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POSITIVE TOEPLITZ OPERATORS ON WEIGHTED
BERGMAN SPACES OF BOUNDED SYMMETRIC DOMAINS

KEHE ZHU

1. INTRODUCTION

Let @ be a bounded symmetric domain in C" with Bergman kernel K(z, w).
We assume that Q is in its standard representation and the volume measure dV of
Q is normalized so that K(z, 0) = K0, w) = 1 forall z and w in Q. By 5.7 of [8]
and polar coordinates, there exists a positive number &, such that

C,= SK(Z, 2)/dV(z) < + oo
7]

iff A <eg. Let :
dV;(z) = C3'K(z, 2)"dV(z),

then dV; is a probability measure on  for all 4 < ¢,. We fix a 1 < ¢, throughout

the paper and consider the weighted Bergman spaces L2(Q, dV,) (1 € p < + ©0)
consisting of holomorphic functions in L%(Q, dV.). When p =2, we have an
orthogonal projection P, from the Hilbert space LXQ, dV;) onto the closed subspace
LXQ. dV;). P, is given by

PLfC) = S ¢z, W) OOAVG0),

2

where K,(z, w) = K(z, w)* 8 is the reproducing kernel of LY@, dV)).
Suppose ¢ isa function on Q, then the Toeplitz operator T, with symbol ¢ is de-
yned by T,f = P;(¢f), or

T,f(2) = S K, (z, w)o(w)f(w)dV ;(w).

0
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We can extend the notion of Toeplitz operators to the case where we allow measures
as symbols. To be precise, let 1 be a finite complex Borel measure on Q, then we
define the Toeplitz operator T, with symbol u by

T,f(z) = SK 3z W) ()dp (o).
Q
Clearly, if du(z) = @(z)dV,(z), then T, = T,,.

Our problem here is to obtain and study conditions on u that will ensure the
boundedness, compactness, and membership in S, (the Schatten ideals) of the
Toeplitz operator T,,. When p is positive, the conditions we obtain are necessary and
sufficient. In order to state the main results of the paper, we need to introduce some
notations.

For any a in @, let k(=) = K(z, a)/|'K(a, a). The ks are called normalized
reproducing kernels of LX(Q, dV). Theyjare unit vectors in LYQ,d¥). It is easy to
see that £1—* is a unit vector of L3(Q, d¥;) for any a in Q. Given an (possibly
unbounded) operator 4 on LYQ, dV;) with the domain of A containing all the nor-
malized reproducing kernels i}-% of LQ,dV,), we can define a function

A(z) on 2 by
A@R) = Ak, kP, zeQ,

where <, >, is the inner product in LX(Q, d¥;). Since A1~* converges to 0 weakly
ifl LYQ, dV,) as z approaches ¢R2 (the topological boundary of Q), it follows that

A is bounded on @ if 4 is bounded, and ;1(:) -0 (z = éQ) if A is compact. When
A =T,, we will write ji; = T, and call zi; the Berezin symbol of u. It is clear
that

12 = S'k:(w)'_?“‘;') de(w), zeQ.

Q

We will denote by f(z. w) the Bergman distance function on Q. For any =
in Q and r > 0, let

E(z,r) = {weQ:B(z,w) <r}.
We denote by |E(z, r), the normalized volume of E(s, #), that is. |E(z, r) ==

= \ dV(w). Given a finite complex Borel measure jz on Q, we define a function

“ E(z, r)

i, on Q by
. E(, 7))
() =— ", zeq.
e ;E(Z, ’_)!1_1
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We will show that E(z, r)1-*is equivalent to V,(E(z, r)) for any fixed r > 0, thus
(G, )
VAE(z, 1))
¢ with respect to dV, when du(z) = @(z)dV,(z). So we can think of i as an
averaging function of y with respect to dV; .

We can now state the main results of the paper.

ii,(2) is equivalent to - , Which is the average over E(z, r) of the function

THEOREM A. For a finite positive Borel measure y on , the following conditions
are all equivalent:

(1) T, is bounded on LXQ, dV,); o

(2) For all (or some) p>1, the mapping i, defined by i(f) = fis a bounded
mapping from L2(Q, dV,) into L*(Q, du);

(3) The Berezin transform i, is bounded on Q;

@) fi, is bounded on Q for all (or some) r > 0;

(5) {ii,(a,)} is a bounded sequence, where {a,} is some sequence in Q independent
of i (see Section 2).

A positive Borel measure p satisfying any of the above conditions is called a
Carleson measure (on the weighted Bergman space L2(Q, dV,)).

THEOREM B. For a finite positive Borel measure p on Q,the following conditions
are all equivalent : '

(1) T, is compact on LYQ, dV));

(2) For all (or some) p>1, the mapping i, defined by i,(f) = fis a compact
mapping from LE(Q, dV,) into LP(Q, dy);

) The Berezin transform i (z) -0 as z — Q;

4 0z) >0 (z—0Q) for ali (or some) r > 0;

(5) fia) =0 (n > + co).

A positive Borel measure satisfying any of the above conditions is called a
vanishing Carleson measure (on the weighted Bergman space L4(Q, dV))).

