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ABSORPTION SEMIGROUPS

JURGEN VOIGT

INTRODUCTION

Let (Q, o7, ) be a measure space, 1 < p < oo, and let (U(t); t > 0) be a
positive Cy-semigroup on L (i), with generator T. Let ¥ : Q — R be measurable.
The starting point of this paper was the problem to associate a natural C-semigroup
(Up(2); t = 0) with the formal expression “T — V', for a large class of functions
V. The fundamental idea is to approximate ¥ by bounded functions and then use
monotonicity arguments.

The “‘generating” differential equation for the semigroup U,(-) is, formally,
u =Tu— Vu.

3f the semigroup U(-) is associated with a transport or diffusion process, then the
function V will act as an absorption rate. It is for this reason that we use the
term ‘‘absorption semigroup’ for the perturbed semigroup (U,(z); t = 0).

The investigation of these problems, for the context indicated above, was
begun in [17]. We refer to this paper for more motivation as well as for appli-
cation to Schrédinger semigroups, i.e., the heat equation with absorption.

The motivation for the present paper is twofold. On the one hand the theory
presented in [17] is made more complete. On the other hand, the paper of Lapidus
[7} on a dominated convergence theorem for Schrodinger operators motivated us
to derive a corresponding result for the general context of absorption semigroups.

In Section 1 we derive monotonicity and convexity properties for absorption
semigroups with bounded absorption rates. In this section we put ourselves into
a more general context, i.e., we treat absorption semigroups derived from a positive
Cy-semigroup on a Banach lattice E. The absorption rates are then elements of
the center Z'(E) of Z(E).

In Section 2 we treat unbounded absorption rates for the L -context indicated
initially. For semibounded V' we define U(-)-admissibility by the requirement
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that approximation of ¥ by cut-off yields convergence for the corresponding absorp-
tion semigroups. If a gencral ¥V is such that ¥+ and — ¥~ are U(-)-admissibic
then it is shown that L(-) can be defined in a natural way.

Section 3 is devoted to dominated convergence results. It turis out that
dominating the positive parts of an a.e. convergent sequence (¥,) of ubsorption
rates by a U(-)-admissible absorption rate is not sufficient for the convergence of
the corresponding absorption semigroups. For this reason we introduce the notion
of U(.)-regular absorption rates.

In Section 4 we give examples illustrating the notions of U(.)-admissibility
and U(-)-regularity.

In an appendix we prove a result on positive Cy-semigroups on Banach lattices
with order continuous morm.

Concluding this introduction we want to recall some facts concernﬁng'con-
vergence of Cp-semigroups. Let £ be a Banach space. Let (U(t): ¢ = 9), (Uft);
t>0) (n1eN) be Cysemigroups on E. We write

.1 U() = s-lim T )

R=20

if sup [ U(t)x — U{t)x. =0 (n »o0) for all x€E, a>0. We refer to [10;
0st<ga

Section 3.4] for a discussion. In particular, if T, 7, (n € N) are the gencrators of
the above semigroups, then (C.1) implies T, -» T in strong resolvent sense.

1. MONOTONICITY AND CONVEXITY PROPERTILES

In this section let £ be a real or complex Banach lattice, and let K = R or
K = C, accordingly. We¢ refer to [13] for the terminology concerning Banach
lattices.

The set

Z(E):={Ac#([E);Ic > 0 such that = Red, £ ImA4 € I}

{(where Red = 4, Im4 =0 if E is a real Banach lattice) is called the center
of Z(E). The elements of &(E) are also called (bounded) multiplication aperators.

1.1. REMARKS. (@) For 4 € Z(E) the foliowing conditions are equivalent:

@) 4 € Z(E);

(i) Re(yd) < [ Ai1 for all y €K, v =1;

(iii) 4 is local, ie., f.g€E, f 1 g implies Af 1 g;

({iv) AJ < J for every ideal J in E.
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The implications (i) = (i) = (iv) = (iii) are obvious. The remaining impli-
cation (iti) = (ii) follows from [18; Theorem 140.4] together with [8;Lemma 1.1].
See also [9; C — I, Section 9, p. 246].

