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OUTER AUTOMORPHISM SUBGROUPS OF A COMPACT
ABELIAN ERGODIC ACTION

AKITAKA KISHIMOTO

, For a compact abelian ergodic automorphism group G of a simple separable
C*-algebra, the only invariant state is.tracial. However, for any (dense) subgroup
H of G which is a continuous image of a separable locally compact abelian group
and consists of outer automorphisms (except the identity automorphism) there
is an almost invariant pure state; in other words, there is an irreducible
representation in which the automorphism group H is implemented by a unitary
group. This is shown by computing the invariant Iy of H, which is introduced
in [3]. If furthermore H = R, a small perturbation of H by an inner derivation
implemented by an analytic element gives an invariant pure state,

1.

Let A be a C*-algebra, G alocally compact abelian group, and « a continuous

action of G on 4. In [3] we have defined I';(x) to be the set of p € I' = G satisfy-
ing the following condition: For any non-zero x € A4, any compact neighbourhood U
of p and any & > 0, there is an a€!4*(U) such that ||afl =1 and

) Iax®| > (1 — &)lx |

Subsequently in [4] we have defined I'y(«) to be the set of p €I satisfying the same
condition with

lIx@ + a®)x*|| > 2(1 — lixf?

in place of (x). (Clearly I's(e) = I';() and it is likely that I', coincides with I7.)

If A is separable and prime, G is separable, and I';() = I', then it follows
that there is an a-covariant faithful irreducible representation. (See [3], [4] for other
related results.)
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If A is simple and unital, and (4, G, %) is asymptotically abelian in the sense
that there is an automorphism ¢ of 4 such that

G-An=%20 t€C
and
"Ix,6"(»)}| -0 asn-—ooc, x,y€EAM,

it easily follows that I',(z) = I'y(2) is equal to the Connes spectrum I'(z). In this
section we shall compute I'; {(and I',) for certain C*-dynamical systems which
are not asymptotically abelian.

THROREM 1.1. ‘Let G be a compact abelian group and H a locally compuct

abelian group. Let ¢ be an isomorphism of G into G and W a continuous isomorphisi
of H into G such that Range¢ is dense in G and Range'e 7 Rangey = [1).
Then it follows that for any open neighbourhocd U of 1 € G and any non-empty

open subset V of 1‘;’, there exists an a €U such that o@) eU and “Wa) eV,
Proof. Note that %% is the homomorphism of G into I defined by the
equality:
W), ay =<t W@y, 1€H, aeh.

It follows that Rangz*) is dense in H. Because, otherwise, there is an s € HN\ (1}

such that (s, “W(a)) =1 for all a € G, which implies that ¥(s) = 1. Since ¥ is &0
injection, one obtains that s = 1, which is a contradiction.
ILet L be the closure of

{(¢(a), "W(a)) €G x H|aeG}.
Note that L is a closed subgroup of G x H. Define
S={peH|(U,p)cL}
Then S is a closed subgroup of H and it suffices to show that S = H. Let H, =
=Hn S, ie.,
Hy = {teH|{t,p)=1,peS}

Then H; is a closed subgroup of H. We replace H by H,, ¥ by ¥, =y ] H,,
noting that the conditions for (G, H, ¢, ) are satisfied for (G, I, ¢, ¥,). Since %,
is the composition of i followed by the quotient of H onto A, ~ s, the
closure L, of

{(q)(a)r tlpl(a)) €@ X 1271 | ac f;}
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satisfies that

S;={p eﬁl | (,p)eL} ={1}.

Since Rangee is dense in G, there is a continucus homomorphism v of G
into f[l such that

L, = {(t, v(t)) | r € G}.

In particular, it follows that

vo @) = Wy(a), acd.
Then for s € Hy,
<Sa Ve ¢(a)> = <|p1(s)a a>9

which implies that ‘oo tv(s) = ¥(s), s € H,. By the assumption that Rangetpn
n Range y = {1}, it follows that y,(s) = 1, s € Hy, i.e., H; is trivial. This implies
that S = H. QE.D.