Let S, (p >1) be the Schatten p-ideal on the Hilbert space L3(Q, d¥,) (see
Section 5), then we have:

THEOREM C. For a finite positive Borel measure i on Q and p =1, the following
conditions are all equivalent: '

)71, €8,

() i1, e LR, K(z,2)dV(z));

(3) &, € LA(Q, K(z,2)dV(2)) for all (or some) r > 0;

@ ¥ (ia)y < + oo.

n:l
When /4 == 0 and p = 2, Theorems A and B were proved in [4]. If 2 = D, the

open unit disc in C, then Theorems A and B even go back to [12], [7], [14].
For @ = D, Theorem C was proved in [11]. Further treatment of Carleson mea-
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2
2
12

sures on the Bergman spaces can be found in [9], [10], [13]. The readers should be
warned that Carleson measures defined here are different from the classical Carleson
measures first introduced by L. Carleson in [5]. The classical Carleson measures
were designed to work for the Hardy space setting.

2. GEOMETRIC PRELIMINARIES

We collect in this section some fact about the Bergman geometry of @ that
we will need later on.

Recall that E(a, r) is the open Bergman metric ball with center a and radius r.
We will need an estimate on the volume of E(a, r).

LeMMA 1. For any v > 0, there exists a constant C (depending on r} such that
C< Ea,r), k(2)*<C

or a¢ll ain Q and = € E(a, r).

This is just Lemma & of [2]. Note that if we let - = @ in the above estimate,
then we get

C< E(a,r) K(a, a)<C
for all a in Q.

LtMMA 2. For any r > 0, s > 0, R > 0, there exists a constant C (depen=
ding on r, s, R} such that

1
-‘_E(a’_i)\. <

C1lg B Y
E(b, s);

for all a, b in Q with fi(a, D)< R.
This is just Lemma 6 of [2].

LemMa 3. For any a. b in Q with B(a, b) < r, there exists a point My, , such
that

E(nz(a’b), -;—) < E(a, r) n E(D, r).

Proof. Let a(t) (0<f<1) be the geodesic (in the Bergman metric) from a
to b. Let M, py = 2(172), then

Bla, s ) = Ba(0), 2(1,2)) = ;_ Ba.b)< .
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Similarly, (b, my, ,y) < —;— Now ifze E (sz(a_b),—;;), then

r r
B(z, )< B(z, my) + BMga sy, @) < £y + -2‘ =T,

Bz, BY< Bz, Miqpy) + Blany» B) < —’2'—+ 3 =r

That is, z € E(a, r) n E(b, r). This completes the proof. %

We will need a decomposition of Q which is similar to the decomposition of D
into equal-sized squares in the pseudo-hyperbolic metric (see [11], [5]).

LemMa 4. For any r > 0, there exists a sequence {a,} in Q satisfying the fol-
lowing two conditions:

) @ =) E@, r);

n=1
(2) There is a positive integer N such that each point z in Q belongs to at most
N of the sets E(a,, 2r).

For a proof of Lemma 4, see (4].

LeMMA 5. For any r > 0 and p =1, there exists a constant C (depending
only on r) such that

C
@rs g S P dVE)
E(a,r)

Jor all f holomorphic and a in Q.

The proof of Lemma 5 is similar to the proof of Lemma 7 in [4], so we omit
the details here.

LemMA 6. Suppose r > 0 and i is a positive Borel measure on Q, then there
exists a constant C (depending only on r) such that

M(E(a’ r))S '

o S W(EG, ) V()

E(a,r)

B

Jor all a in Q.
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Proof. For any @ in Q, we have

p(EG, MNYAV(E) = \ dV(2) S du(w) =

E(a.7) E(a,r) Ez,7)

= \Zata @37 S Yo ) dpGr) =

42 L

S d#(W)S e V) AV = \ dh() S Tugen%) AV

) k7] ) E(a,r)

Note that 7. (W) = Zp () for all z and w in Q, thus

[.I(E(:, l'))dV(Z) = Sd,u(w) S ZE(w_r)(.z) dV(Z) =

E(nr) o E@n

= S%E(a, F) 7 E(w, #) du(w) > S "E(a, r) n E(w.r) du(w).
0 E(u,r)

Applying Lemma 3, we get

S w(E(z, MAV(z) = S IE('”(G,"‘)* '2«)

E(a,r) E(a,r)

b
~du(w)

for all @ in Q. By Lemma 2, there exists a constant C > 0 depending only on 7 such
that

: E(aa T) , < Cl E(’n(a_ w)? ’2) ]
for all a in Q and we E(a, r). This implies that

C S W(E(z, 1) dV(E) = S ‘E(a, r) du(w),

E{a, ) Eta,#)
or
wE@m< - €\ wEe mave
"7 K, ), -~
. E(a,r)
for all ¢ in Q. _ |

Note that Lemma 6 says that the function u(E(z, r)) behaves iike o subhar-
monic function in the Bergman metric.
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3. BOUNDED TOEPLITZ OPERATORS

Let u > 0 be a finite Borel measure on Q. We say that g is a Carleson measure
on LE(Q, dV,) if there exists a constant M > 0 such that

S )7 du(z) < MS 1AV

2 2

for all f in L2(Q, dV,). The following theorem gives a geometric description o
Carleson measures on L2(Q, dV,). In particular, it implies that Carleson measures
on L2(Q, dV,) only depend on 2, not on p.