(b) For all 4 € Z(E) there exists |4| = sup{Re(y4); 7 €K, |y =1} e Z(E),
and |Af! = |4} ,f; holds for all feE. B :

In the real case this follows from [18; Theorem 140.4]. In the complex case

we note that (a) implies that A is order bounded, and therefore the statement
follows from [1; Theorem 2.4).

(¢) Z(E) is isomorphic to a space C(K) (K éompact), as a Banach lattice
and a Banach algebra.

For the real case this is shown in [8 Proposition 1.5). The complex case
follows from the real case together with (b).

1.2. Lemma. Let A € & E).
(@) Then e e ZZ’(E)
(b) If A is real then e4 > 0.

(&) If E is a complex Banach lattice and A is real, then |eiif| = |f] for
all feE.

Proof. For (a) and (b) cf. [9; C—II, Proposition 5.15, p. 288].
(c) is an easy consequence of Remarks 1.1 (b), (c). %

For the remainder of this section let (U(f); ¢ > 0) be a positive Cy-semigroup
on E, and let T denote its generator.

Moreover, for ¥V € Z(E) we denote by U,( -) the Cy-semigroup generated
by T --- V (symbolically, U,(t) = e'T-") (¢t > 0)).

1.3. PrOPOSITION. (Monotonicity properties). Let (f/(t); t = 0) be a (second)
positive Cy-semigroup on E, U(t) > U(t) (t >0).
(@) Let V € Z(E), V real. Then, for t > 0,

Uy(t) > Uplt) > 0
(b) Let Vi, Vo, € Z(E), Vi, V, real, Vy < V,. Then, for t > 0,
UVl(t) =z UVg(t)v
Uy (1) — Uy (1) > Uy () — Up,0).

Proof. (a) For n e N we have (e~"VU(t/n))" > (e-UnV U@/n)" = 0. For
n —» oo, the assertion follows from the Trotter product formula (cf. [4, Theorem 8.12]).
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(The Trotter product formula

e®=5) =s.1im (7% %),

2-»00

valid for the case that R, S, and R + S are generators of contraction semigroups
on a Banach space F, is also true if R is just a generator and S is in Z(F): There

exists an equivalent norm ::-* on F for which e’R|j < ¢** (1 > 0), for some
« €R. Since also 'e'S' < e!'"S% (+ > 0), the operators 'R—al, S - 'S I

(b) The first inequality holds since T~ ¥, = (T — V) + (Va— V,) is
positive perturbation of 7' — ¥,. The second inequality is a consequence of (a)
and the Duhamel expansion:

Uy (1) — Uy (1) = \ Uy (t — $)(¥s — V)Uy (5)ds >

(L I

> S Up (¢ — (Vo — V), (5)ds = Uy (1) — U (0). 2

1.4, ProposiTION. (Convexity). Let V,, V, € Z(E), V;, Va real, 0 < v < 1.
Then, for t = 0, ‘

U(l—r)Vl-:»er(t) < (- AU (1) + rUy (1).

Proof. Without restriction we may assume that E is a complex Banach lattice.
Thenz — Uyl.,u;(yﬁ_.yl)(t) is holomorphic on C; cf. [5; Chapter IX, Theorem 2.1}.

LetS:={zeC;0< Rez < 1}.
Let feE,.. For z=¢ +ip€ S, neN, we use Lemma 1.2(c) to conclude

(e ={imin(v,—v)) UVl—é'(;'(Vz _ Vl)(’/'”))" fx' <
< UV1+€(V2-;'1)(‘)f
For n — co the Trotter product formula implies
Vv 2w, -v )i < Uy raw-v (O f.

