weall < 0 2
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and
1 K2 1 k-1

63, bl < (nb,;-1:1+6 ) bl < (z:bh_luw : )
Pr-1 Pr-1

Then applying Lemma 2.5, we deduce the existence of vectors a, ., &.# -,
Woss €EPy, byyy €EXy, g €EFH, W),y €P, and b, € #, such that inequalitics
(60),+1 to (63),., are fulfilled for & = n + 1. Therefore, by induction, one can
construct the sequences (a,) = #;, (w,) © @, (b,) © %y, (ay) = Hs, (W) < Fy
and (b]) c #, satisfying (60), to (63), for all n > 1. It is clear from (1) and (62)
that (a,). (w,), (e;) and (w)) are Cauchy sequences. Define

a=Ilima,, o =Ilima,, w=Ilmw,, w =Ilimw,.

L

Using (61) and (62) one easily sees that

i - - 3 : - 1
el S ——=, | S ——7= Wl <—00, i< -
1--o0v2 I — v I — v 1 —gue
Furthermore, by iterating (63), we obtain

1 lb Il Ib 'l n-1 (5” 0o 5’/

— nigsnsl nf< Sk :‘Z< 12

2 kgl * kgl

and therefore
2 2
N6all S ——77> bl < - :
1 — §1/2 ' 1 — v

Without loss of generality we may suppose that (b,) converges weakly to &
and (b;) converges weakly to b".
It remains to show that

{(a, + Px(w; + b)) ® (a; + P (W, + b))Ir)i:
converges weakly to
[(@ + Px(w' + b)) ® (@' + Pz, (W + B)]r.
For each f e H”, we have
KA, 6, ® P (9 + bl — [2® Poo (w + BYDI la, — & "Pyg (6 +10,) . fut

+ (f(Ta, Py (w, + by —w —0))) - 0 asn— oco.
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Similarly
KAT), [Px(wi + b1) ® ailr — [Py(w’ + ') ® a'lp)|

converges to 0 as n — oo.
Finally, we show that

{(Px(w, + b)) ® Py (W, + b,)lr)a
converges weakly to
[Pr(w' +b) ® Py (w + D)y
Indeed, as we have remarked in the proof of Lemma 2.5
[Pwbi @ Pop (Wa + Bo)lr = [Pxb” @ Py (w + )l = 0.
Therefore
IKAT), [Pa(wh + b)) @ Pop (W, + b))y — [Py’ + B) @ Py (W + D)Ipd} =
= KAT), [Paw, @ Py (Wy + b)lr — [P’ @ Pop (W + B)lr)].

Since |jw, — w|] - 0 and {w, + b,} is bounded, the last term converges to zero.
It follows that

[Llr = [(@ + Pe(w' + b)) ® (@ + Py (w + B))]
with

1 ' ’ P . 62 T
lla + Py(w' + b} la +P:f1(‘V+b)“<m—462-

Therefore T € A,(r), with 1 < r < 4%6%,

After this paper was completed, I learned that H. Bercovici and B. Chevreau
independently proved that A = A,(r) (Bercovici gets the best value r = 1), a fact
which implies our main result (Theorem 2.1). On the way of proving A = A,(¥)
our result seems to be a natural one to check, and we hope that our proof shows
a small part of the difficulty of this (now solved) problem.

Acknowledgements. 1 would like to express my gratitude to Professor Carl
M. Pearcy and Professor Bernard Chevreau for helpful discussions on the subject
of this paper. Thanks are due to the referee of an earlier version of this paper
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