THEOREM 7. Suppose p = 0 is a finite Borel measure on Q, p = 1, then p is a
Carleson measure on LI(Q, dV,) iff u(E(z, r))] E(z, r)*~* is bounded on Q (as a
JSunction of z) for all (or some) r > 0. Moreover, the following quantities are equiva-
lent for any fixed r > 0 and p > 1

S ) du()

up {_'li(E(z:i (N iz e Q}, SUp{ e o — 1 f€ LL(Q, dV)) &
EGz, P sz)v’ 4 (2)
|2 '
Proof. Suppose
Slf(Z)” e |
M=supl 2 — i feLi@, dV,) < + oo,

[f@FdV,(2)

b,

then
S!f(z) © du(z) < M S"f(z)iv 4V 2)
o 2 :

for all f € L(Q, dV). In particular, if ¢ € Q and

20-9
@) =k @) *

then we have

Slka(Z)F“‘") du() < M
o2
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for all @ in Q. This implics that

g k()P duz) s M

E@nr)

forallain Qand r > 0. By Lemma 1, there exists a constant C > 0 (depending on r
only) such that

‘E(a,r) k()2 =z C?
for all z in E(a, r). Thus we have

du(z) < C*~*M E(a, r)*-*

Ea,r)
for

#(E{a. r)) < C*~*ME(a, r)t-*

for all g in Q. Hence we have

S;f(z) Pdu(z)
sup{gﬂ(E(-q’ ). ra s Q} <CFsupl i fELNQ, dV) L
Ela, )1 S 127 dV2)
n

Conversely, suppose

ME@T)

M = su
P { ‘E(a, r)*-*

:aeQ}<+ oo

for some r > (. We wish to show that u is a Carleson measure on L3, dV;) for
all p = 1.

Fix p>1; applying Lemma 5, we get a constant C > 0 (depending only
on r) such that

RIIRIES E(f,) S Sw) P AV (w)
E(z,7)
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for all f holomorphic in Q and z in Q. This implies that for any a in 2, we have

c

sup{ f(2)" : z € Ela, 1)} < sup {m

S Sw).” dV(w) : z € Ea, r)} <

E(z,r)

= Csup {,—‘Tl”f :ze E(a, r)} f), 7 dV(w).

i .
’ I

E(a,2r)
By Lemma 2, there exists a constant C; > 0 (depending only on r) such that

<
Ez,r),  Ea,r),

for all f(z, ) < r. Thus

sup{ /)7 : = < e, 1) < 70 O S S dV ()

E(a,2r)

for all @ in Q. By Lemma 1, there exists another constant C, > 0 (depending only
on r) such that

] 2 Y »
CGC \ wyr av, o
E{a, r)*~" g ‘j(‘n)‘ )

Eu,2r)

sup{,f(2)?:z € E(a, r)} < -

for all @ in Q. By Lemma 4, there exists a positive integer V and a sequence {«,} in Q
(both depending on r) such that

LO:IE(a,,, ry=Q

n=l
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and each point z in Q belongs to at most N of the sets E(a,,, 2¢). Now if f is holomor-
phic in Q, then

S:_f'(z);"du(z)s i S f(2)? du(z) <
2 " :IE(a“,r)

< Y u(Ea,. 1) suplif()” : = € Ela,, )} <

Rl

< MK, 1) Y P AV (=
< CGG ;.1 Ea,. 1)1 f@.raViz) <
E(nn.:?r)

r

< CC1C2M§ S fz)rdV,(2) < CC1C2NMS f(2)PdV(2).

" “}.'(nn,‘lr) o
This shows that
S FE)7 dutz)
supl 2 ifeIn@.dv) | < CCCN su p{ “-@a«,% ‘a eo}
\ ferrav.e Ea, .
2

We have completed the proof of the theorem.

For a positive Borel measure 4 on Q, let

S )7 du)

‘wi, = sup| F———— 1 f e LUQ,dV)
Sf( 27 4V4(2)

2

Ui e = sup{ S ke (2)2 - du(z) 1ae Q};
o

- E(a,
Al = sup{ ;‘:(( (Z):)_), .aeQ};
by e ME@, ) o
Wt = sup {IE(an,r)il“’ TS
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Carefully examining the proof of Theorem 7, we have:

COROLLARY. For p>1,r >0, and i >0, the quantities ||y, |1Z;]le> ||2+llcos
and |||, are all equivalent.

Hereafter, we will denote by [|u]|.. any of the quantities defined above.
Recall that the Toeplitz operator T, is defined by

T fG) = SK;.(z, W)S09) du(w).
2
flull. < + oo, then T, fis well-defined for all fin L(2, dV,) with p > 1.

THEOREM 8. Suppose p 20 and ||u||.< + oo, then T, is a bounded linear oper-
ator on LY(Q, dV;) for all 1 < p < + oo with norm ||T,||, < Cllull,., where C is a
constant independent of u (but depending on p and J.).

1 1 o ..

Proof. Let — + — =1 and g be a polynomial in L%(Q, dV;), then Fubini’s
p q

theorem gives

(T g)s = ﬂf(z)é’@d#(z).