Let ¢ € E’.. Then the function §5 z - ¢ UVI.(,Z(VQ_VI)(Z)f; @) satisfies the hypotheses
of the three lines theorem. Since, by the previous estimate, we have

KUy, +@+inw,-v) (S, @2 < KUy +aw,-v O f, 0>
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for all 0 < € < 1, # € R, the three lines theorem implies that
[0,1] r = log <UV1+r(V2—V1)<t)fa 7y
is convex (cf. [11; Theorem 12.8]). As a consequence, for 0 < r < 1,
Wy prny,-v )DL 0> <
<A =N O 0>+ KUy (0O, ¢ =
= = Uy () = rUy (D) ], ¢)-
Since this holds for all ¢ € E), we obtain

Uy ierv,-vyOf < (1L — Uy (1) + rUy, () f. %,

2. ADMISSIBLE ABSORPTION RATES

In this section, let (Q, <, 1) be a measure space, 1 < p < oo. Further let
(U(r); t > 0) be a positive Cy-semigroup on L,(u), with generator T.

The aim of this section is to associate a C,-semigroup with the formal expres-
sion “T— V>’ as generator, for suitable “absorption rates’ ¥: Q — R, and to investi-
gate the properties of the absorption semigroups thus defined. For measurable
V:Q - R we define V* := (% ¥V)vO0 and the truncation V¢? = (V+An)—
— (V- An), for n eN.

If V e L, (u) then Uy(-) was defined in the previous section as the Cy-semi-
group with generator T — V. We shall investigate a class of absorption rates V
for which a Cy-semigroup Uy(-) on L (i) can be defined by

2.1 Uy(t) :=s-lim U, u(t) (tr > 0).

n—oo

Whenever (2.1) defines a Cy-semigroup its generator will be denoted by T, .

2.1. DEFINITION. (a) Let ¥ be bounded below. Then, for large n € N, we
have 0 < U,m(t) < U,m(t), and therefore the limit (2.1) exists for all ¢z > 0.
V will be called U(-)-admissible if Uy(-) is a Cg-semigroup.

(b) If V is bounded above then ¥V will be called U(-)-admissible if the limit
(2.1) exists for all # > 0, and Uy(-) is a Cy-semigroup.

2.2. PrROPOSITION. Let V < 0. Then V is U(-)-admissible if and only if
SuP{”Uy(m(f)H ;0<1<1, neN} <oo.
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Proof. =" is-obvious from U,w(t) < Ly{0) { = 0). .

“<="". From UV(,,)(r) < U,ma () {t > 0) for all # € N and the boundedness
assumption we obtain the existence of the limit (2.1), the strong measurability of
U (-)f for all fe€ E, and sup{, Up(t)) ; 0 <t < 1} <oo. Moreover, U{v).g, L)
t = 0), and therefere Proposition A.l from the appendix impiies thut £(-) is a
C-semigroup. 7

A

2.3. PrROPCSITION. (a) The set
{V=0; Vis U(-)-admissible}

is a solid convex cone.
(b) The set

(V<0 Vis U(-)-admissible)

is solid and convex.

Proof. (a) Let ¥, ¥, > 0 be U(-)-admissible. For # € N, Propos:tion 1.3(t)
(with! L)} U(-), Vs, Vs corresponding to U, (-}, T(-). 0, V&) yields

L’V(t) - LIE.:(:U)(I) = L},»ﬁ(‘n (t) o Lyygn),g_yé;;)(i) =
= Z"p{”)(t) _‘;L"‘l‘1': vyvz)in)(t):
and for » - co we obtain

U(t) 2 Uy v (0 2 Ur () + Up () — TQ).

This shows s-lim Uy - v () =1

t—> 0 :
If ¥y > 0 is admissible, and 0 < ¥, < V5, then Proposition 1.3(b) implies
L’g'l(t) < Up(t) < U(t) (¢t = 0), and therefore Uy (-) is a Cy-semigroun.