Let G be a compact abelian group and let % be an ergodic action of G on a

simple C*-algebra A such that « is faithful. For each p € G let u, be a unitary
of A such that au,) = ¢, pu,, t €G. Since Adu, maps each eigenspace of 4
under o into itself, there is a ¢(p) € G such that «,,, = Adu, (cf. [1]). The map ¢

of &into Gisa homomorphism. Since A is simple, in fact ¢ is an isomorphisni.
Note that wuuy = {p(p), ¢du,, p, q €G. This implies that

uupug = {o(p), Quy,
or
gy = {o(p~), @ou,, p,qeqG.

Hence one obtains that
(@), p> = o(p~, q>, ie., ‘o(p) = o(p~.

In particular, since %@ is injective, Rangeo is dense.
(] )

COROLLARY 1.2. Let (4, G, &) be as above. Let H be a locally compact
uabelian group and let y be a continuous isomorphism of H into G such that
Range o n Range ¢ = {1} (or equivalently, o,y is outer for any t € H\{1}).

enote by 7y the action of H on A defined by vy, = 2,y Then 'T1(y) = I'y(y) = .

Proof. Let p € H and let {U,} (resp. {V,}) be a decreasing basis for the open
neighbourhoods of 1 € G (resp. p ef[). Then by the previous theorem, there is

an a, € G such that ¢(a,) € U,, W(a,) € V, for each n. Let u, be a unitary in the
eigenspace of a, with respect to the action z. Then, since ¢(a,) = 1 in G, {u,} is



62 AKITAKA KISHIMOTO

a central net in 4 and so for any x € 4,
(X + uF] =0, + uf) + xu, + g, T - 2|

where Gu, 4+ 4] = "u; + 1] =2 as Sp(y,) = T. Since Sp.(1,) = {"W(e,)! = V,,
this implies that I',(y) 3 p. Q.E.D.

ReMARK 1.3. Inthe above corollary, if Rangeys is dense in G, then (4, H, 7)
is not asymptotically abelian. Because if ¢ is an automorphism of 4 which com-
mutes with y,, 1 € H, and so with x,, 7 € G, then it easily follows that there exists
an se G such that o = %,. Since G is compact, %, cannot satisfy the property
that [%(x),)] -0 as » —cc.

ta

One has the following version of Weyl's theorem with an irreducibly acting
C*-algebra in place of the compact operators.

THECGREM 2.1. Let A be a C¥-algebra acting irreducibly on a separable
Hilbert space 3, and let H be a self-adjoint operator on . Then for any ¢ > 0
there is a self-adjoint element h of A such thet 'hi < ¢ and H — h is diagonal
(or has a pure point spectrum).

This is shown in the same way as Weyl's theorem is in ([2], X.2) if we use
Kadison’s transitivity theorem ([6], 1.21.16) for what is trivial in the case of compact
operators. '

Instead of the above theorem we shall show:

THEGREM 2.2. Let A be a C*-algebra acting irreducibly on a separable
Hilbert space . and fet H be a self-adjoint operator on H. Suppose that
Ad e | A defines a strongly continuous one parameter lautomorphism group z of A
with infinitesimal generator 0. Then for any t > 0, there exists a self-adjoint ele-
ment h of A such that H — h is diagonal, h is analytic for o, and

1
LR < 1L
Y (h:

uMS

s

Proof. Denote by E the spectral measure of H. Let {i,} be a densz sequence
in J#, and let {¢,} be a sequence of positive numbers. ©o

Let & =1, and let F, be a finite family of mutually disjoint translates of
[— &6, &,6) such that 5,(I) = E(I)¢, #0 for I € Fy, and

MSSEID YR AR S R

IEFI
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Denote by m(I) the middle point of I € F, and let

K, = Y (H— m) E(Q).

leF,

Then K, is self-adjoint and ||K,|] < &/6. Denote by ¢; the projection onto the
subspace spanned by ¢&,(I), I € F,. By the transitivity theorem there exists an /1, € 4
such that hy = hf, i) < 2)|K1]] < /3, and e, = Kye;. Thus,

(%) (H — m)&I) = m(D&I), IekF.
That is, e, is a finite-dimensional projection commuting with H — 5, and satisfies
that [i(1 — e)& [P < 1.