Applying Cauchy-Schwarz inequality, we get

(T8> < ( Sif(z)ipdn(z))? (Slg(Z)i"dﬂ(Z))_; <
o ’ 0

<l g ( S 1PV (2) ) ( ﬂ }g(z)i"dV;,(z))—;_-
o

Q2

By Corollary to Theorem 7, there exists a constant C > 0 (depending only on p)
such that |ju|l, < Cijull,. Thus

KT, 855 ] < CTilul,ifl, el

for all fin LE(Q, dV,) and polynomials g. Note that for A < ¢4, the polynomials ex-
pand LYQ, dV;). Also it is easy to see that L2(Q, dV,)* =~ LYQ, dV,). Thus the
above inequality shows that T, is bounded on L3(Q, dV;) with ||T, |, dominated by
el -
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When p = 2, the converse of the above result is also trve.

THEOREM 9. If y > 0 and T, is bounded on LY(Q, dV)), then p is ¢ Carleson
measure on L(Q, dV;) with |y, .. dominated by T, ;.

Proof. For any fin LYQ, dV;), we have

SZf(Z)ZQd;«(Z) =LTL o < T fiaf 2 <

Q2

< Ty f s = ;:Tp,fgs )2 dVe).

This proves the theorem.

COROLLARY. For positive Borel measures 11 on Q, ', is equivalent to

T, - sup{ (T, f S FEORAVA) < 1} -

2

Let ¥, be the space of all finite complex Borel measures 1 on Q such that
'ui is a Carleson measurc on the weighted Bergman spaces. We extend the defirition
of I} . to¥; by letting

L =V s
for all p € €, . We have
THEOREM 10.(%,.  |'.)is a Banach space.

Proof. Clearly €; is a normed space. We only need to show the completeness
of ¢, . Assume that {u.} is a Cauchy sequence, then for any & > 0, there is a positive
integer K with p, — p, .. < ¢ whenever #, m > K. In particuiar,

1, (Q) = Sd:.u,, Ky s < 2
o

for all », m > K. This implies that {y,] is a Cauchy sequence in A{(£2) (= C (&)%),
the space of all finite complex Borel measures on Q. By the completeness of (),
there exists g e M(Q) with i, — u(2) >0 (7 > + co). Next we show that
¥, and ‘u, —pb, >0 (7> + o).
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Given ¢ > 0, choose K such that

&lka(Z)Iz““')dlﬂ,, () <

Q2

forallain Qandn, m > K. Let m — + oo in the above inequality, then the bound-
edness of k,(z) (for fixed a in Q) implies that

Ik @PE D, — i) <& (0> K, a € Q).

2

This showsthatp €% ; and |jp, — pli., < eforalln > K. Thusy, —» pin(%, ,u; ) @

4. COMPACT TOEPLITZ QPERATORS

Recall that ¥, is the Banach space of finite complex Borel measures u on Q
such that g is a Carleson measure on the Bergman spaces. Let 49 be the subspace
of ¥, consisting of measures g such that

im ME@ ) _ g
a-02 'E(a, r) 1=+
for all (cr some) r > 0. We have

THEOREM 11. Given 1 €9, , the following conditions are all equivalent:
(1) T\, is compact on LXQ, dV;);
(2) ip: LE(Q, dV,) — LP(Q, dip)) is compact for all (or some) p = 1;
(3) 112) € Cu@), i Slka(Z)F“"'"diﬂ.(—") >0 (a - 00);

2

A~
(4) ue%], ie., (1, (2) € Co(Q) for all (or some) r > O;

.
(%) inia) =0 (n—> +c0);
(6) There exists a sequence {p,} in %, with compact supports such that
ity — fig = O (1 = 00).

Proof. Since all the statements are about i, we may as well assume that ¢ > C.
The proof will follow the order:

B)=@=0)=2 =03

6) = (1) = (4) = (6).
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{3) = (4). Supposc
Kal2)* = Adu(z) - 0 (a - ¢Q),

0
then

k()20 Pdp(z) >0 (g~ 00)
Ela,r)
for all » > 0. Applying Lemma 1, we see that

;t(F(a, wr))

Ela, 1yt -0 (a->2Q)

for all r > 0.
(4) = (5). The construction of {a,} implies that @, —» cQ as n — + oc.

(5) = (2). Assume that

H(E(a,, 1))

E, =0 (n—> + oc0)

We wish to show that i,: L)(Q, dV ;) —» L"(Q, du) iscompactforallp > 1. It suffices
to show thatS V(2P du(z) - 0 if £, — 0 weakly in LE(Q, dV)). It is easy to see that

[2;
£ - 0 weakly in L2(Q, &V,) iff £,(z) —» O uniformly on compact sets and the norms
of f, in L2(Q, dV;) are bounded above. Now fix p > 1 and a sequence {f,! in
L2(Q, dV;) which converges to 0 weakly. Let

M= sup{ Sif,,(z)j”dV,. Z):n=1, 2, } .
Then by the proof of Theorem 7, we have

\perae < 3 nerae =
g e 1:(?:J )

-y Q TG S S @A) <
& A 1

‘ I.E(a,‘ 3] ' L’(a,\,,l’)

v\ e = u(E(a,r)) T

i Eiay.r) E (ak,ZV)