(b) Let ¥, ¥, < 0 be admissible, and let 0 < < 1. For # € N, Proposi-
tion 1.4 yields

(j((l—V)Vl—;»PVﬁ)(")(E) < lj(l—r)yg")-eryg(")(t) <

<@ - r)U,,i"’(t) +1U,mt) < (L = 1)U, (1) + rU, ().
2 1 2
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This implies the cxistence of U(l_,.)yl“y“(t), and the inequalities
U < Ug- -V, ¥, GN{¢! "')UV(f)'*"UV(f)

imply s- 11m U(1 —ow v () = L

If V1 <0 is U(-)-admissible and ¥; < ¥, < 0 then U(r) < Uy (1) < Uy (1)
(7 >0) implies that Uy (+) is a Cy-semigroup. L ¥

2.4, REMARKS. (@) If V' > ¢ (eR) is U(- )adm1551ble and (Vuex 18 a
sequence, ¢ < V, <V, .V, = V ae., then Uy(-) =s-lim Up"( ). This was shown

i
n—00

in [17; Proposmon A.l].

(b) It V<c(eR)is UCG)- adm1ss1ble and (V. )nen is such that V< Vn <e
V,—V ae., then Uy = s-lim UV( -). This is proved analogously, cf. [17;

Pxoposmon A. 2]
©If Vis bounded .below or bounded above and U(- )admlssxble, and
7 e L(1), then V + ¥V is U(-)-admissible, and T, =Ty + V, or expressed

Vv
differently, (Uy);(+) = ~{(+). This follows from (a) and (b) above; cf. [17;
Lemma 2.4]. ‘ '

V—l—V

2.5. DEFINITION. Let V:Q — R be measurable. Then V will be called
U(-)-admissible if V+ and — ¥~ are U(-)-admissible.

ReEMARK. The preceding definition is appearingly |less restrictive than the
one given in [17; Definition 2.5]. The subsequent result, however, will show that
the additional requirement of {17] is always fulfilled.

2.6. THEOREM. Let V. 2 0, V,, — V_ U(-)-admissible, V:=V, —V_.
Then

(U_y )y () (=5- hm U_y (i) =

=(Up)-v_(t) (= slim UVN_V(n)(t)) =

n—=o0

= slim Uywlt) (=Uy(1)),

n—o0

and Uy(-) thus defined is a Cysemigroup.

If (V) is a sequence of absorption rates such that — V_ < V, < V.. for all
n €N (this implies that V,,is U(-)-admissible), V,, — Va.e., then Uy(-) = s- lim Uy ().

=00
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Proof. For m,n € N, Proposition 1.3(b) implies

U_p (1) — U_y .yl 2 U_pont) — U_V(_n),;..,,gn)(t),

U_V_(f) —_— U_ V(_n)(t) Z U_ l/'_~‘—t'.(f'3)(l) - U_ V(_n) ;_V{‘r-n)(t‘) = 0.
For m — co we obtain
Uy (U -V(f)(’) > U-v v () — (UVQ_;:(_':)(‘) =0,

and n — oo shows the first equality. The remaining statements follow from [17:
Theorem 2.6]. 3

2.7. REMARK. Since, for U(-)-admissible ¥, the C semigroup Uy(-) i
always given by (2.1), the monotonicity and convexity properties (Propositions 1.3
and 1.4) carry over to the larger classes of absorption rates which are U(-)-admissible.

3. REGULAR ABSORPTION RATES AND DOMINATED CONVERGENCE

Let (@, . g}, (U(r);: t = 0) be as in the preceding section.

3.1. DEFINITION. Let ¥V : Q — [0, cc) be measurable. Then V will be called
U(-)regular if V is U(-)-admissible, and

V() = (U)_p() (= slimU,_,n(+)).
3.2. REMARKS. (a) The definition of U{(.)-regular given above differs from
the one in [17; Definition 2.12] (V is U(.)-admissible, and U(-) = s-lim Up(-)).
7R

If ¥V = 0is U(-)-regular in the above sense then ¥ is also U(.)-regular in the sense
of [17]. This is an immediate consequence of the dominated convergence theorem
(Corollary 3.6) proved below.

We do not know whether the two noticns are different at all.

(b) We have introduced the above notion since it allows to obtain the domin-
ated convergence results proved subsequently. In fact, if a dominated convergence
theorem of the kind of Corollary 3.6 is to hold then V. (in the notation of Corollary
3.6) is necessarily U(-)-regular: The sequence (V, — V{?) is squeezed in between ¢
and V, ,also ¥V, — V¥ - 0 a.e. (n — 00), and therefore s-lim UV+_ V(:)( ) = U().