Denote by « the one parameter automorphism group of B(#’) defined by
%, = Adei™H, and by Sp.(x) the a-spectrum of x € B(#) (cf. [5]). Since Spy(e)) <
< [— &/3, &/3], and Spy(K;) = {0}, we may replace i, by

& S o, (h)f(ert) dt

where I is a real-valued integrable function on R such that f(p) =0if Ip} = 1,
and f(p) =1 if |p| < 2/3. Thus we may suppose that /i, = h¥ satisfies:

il < Cey,  Spo(h) = [— &, &

in addition to (), where C = }f};/3.

We apply this procedure for Hy = H—hy, & = (1 — ey)n,, and &, in place
of H. &, and ¢,. Thus, let F, be a finite family of mutually disjoint translates
of [— /6, &/6) such that &(I) = E(I)é, # 0 for I € F,, and

€02 — 3, [I6(DlE < 1
IEF1
(where Ej is the spectral measure for H;). Let
K, = Z (Hy — m{I)E\(I).
IEFZ

Then K, is self-adjoint and ||K.j| < &/6. Denote by e, the projection onto the
subspace spanned by &,(I), I € F,. Then, since e;&(I) = 0 for I € F, and ‘¢,§; =

=Y, &), it follows that ee, = 0 and ||(I — e, — e5)15]} < 1. One finds a self-
I€F, . S

-adjoint /1, € 4 such that ||I,]| < 2||K, |} < &/3 and hy(e, + ;) = Ka(ey + €2) = Kyes.
Thus hee; = 0 and - (R

holo(ly = (H — Iy — m(D))eI), - T € Fy.
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Define a one-parameter automorphism group %% of 4 by

aW(x) = e"Fixe ™, xed, teR,

which is an inner perturbation of %9 = z. As above we may then assume thai

thy < Ces, sz(l)(hz) c{—e. &,

in addition to the property that e; + ¢, commutes with H — fi; — /i, and h.e; = 0.

We repeat this procedure. Thus we obtain a sequence {e,} of finite-dimensionzal
projections and a sequence {/1,} of self-adjoint elements of 4 such that /1, < Cg,,
(l—e -—ey—...—e)p, <1, e, =0 for m#n, he, =0 for m>n,

m-g

i

Sp,o-n(h,) < [—&,, &1, and ¢, + ... + ¢, commutes with H, = H—h; -~

e fig == .. .~ h,, where 2{” = AdeP [4. 1 cR.

no

Let ¢ > 0 and let ¢, = €2-". Then /2 = § h, converges in norm and is a
n=1

seif-adjoint element of 4 with {'/i’ < Ce. It follows that H -~/ commutes with
E,=e¢,+e+ ... +e,form=12,.... Since E, is finite-dimensional, Jf -k
is diagonal on E = lim E,.

Since (1 — E)y,l < 1, it follows that [i[(l — E)y,: <1 for the dense se-
quence {i,}. Thus E = 1.

Foreachn = 1,2, ..., define J, to be the infinitesimal generator of =, ie.,
O, =0 —ilh + ... + N, -] with D(@,) = D), and let J, = é. There exists a
constant Cy > 0 such that for any ¢ € 4 with Sp (@) = [—p, 7.,

l;(sn(a)!: < Clp'.:a:

By replacing C and C, by max(C, C,), we use the same symbol C for C; in the
above inequality and for /| < Cg,.
Now we shall show that / satisfies the additional properties.

LemMa 2.3, For any n = 1,2, ..., iy a €A with Splrn-;»(a)C[— €y B
and any k = 1,2, ... it follows that

(=) 1o (@) < k1(2Ce)Y: all.

Proof. We prove this by induction on k. If & = 1, then
(%) (@) = 6,—1(a) + i[/,, a]
where [, =h + hy + ... + h,_,, and hence

10(a); < [0,-a(@), + 20ai' {10



OUTER AUTOMORPHISM SUBGROUPS 65

n—1

Since [[8,(a) | < C,lja[| = Ce2™}ja|| and |/, } < Z i1l < Ce(1—27"), one

obtains that

8@l < Ce2-"jal| + 2Ce(1 — 2-")]al| < 2Céjal.