POSITIVE TOEPLITZ OPERATORS 343
Given £ > 0, choose a positive integer K such that

WE@. )
IE(ak B ")Il—A

for all Xk > K + 1. Then we have

\iroraue < 3\ inerae e § | vore <
Q k ;IE(ak,r) k Ay?ll:'(ak&r)

< § | f(@)irdp(z) + CNMe
k=1

' E(ak,r)

for all n=1,2,... . Since f,(z) -0 uniformly on compact scts and each
E(a,, r) has compact closure in Q, thus letting # — + co in the above inequality
gives

lim S] £.(2)Pdpu(z) < CNMe.

it 400
Q

It follows that

N~ 0O

lim S @IPduE) = 0

Q

since ¢ is arbitrary and C, N, M are constants independent of ¢. Hence i, is compact.
2(1—-2)
(2) = (3). Since 7, is compact and k, » —0, weakly in L2(Q, dV)) as
a— 09, thuss ko (2)* = Adu(z) - 0 as a — Q.

2
This completes the proof of the equivalence of (2), (3), (4), and (5). Next we

prove the equivalence of (1), (4), and (6).

(6) = (1). Suppose |ju, — ull. — 0, then “T”n"ﬂ} i| = 0. It is easy to check
that [Ty,; — Tl < T, -l So we have iT,,|— T, =0 (1 c0). Since
each Ty, | is compact and the set of compact operators on L@, dV)) is closed, T,
must be compact.

(1) = (4). Since T, is compact and k}~* — 0 weakly in L}Q, dV,) we must
have

TR K5 = |02 =0

2]
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By the equivalence of (3) and (4), we have i, ¢ C,(Q) for all > 0.

(4 = (6). Suppose r > 0 and &, € Cy(Q). Given ¢ > 0, choose R > 0 such
-;l—l(E(g’ »r))._ < ¢ for all f(0, @) > R. Let p, = Zgmp (0 = 1,2, ...), then
Ela, r)*=*
for all n > R + r, we nave

that

Ty — iy = sup' Hy — 1 (_E_(a, ") ‘a € Q} <

:E(a, I.).ZL— A

e (Ea, o o

< sup{- ‘uﬂ____ﬂ__(a_l._”_ 150, a) < R} -+ sup ;li_iﬂq _')2 /j(()q a) > Ry =
Ela, ry*—* E(a, ryv?

- sup{«“ﬂ—’if‘-—m"’_ﬂf-: O, @) > R} <2 supl HEED o0 oy s Rl <2
’E((I, ,.)‘1“- A jE(a, '.) 1-~-7

This corapletes the proof of the theorem. "5

COROLIARY. 49 is a closed subspace of % ;.

5. TRACE IDEAL TOEPIITZ OPERATORS

Let A be a bouaded operator on & separable Hilbert space H, then the s-num-
bers of A are defined by

s,(A) == inf{id--B :Be 4.}, n=1,2,..,

where #, is the set of all bounded operators on H with rank < #. Since 2, = +#,..,,
the scquence {s,(4)} is non-increasing: s(A) = s:(4) > ... = 54> ... . It
is well-known that if 4 is compact on H, then there exist orthonomal vectors fe,)
and {o,} in H with

ped

‘4 = Z sr:( R e.’:)a:z

no.iL
for
20
Ax = Vi 5, ¥, €,00
n 1
For any 1 € p < + oo, the Schatten ideal S,(H) is defined to be the set of all

0
compact operators 4 on fI such that Y (s, (4)y < + oc. S, is a Banach space
n:-1
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oo 1
with the norm ”A“sp = [ ¥y (s,,(A))”]}’_. S, is also a two-sided ideal of the full al-

ne:l
gebra #(H) of all bounded linear operators on H. For any A€ S,and B, Ce #(H),
we have,
1BAC][s, < lIBi|ll4]s,!ICI-

If A € S, and {e,} is an orthonormal basis for H, then

tr(4) = ¥ ey, ¢

n=1

is convergent and independent of {e,}. If A€ §; and 4 > 0, then [|4|s, = tr(A4).
In general, we have

”AHSP = [tr((A*A)Jz")] I::

For more information on the Schatten ideals, see [6] for example.
In this section, we characterize and study the positive measures p on € such
that T, is in S,(LX(Q, dV,)). Hereafter, we will simply write S, = S, (L2, dV))

THEOREM 12. Suppose p > 0 is a finite Borel measureon Q. Ifp > 1 and r > 0,
then the following conditions are all equivalent:

M T,esS,

(2) ﬁ L€ Lp(Qa K(z, Z)dV(Z)),

() i, eL7(Q, K(z, 2)dV(2));

S [ #(E@,, 1) "
(4) Z [!’E(a“, r):l"l]

o0
=Y, (afa,))’ < + oo, where {a,} is the sequence

n1 ne:l

given by Leinma 4.
Before proving this theorem, we need two lemmas.

LEMMA 13. If A€ S, then

tr(A) = ﬂ CAKA -, 2, K2 D)V 4(2).