(© If V > 0 and D(T)n D(V) is a core for T then ¥V is U(-)-regular. This
is shown in [17; Proof of Proposition 2.13, p. 199].
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(d) Assume p =1, and assume additionally that U(-) is stochastic (i.e.,
UM = |iflifor all felL,(u),, t = 0).Let ¥ > 0. Then the following conditions
are equivalent:

(i) V is U(-)-regular,
(i) D(T)n D(V) is a core for T,
(iii) ¥V is U(-)-admissible, and s-lim U,,(-) = U(-) (i.e., ¥V is U(-)-regular
ni0+
in the sense of [17]).

Proof. (i) = (iii) was noted in (a). For (iii) < (ii) we refer to [17; Propc-
sition 4.4]. (ii) = (i) was noted in (c).

3.3. PropoSITION. () {V > 0; V is U(-)-regular} is a solid convex cone.

®) IfV =0 is such that — V is U(-)-admissible then V is U(-)-regular.

Proof. (a) Let V;, V, = 0 be U(.)-regular. Then V; + V, is U(-)-admis-
sible by Proposition 2.3(a). For n € N we have V, + V, — (V, + V,)®
< Vy+ V- Vi — VM, and as in the proof of Proposition 2.3(a) we obtain

u) = UV1+V2-(V1+V2)(2")(’) Z UVI-V{")'V,:-Vé")(t) Z
Z Uyl_yyi)(t) + UV.,—VS")(t) - U(f)
The U(-)-regularity of Vy, ¥V, now implies

s-lim va1+ V,,—(VI-FV‘,)('"'(’) = U(@).

Ri— 00O

Let V, > 0 be U(-)-regular, 0 < V, < ¥;. Then V, is 'U(-)-admissible by

Proposition 2.3(a). For n € N we have V, = V{" <V, —¥V{", U, _y(t) =

> U, _, (1), and therefore V5 is U(-)-regular.
1771
(b) Let ¥ = 0, — V U(.)-admissible. For n € N, Proposition 1.3(b) implies
U_V(m(t) - U(’) Z U(l) - Uy(")(’),
and therefore
' U@ = Uty = 2U(0) — U_3 (1),
s-lim U,(¢) = I Thus, ¥ is U(-)-admissibie. Moreover, for n € N, Proposition 1.3

o0
together with Remark 2.6 implies

U (1) = U_,on(t) = Uoy(t) — (U_y),_, m(t) >

= U(I) - UV—V(’“({) = 0.
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For i — oc, the first term strongly converges to 0, and therefore s-lim Ul () =
i OC

= U().

3
Asapreparation for the dominated converges theorera we show a fact which
is also interesting by itself.

3.4. ProposITION. Let V. 2 0. where — V_ is U(-)-admissible, aiid V. s
U )regular. Then V., is Uy (- )-reguler, ie.,

L‘V_ V__( ') = S']i]n U—V o '_V.(‘.n)( ').

Proof. Lett > 0.Fork, n € Nwehave, by Proposition 1.3(b) end Remark 2.7,

Ly. R V“(I) T L'_; Q_L)(t.) = L’Z_ ;v—i,y“__y;fl‘a(i) — Ij_ V(_{.L)_r_V“_ V:(jz)(f) = 0.

For all X € N we have
iU () =T at,

since — V¥ is bounded. (This follows easily from s-lim U,

) L)

00 "
and the Trotter approximation theorem: cf. [10; Theorem 3.4.2].)