Suppose that () is true fork = 1,2, ...,m. Thenit follows thatfork =1, 2,..., m,
n—1 n—1
A (A ¥ [165(h )1l < ¥ K'1Q2Ce)4|h,ll < k'2Ce)<Ce(l — 2-")
i =1 i=1
where we havé used that |[4;]] < Ce2-7. From (#+) it follows that

F1Ha) = S0ua(@) + 1 Y, — [, 37 Ha))

K=o kli(m — /)'

Then as Sp - 1)(cS,,_,(a)) < [—¢g,,¢,), it follows that
0™ *Ma)ll < mi2Ce)"(|0,-x(@)|! + 2m! }; (2Ce)*Ce(l — 2-")(2Ce)"~H||al| <
k=0

< mIQRCe)"Ce2~-"|\a|l + 2(m + DWQCe)"Ce(l — 2-")| al] <
<(m'+ 1)IQCey"+1lall.

This concludes the proof of the lemma.

By the lemma one has that
[0 < kN2Cey+12-n-1.

Hence for any k,

N (k) = 5'~( h )
uZl n}:'l
converges in norm as m — oo, i.e., i € D(6%) and
134(h)]| < k1(2Ce)+1.

Since ¢ > 0 is arbitrary and C is independent of ¢, this implies that / satisfies the
additional properties.

REMARK 2.4. When A is the compact operators, Theorem 2.2 follows easily
from Weyl’s theorem, by using the fact that the spectral projections of H are multi-
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pliers of A. In fact we can even require A to have an arbitrarily small a-spectrum
around 0 € R and arbitrarily small norm.

Let A4, be the irrational rotation algebra generated by unitaries u, v satisfying
uv = e=¥%y with 0 €[0,1] 2 Q°. Denote by z the action of T* = R¥Z? on A,
defined by o (1) = e*¥u, % (r) = e, [Let p € R be such that 8 and p are
linearly independent over Q, and let y, = %, ., ¢t € R. Then, since x is ergodic
and 7, is outer for ¢ # 0, by Corollary 1.2 there is a y-covariant irreducible repre-
sentation of A,. Since the closure of yp is 2., there are no j-invariant pure states.
But Theorem 2.2 shows that, by perturbing y by an inner derivation with arbitrarily
small norm, there are infinitely many invariant states (all of which may be
equivalent).

COROLLARY 2.5. Let (44, R, 7) be as above. There exists a type II, orbit in
the pure states of this system.

Proof. Let u, € R be such that y; # pand 0 and p, are linearlv independent
over Q and define a one-parameter automorphism group y® for p; in the same
way as 7 is defined for p. Let f be a pure state of 4, such that the GNS repre-
sentation w, is yW-covariant. Then '

]
Py = S Ty oy dt

R

is 7 < yM-covariant, where 7 o y@ isithe action of R? defined by (7 7(1))('3.,)— ey
(s, £) € R®. Since R%3 (s,1) > (s + ¢, us + ut) € T = R¥}Z? is a quotient map,
it is easy to conclude that p is x-covariant. Thus, p, is quasi-equivalent to the GNS
representation associated with the unique a-invariant tracial state. Q.E.D.

COROLLARY 2.6. Let A be a simple, unital, separable C*-algebra and let «
be a strongly continuous one parameter automorphism group of A. Suppose that a
satisfies that

() flo(x), ¥l >0 as t > oo, for x,y € A.

The above property is not stable under arbitrarily small inner perturbations. More
precisely, for any t > 0 there is a self-adjoint element h of A such that the one-
-parameter automorphism group o\® obtained by perturbing « by the inner deri-
vation ifh, -] does not satisfy (), h is a-analytic, and

@ lék(h)llt"

l]
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Proof. Denoting by 0 the infinitesimal generator of 2, a* has ¢ — i[h,-]
as its infinitesimal generator.

It is known ([6], 3.1) that if (4, R, o) satisfies (%), then it is R-abelian, or
the set of a-invariant states forms a Choquet simplex. Since (4, R, «) has a covariant
irreducible representation [4], Theorem 2.2 implies that for some A € A4 satisfying
the additional properties, (4, R, a) is not R-abelian.
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