Q
Proof. Let {e,} be an orthonormal basis for L}(Q,dV;), then K,(z, w) =
[= 2]
=Y, e,(z)e,(w) and so

ne:l

ne=1

tr(d) = ¥ ey, €2 = 3, S(Ae")(z)'ezz")dn(z) ~
n: =l 2
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= i S<Aens K,( " Z)>;_(’"(:)d V/'.(Z) = § S <en > A:::KA( s :)> /;:-(“:) de(:) =
i 1
£ Q

i

2 7

=y Sii(:')dV,-.(:)
n 1

e, (W) AFK - )w)d V5 (w) =

Dy

. Sd‘%(:)g ( 3 &)K. D6 avien =
o n

=\dV;{(z} S Ki(w, 2)A%K,( -, i’Y)s')'d Vi(w) =

) b}

2

AV APK(- s DYWKG(Ew)dV () =

R A }

£ o
=k B = Gk 7K e -
2 2
= S <AK,‘1( y :)3 K,( ‘y Z)) ;‘dVl (Z) 7
2

Lemma 14. Suppose A, B are compact and 0 < A < B, then s5,(A) < 5,(B)
forallm=1,2,... :

Proof.
Si(d) = A = sup{{dx, x>1ix] = 1} <

< sup {KBx,x): jx7 = 1} = [B] = s,(B).

For n > 1, we apply the thcorem in § 2.1 of 6] to get

S5, +1(A4) = min { sup Ax. Xy, : L is n-dimensional in /} g
< mm{ sup ﬁ ~‘——§>— : L is n dimensional in H} = §,41(B) 72
sert x, x



POSUTIVE TOEPLITZ OPERATORS 347
We now prove Theorem 12. We will follow the order
D)= =0) =@ =)
(1) = (2). Suppose T, € S,. Since 7, > 0, we have
1T, 8, = (7).
Using Lemma 13, we get
|;ué,}= ﬂ}.':""’ FAG A z) =
17,18, =\<TIKC, 2, K-, 29,7 )
o
=\ K, ap-scapes, sy, v 6o,
2

Since p > 1 and each k}~* is a unit vector in LY(Q, dV;), we can apply Proposition
6.4 of [1] to get

I8, > SK(z, DT K4, 1AV (2) =

(7]

= c;1 S (1)K (z, 2)dV(2).

2

(2) = (3). By Lemma 1, there is a constant C > 0 such that

’()—TE("——jl_l—’-'ES du(z) < CS |ko(2)(2Adp(z) <

C g lk (2)12A~Adu(z) = Cp,(a).

2
(3) = (4). By Lemma 6, we have

;«E(an,,-))<1_Ezf"_7’ﬁ S WEG, HAVE), 'n‘= 5,2, ... .

E(a”. r)
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Cauchy-Schwarz inequality gives

W(E@,, DI < = S WEG, MPAVE), n=1.2,...
Ea,, r),

E(a",r)

By Lemma 2, there exists a constant C, > 0 such that

[“ H(E:(a"’ r)")."]p < . El_'_ S [""ﬂ(E(Z"»’t))",""]p dV(Z) n = I: 23 ces
ZE(a"’ r):l—ﬂ‘ E(ans r). :»E(.Z, r)il—-/. 3

Ela,.n)

By Lemma 1, there exists a constant C, > 0 such that

[ “‘E(“"’—m-}ps C, S [-”(g(i’-fz)—]pk(:, DdV(z) n=12,....

E(a,, r) 1" ) iE(z, r)}*
El @)

Therefore,

o p X P

X . _I‘L(EL(I” ?"l))-‘] < CQNS [. /‘(b(i'_r))_] K(z, Z)dV(Z),

il Fla,, r)'- E(z, r)1-*

: 0

or

3 @@y < chou DPK(, DAV (E).
n-1

Q2

(4) = (1). We prove this final implication by complex interpolation. First we
prove the implication directly for p = 1.

T, = tr(T,) = S<T,,K,-.(-, 2, K+ 23,4V (@) =

Q

du(W)S 1K, (0, )V () =

2

= gd VA(z)S K (w, 2) 2du(w) =
7] 2

Dl

= SK 0w, w)du(w) = \ K(z, 2)**du(z) <

n

D~y

it - 1-2 o .,#(_E_(?"’ ':))_
<3 S K @ < C 3 L

I_'(an.r)

The last inequality follows from Lemma 1.
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(o]
Now assume 1 <p < + oo and Y] (ii,(a,))" < + oo; we wish to show that

p==1
T, € S, with [T, /5 < C'Y} (4,(a,))". For any { € C with 0 < Re{ < 1, we define
no:1

a measure y, by

3 [ #Ea,, 1)
9= 3 [, i

n -1

po-1
] Tate, OHE):

oo
Since ¥ (it (a))” <+ oo, we may as well assume that u(E(a,,r))<|E(a,,r)|*~* for

ne=l

all n =1, 2,... . Thus

v [ (@, , 1)

pRe -1
K@ < S ] W(EG@,, ) <
n-:1

Ea,, )=+

B

Y
a1

3 [;Zﬁf“’;}ﬁ?ﬁ]’ W(EGa,, M) = 3 1E(a,, NI+ <

n:1
E(u",l‘)

<Cc¥y S K(z, 2*dV(z) < CNS K(z, 2)!dV(z) = CNC, < + o0,
) .

where the constant Cis from Lemma 1 and N is from Lemma 4. Therefore, each u
is a finite complex Borel measure on Q. Note that p, depends holomorphically on {.