Let /> 0 and choose ¢ >0. Then there cxists & € N such that Uy (1)~
— U_,w(t)f: < &3. The above inequality implies

WLy -.v’-v\‘”(t)f_ Uy V_\__V:m(l)f:j < for all n € N.

wlm

By the above convergence, there exists N € N such that

Ut = Uy el < : foralln > N

Putting thess inequalities together we obtain

SU_p (1)f - L’_V—.:p;_;:ﬂ’)(t)f‘! < ¢ forall neN. 75
3.5. TreoreM. (General dominated convergence theorem). Let V. > 0
where — V_ is U(- }-admissible, and V. is U(. )-regular. Let V be U(-)-cdmis:icte.
Let (V,) be a sequence, — V_ <V, <

is U{-)-admissible}, V, - V a.e. on

< V+ V, for all n € N (this implies thut V),
Q. Then '

U{-) = s-lim UV“(-).
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Proof. For k e N we define ¥, , := V,A(V* + VP) (n €N). Then V =
== V. + VO + ¥V + V. +V¥), and —F_.+V®)<0, (V+V_ +
+ V®) > 0 are U(-)-admissible. Also, — (V_ + V¥ <V, , (S V* + V) <
< V+ V. +V® for all n, and V¥, , > V a.e. Therefore, Theorem 2.6 implies
Uy(.) = s-lim UVM(-). Forallme N we have 0 < ¥, — V, .< V, — ¥V®, and

n-»o0

therefore
U—V_(t) - U—V_+(V+—Vﬁ"))(t) >
> U— V_(t) - U—V_-i"(Vn—V" k)([) > Uyn k([) - UV”(t) > 0'

Now Proposition 3.4 together with the convergence proved above show the desired
conclusion similarly as in the proof of Proposition 3.4. R}

3.6. CoroLLARY. (Dominated convergence theorem). Let V. > 0, where
— V.. is U(-)-admissible, and V, is U(-)-regular. Let V, V,, (n € N) be such that
— V. <V, <V, for alneN, and V, - V a.e. Then

UV(') = S-]i]n Uy"(' ).
Proof. For all neN we have V, <V, < V+ V. +V,, and V_ + V,
is U(-)-regular by Proposition 3.3. Now the conclusion follows from Theorem 3.5. 7

REeMARK. The attentive reader may be astonished that apparently in the proof
of Theorem 3.5 only estimates based on monotonicity dre used, and he may miss
an argument connecting the convergence of generators with the convergence of
semigroups. This connection is in fact used at an early stage in the theory, namely
in the proof of Remark 2.4 (a), (b). These facts are used in [17, Theorem 2.6]
to prove Theorem 2.6 of the present paper, which in turn enters the proof of
Theorem 3.5.

4. EXAMPLES

4.1. ExampLE. This example serves to illustrate the notions of U(-)-admissi-
bility and U(.)-regularity.

Let 1 < p < oo, 2and let (U(r); t = 0) be the Cp-semigroup of right trans-
lations on L,(R), '

Unfx) = flx —1).
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If V is measurable and bounded below we obtain

0

Un(Df(x) = exp( — S Vix + s)ds) fix — 1).

—t

a9
This implies that ¥ > 0 is U(-)-admissible if and only if SV(X + §)ds 0 (¢ —
-t
— 0+) a.e., and this condition is equivalent to the existence of a closed nulf set
N < R such that ¥ € L, | (R\N).
On the other hand, ¥V > 0 is U(-)-regular if and only if ¥ < L; w(R).
Also, ¥V < 0 is U(-)-admissible if and only if V € L; joc, unic( R}
Note that all of these notions are p-independent.

4.2. ExampLE. This example illustrates that, in Remark 3.2(d) the conclusion
becomes false if U(r) is not stochastic.
Let (U(#); t = 0) bethe Cy-semigroup of right translations on L, (— oo, 0),

UOf(x) = flx - 1)

Let V(x):= ~:~1;!-. Then it is easy to see that Vis U(+)-reguiar. Or the other
hand, o
D(T) = {f < L(R) : f absolutely continuous, 7f = — ' & L(R}}
(= Wi{—co, 0)),
D(Tyn D{¥)c {f € D(T); fl0) =0}.

(Note that evaluation W}(— 00,0)3 f = f(0) is a continuous linear functional.)
This shows that D(T) n D(¥V’) is not dense in D{T) with respect to the graph norm.

4.3. ExampLE. Let | < p < o0, and denote by (U,(#); t 2 0) ‘the Cy-semi-
group on L, (R") associated with the (unperturbed) heat equation e, = (1,2)u.
If ¥V -R” — Ris Uy(-)-admissible, then U, ;(-) is given by the Feynmar-Kuc formala;
cf. {L7; Section 6].

. In this example. precise relations between LU7(-)-admissibility, L (- )-regularity
and integrability properties of certain functions can be obtained: cf. [17; Propo-
sition 6.1]. As a consequence, the general dominated convergence theorem {Theo-
rem 3.5) can be concluded from the Feynman-Kac formula together with Lebesgue's
dominated convergence theorem.
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We recall that, for V' > 0, the notions of U,(-)-admissibility and U,(-)-regu-
larity are p-independent; cf. [17]. A characterization of these properties in terms of
capacities can be found in [15]. Moreover, we mention that 0 < V € Ly, 1o(R?)

implies that ¥ is U,(-)-regular (by Remark 3.2(c)), but that there exists a U,(-)-
-regular V' > 0 which is nowhere in L,; cf. [16].

For V < 0, however, the notion of U,(-)-admissibility is p-dependent. For
p=1,02> Vekv, ¢ (V) < 1 implies that V is U,(-)-admissible. On the other
hand, if V' < 0 is Uy(-)-admissible, then Veku (cf. {[17; Section 5}). For p =2,
0=2Vel,+ Lo (wWhereqg = v2if v > 3,9 > 1if v =2,¢g =1if v = 1) implies
that V is U,(-)-admissible. (This follows from [2; Lemma 2.1] together with [17;

Proposmon 5.7).) We note that in fact a slightly more general condition introduced
in [14] suffices; cf. [2; Remark 2.1], [7; Section 4.2].

Concluding this example we note that, in view of the preceding remarks,

our dominated convergence theorem (Corollary 3.6) yields a generalization of
[7, Theorem 4.1].

APPENDIX

In this appendix we prove a result which is used in Section 2.

~A.l. PROPOSITION. Let E be a Banach lattice with order  continuous norm.
Let (U(t); t = 0) be a positive C,-semigroup on E. Let (ﬁ(t): t>0) bea
semigroup on E such that f](-)f is strongly measurable for all f € E, and

(A1) U < Uty (t>0),

(A2) sup [|U(1)li< oo.
0Lrg

Then (0(t)_; t 2 0) is a (positive) Cysemigroup.

~ Proof. (i) By a theorem of Dunford, the measurability assumption for f/(~)
is equivalent to the strong continuity of 0,00)3 t —~ (~](t); cf. [3; Lemma VIII 1.3].
(i1) In (iii) below we are going to show that, for all f € E,

{O@Wf; 0 < t<1}

is relatively weakly compact. A result of R. Sato [12] (cf. [6; § 7.1, Theorem 1.11])

then implies that P : = s- lim f](t) exists, and obviously is a projection. Assumption
10+
(A.1) implies P > I, and therefore P = I. (For f > 0 we obtain 0 < Pf—f <

< P(Pf—f)=0)
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Thus, (f](t): t 2 0) is a C,-semigroup.
(iii) (The idea of this part of the proof is takea from [6; § 7.1, Corollary 1.121)
1

letf > 0. We defineg := S U(s)fds (= 0). Forn € N, 0 < 1 < 1 we obtain

0

~
H

1
zf(t)(f Ang)) < nl;'(t) S (s)fds < n l:’(s)fds.
[

S 3

The order continuity of the norm of E implies that the order intervals of X ure
weakly compact (cf. [13; Chapter II, Theorem 5.10]), and thercfore

O fAng): 0 <2< 1)
N

is relatively weakly compact for all » € N. If, for # € N, we define f, = nS U(s)fds

0
thenO < f, < ngand f, = f. £ 2 fA(ng) = faf, = f falg) — f Now assumnp-
tion (A.2) implies that { U 0 <t < 1} is relatively weakly compact. R

REMARK. For reflexive E the proof simplifies since then the relative weak
compactness of the sets {a(t)f; 0 < t < 1} follows from the boundedness.
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