For any 0 € Re{ < I, consider the Toeplitz operator T ug ON LXQ, dv))
defined by

T, /) = sz, W) 0s)dp; ().
(]

It is easy to see that

By Lemma 14, we have

1Z,ls, < 1T, ls, < NIT, s,

P
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So in order to prove T, ¢ §,, it suffices to prove T, € S,. But by complex interpo-

)il
1 1

lation (sce §3.13 of [6] for] example), we have Ty, ;‘sp < ﬂ[;mﬂ‘r’b[fv" where

M, = sup{iT, | :Rey =0},
My = sup (I, I, Re{ = 13,

Note that for complex interpolation, S_ is defined to be the set of all compact oper-
ators A with A5 = 4.
Next we show that M/, < + oo and M, is independent of y. We also show that

‘n'll < C X (ﬁ,((ln))ﬁ
Rl

with C a constant independent of u. This will finish the proof of the thecorem.
For f and g in L¥Q, dV,), we have

(T 1, 8% = Sf(z)§(7)dﬂ;(z.

73
So

(T fipit < S:f(z);ﬂd;ug:(z)sag(z):ﬂdju;:(z .
Q Q
When Re{ =0, we have
PR
Ea,. it

H

i E@ < Y, [

[ S

\ 0,000 =

E(ak,r)

r: 1

< [_ﬁﬁE._(an ).

-1
‘Ea ,-)’1“;_] w(E(ay, ¥) n E(a,, r)).

Note that E(a, , ) n E(a,, r) # 0 implies that a, ¢ E(a, , 2r). Thus by (2) of Lemmu4,
E(ay,, r) meets at most NV of the sets E(a,, #r)(n == 1, 2, ...) for any fixed positive
integer k. Therefore, for any & = 1, 2, ..., thercexists N, < N such that

ﬂ(E((‘«’ni D i))
E(a"i > ;-):1—'7;

(Rofte

v A\A '-
wE@, <y |-

i 1L

--1
] 1(Ea,, vy Ea,, r)) <

Ner (B, , 1) -t N
< \w . s " . 1 Ean., I — \ :E d,., i'l ;1..}..
DO R T O B L T
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By Lemma 2, E(a, , r) 0 E(a,, r) # 0 implies that

:E(a/lia ')1 < C:E(ak: ")‘
with C > 0 depending only on r. Thus for all k =1, 2, , we have

1/ (B(ay, r)) < CYiN, E(a,, r)*=* < NC*~#E(a,, r)lt=.

By Corollary to Theorem 7, there exists a constant C > 0 independent of u

and { such that
Slf(Z)lzd_u;}(Z) < CSIf(Z)FdV;.(Z)

£

for all fin LXQ, dV;). Therefore,

Tt it < e\ if@av,) | s 207
Q2 Q2

This implies that HT,,;H < C for all ¢ with Re ¢ = 0.

When Re{ = 1, we have

K, D' dpl(z) < § [——I‘-ll;((lj_(ﬂ,j—)l?f),}__]p_l K(z, 2~ du(z) <

n==1
E(a".r)

Q

oo B, ) P e, ) _ @[ ey, )
<c§| !E(an,r)ll—z] |E(a,, )i 5 ime ]

where the constant C is from Lemma 1. If {f,} and {g,} are orthonormal bases for

IX(Q,dV,), then

5 KT fo 80i < 3\ 000 @ a0 -
nosl

n-=1
2

S( Y, D) 1|o..(2)l) wl2) < S[Zl lf(z)-] 3 [21 &2, ] d'p(2) =

a1
$

[ HE@,, 1) ]”
\E(a,, r)l-*

n-:1

- SKAZ, 2)dll(z) = SK(z, D) < C 3
2

2
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for all Re [ = 1. This implies that

T, . < C e [.(‘(Ei(;aﬂl_";}). ]p
g 18 S

Eta,, -+

i het

R

for all Re . == 1. Therefore

[>]
“wl < C X (;‘ r(an))p'
n .1

Hence
T L . 1—',1; f ;11? ]-_}27. ~ (A p >
Tuvs, S My "My < C°My *[Y (i(a)|r
n=l
with M, and C independent of u. This completes the proof of Theorem 12. A

COROLLARY. For a positive Borel measure p on Q, the following quantities are
equivalent :
1) T,

@) [ gm LFKG, :)dV(z))]'l‘ ;

17

3 [ S(ﬁ,(z))'v«z, Z)dV(z)]':l»' ;

12

@ [i <ﬁ,(a,,))"]'?%'-

6. EXAMPLES OF CARLESON MEASURES AND TRACE
IDEAL TOEPLITZ OPERATORS

Consider a special class of measures of the form
dp(z) = (@) °K(z, 2)°dV (2)

with f holomorphic in Q, s > 1, and « real. We have following:

PROPOSITION 15. For the measure p defined above, T, is bounded on
LYQ,dVy) iff 1f(2)*K(z, 2)*~* is bounded in Q; T, is compact on LYQ,dV;) iff
1f(2)PK(z,2)*~% > 0, asz — 0Q.
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Proof. We prove the first statement. The second statement has a similar proof.
If | f(z)*K(z, z)*~* < M for all z in Q, then clearly,

Slg(Z)I”dM(Z) =S 181 (2K (z, 2)*dV (z) =

2

- C"S SRR V() < c,-.MS 2274V (2)

2

for all g in LY(Q, dV,). Thus y is a Carleson measure on L2(Q, dV3) and by
Corollary to Theorem 9, T, is bounded on L(Q, dV).
Conversely, if 7, is bounded on LX(,dV,), then by Corollary to Theorem

u
9, there exists a constant C;, > 0 such that

_H(Ea,

12)_ < C
[Ea, )i+

1
for all ¢ in Q. Choose C, > 0 such that

C,

@) < =2
IO < ite
E(

S L f(w)rd V()

)

for all z in Q. By Lemmas 1 and 2, there exists C; > 0 such that

, C, .
Kz, 24 (@) € — L) KOy, w)2dV () =
5O < | 1
E(z,7)
= C‘; il.(:E(,,Z_’_r))‘_ < C1C3
[E(z, r)it=*
for all  in Q. Thus | f(z)*K(z, z)*~* is bounded in Q. 7

PRrROPOSITION 16. Let du(z) = |f(2)iK{(z, 2)*dV(z) with f holomorphic, s 2 1,
and « real, then forallp z 1, we have T, € S, iff f(2)°K(z, zy'~* € L"(Q, K(z, 2)dV(2)).

Proof. Suppose | f(2)*K(z, z)*~*e LP(Q, K(z, z)dV(z)), then

M= S f@)PK(z, zye-#11dV(z) < + oo.

2
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By Lemma 1, there exisis C, > 0 such that

/() K (z, 24V (2)
@) _een
Ea, 1y (@, 1)~

<

c
< -- -1 2)sK(z, 2~ +dV(z
<y Sf() (2, 2y V()
E(a,r)

for all @ in Q. Apply Lemma 1 again to get another constant C, > 0 such that

(» n(E(a, r)) )f’ C”

SPK(z, z)*-4rd V(2
AANILY IEERE S 1(2) PK(z, 2y ndV(E) <

E(a,r)

< G \ f@ K, -y ()

E(a,r)
for all & in Q. Tn particular, we have

a
;,«‘"5_ Ea, ,r)1-4 st

E (u",r)

HEG@,. 1)) ] <GV S ()5 PK(z, =i 1dV(z) < Cy NM < + oo

where N is from Lemma 4. By Theorem 12, we have 7, € §,.
Conversely, suppose T, € S,, then by Theorem 12,

M = S [ S e (w) 20 =% f(w) S K(w, w)=d V(w)]pK(z, AV (z) < + oc.

[Z ]

But by Lemma 1. there exists a constant ¢, > 0 such that

S ke o) 2= f(w) FK(w, w)dV(w) >

124

> S K (n) 208 fWY S KOw, w)edV(w) =
E(z,r)

- &
=
Elz, I)‘ -
E

SO ERGe, w)edV ()

»7)

T G
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for all z in Q. By the proof of Proposition 15, there exists another constant g > 0
such that

1 s , . s a1
1Bz, ryt-2 S |f)EK (w, wyrdV (W) > &)l f(2) Kz, 2)~

E(z,r)

for all z in Q. Therefore,

S[lﬂ':)PK(z, 2K G, V() <

2

< "I,,,;S [) é(;.,’lr");’i-? S SO K(w, wyd V(w)]" Kz, 2dV() <

&
Q2 E(z,1)

2

t

(O]

1
<
ele
. 2

REMARK. We can replace 'f(z)!* in Propositions 15 and 16 by any positive sub-
harmonic function in Q.

[ S [k (W) 2= f(w)|*K(w, w)’dV(w)]p K(z, 2)dV(z) = ~J£—l~— < 4+ oo.
& 14
)

182

ProposITION 17. Suppose ¢ is a positive function on Q, p > 1, and
¢ € LN(Q,K(z, 2)dV(2)), then T, € §,.

Procf. By definition,
T,/(x) = SK (&, wo(w)f(w)dV (w).

Let du(z) = ¢(z)d¥V;(z) then T, = T,. By Theorem 12, it suffices to show that
¥ (ida,)” < + oo.
R Y

&

R 1
1(2) = - - e— p(w)dV,(w) =
,(2) B, - S p(w)dV ;(w)

E(z,r)
C, : ¢
= e U oK, w)A AV (W) € — - L w)d¥V(w),
B, r)ﬁ-"s ) < Tk S S

E(z,7)

E(z,r)
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where C, is a constant from Lemma 1. By Cauchy-Schwarz,

i< —E( o@yrdro).
G
L(z,7)

Apply Lemma 1 again 10 get another constant C, > 0 with

ﬁmV<QSMWmeww

E(z.r)
or all z in Q. In particular,
=0 ) 0
Y A" < G Y o(w)’ Ky, w)dV(w) <
nosL n 1
E(u”,v‘)
< Cg.‘VS(,O(W)DK(‘A‘, wWdI{(w) < = co. 7
2

Reseavch suppoited by the Nutional Scienve Founrdation.
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