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NILPOTENT OPERATORS AND SYSTEMS OF PROJECTIONS

ESTEBAN ANDRUCHOW and DEMETRIO STOJANOFF

INTRODUCTION

In {2], Corach, Porta and Recht studied the properties of 4p = {a €4
: p(a) = 0}, where 4 is a complex Banach algebra and p € C[x] has simple roots.

This set is identified with the universal model {(Pl, o P)eA . P=P,,

P.P; =0 when { # j and Y P, = 1} , the set of systems of projectors of A; an

i=1
action of the group of invertible elements of 4 on both sets is introduced: uxg =
= uau =, where u is invertible and a is either a root or a system of projectors. The
main result establishes that 4, with the action mentioned, is a union of homoge-
neous spaces.
This is no longer the case- when the polynomial has multiple roots.

The analysis is reduced, essentially, to problems coneerning nilpotent
elements. Even so the problem remains difficult in the case of a well known exam-
ple, the algebra L(H) of all bounded linear operators acting on a complex, separa-
ble Hilbert space H, which is the case we will study here.

In [1], Fialkow and Herrero, proved that the map 7y : G(H) = S(T) (np(U) =
= UTU-?) has local cross sections if and only if 7" is similar to a nice Jordan
nilpotent ([1], 16.1; see Section 3 below). Here G(H) denotes the group of
invertible elements of L(H) and S(T) = {T’: 7" is similar to T, i.e., T' = UTU-!
for some U € G(H)} is the similarity orbit of T.

In this paper we consider the application ¢, which assigns to a nilpotent oper-
ator T of order n, the system of selfadjoint projectors wich triangularizes 7', through
the canonical decomposition of T, that is

(p(T) = (PkCrT’PkerT‘l ©kerT? * "2 Phch" o l\'el‘Tn_l)’

where P,, denotes the orthogonal projection onto the subspace M.
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We will define an action of G(#) on these n-tuples in terms of a map (the
Gram -- Schmidt map; Section 1), that “orthonormalizes™ & given system of
idempotents, and is compatible with the maps =, and ¢ (see Section 2).

The main result of this paper is the churacterization of the continuity points
of ¢, considered as an application from the set N,(f1) of nilpotent operators of
order n into the sct of selfadivint systems of projectors: « is continuous ut
T if and only if 7" is similar to ¢; @ qf,w), 0 <j <tn~-1 (where ¢, is the Jordan nil-
potent cell in C#°/ (Theorem 3.9)). Therefore the points of continuity of ¢ form
an open dense subset of N, (H). Moreover, ¢ ] S(T) is continuous if =y has
local cross sections (Proposition 3.2).

In Section 4 we study the analogous problem in the Calkin algebra. A map ¢
is defined from the orbit of similarity of n(’q,(f’)) {the class of qff’), which is open and
dense in N, (A(H))), into the systems of projectors of the Calkin algebra. This is
done in a natural way, with the coordinates of ¢ in the C*-algebra generated by
n(q ) and =(f). Unfortunately, there'is no natural way, in general, to define ¢ out-
side S(rz(qw")

We wish to thank Pnofessor D. A. Herrero for his unvaluable advice, for
his comments on a first draft of this paper and for suggesting the form of the main
result and many interesting remarks. We also thank Professor G. Corach for guid:
ing us in the study of these problems.. :

This work has been supported by C.I.C. (Comisién de investigaciones Cien-
tificas de fa Provincia de Buenos Aires) and CONICET (Conscjo Nacional de
investigaciones Cientificas y Técnicas).

NOTATIONS
In what follows, K1 H will denote the ideal of compact operators and A(H) =

< L(H)YR(H) is the Colkin algebra.

NAH)Y= T a¢L(H): 77 =0 and 7771 %

LG e fip Py e LY P = P PP (it

E

it oand VP, s ]
fs| 3
and
PAITy = iy, ... PYCI{H): P¥ = P,

L{ff)and P4 #) arc closed subsets of L./ with its usual topology. N (A(#)),
LLACH)) and P A vre analogousiy defined. By subspace we mean a closed
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linear manifold of a Hilbert space. Given a subspace S = H we denote by P the
projector (i.e. selfadjoint idempotent) onto S.

gy € L(C¥) is the operator defined by

0 ifi=1
ei.y ifi#1l’

¥

q.(e;) = {

where {€;}1.i< 1S the canonical orthonormal basis of Ck.
If A € L(H), then rank(4) = dim R(4) and nul(4) = dim ker(4).

1. ORTHONORMALIZATION OF 1IDEMPOTENTS

Let /(H) = (P € L(H): P? = P} be the set of all idempotents of L(H), and
let P(H) = {P e I(H): P* = P} be the selfadjoint ones.

Given an idempotent P € I(H), there is a formula for the rrojector onto
the range of P, Ppry € P(H), given by

(]-]) PR(,») = PP*( — (P ~- p::()z) -1,

R(P)
P = (1 A) ,
0 0 R(P)J‘

Indeed if

then
Pt = (1 N, ppr = (’ +AA4T 0y
A% 0 0o 0
PPt = ( o A) and (P - P = (“““* ° 9.
—A* 0 0 —4%4

I+ AA4* 0
0 I+ A*A
so (1.1) follows immediately. Thus, we can define a surjective map

Hence 7 — (P — P*)? = ( ) which is clearly invertible, and

GS,: I(H) - P(H) by GSy(P) = Pxpy, P €l(H).
More gencrally, we can define the map

GS,: 1,(H) - P,(H)
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{which we call the Gram —Schriid map) as follows zf P= (P1 - .,‘Pn) & 1(H),
then '

1) GS,(P), = GSy(Py)
{1.2)

2) GS,(P); = GS (i ) as:(y ) 1<isn
= =1

REMARK 1.3. R(P, + ..+ P) = RGS,(P), -+ .. + GS (P, L 27 < n
It is completely apparent that GS(P) € P, (H).

It 1s clear that the map GS,(P) is continuous, and that through (.
<an be described in terms of £,, PF and I in such & way that GSn P& s In thc
C*-algebra rcnemted b) P lgig n}

Next we will ses ‘ihdt PGI(H) and GS (P dr«. ' <similar . thar s
ProrvosirioN 1.4, If . P <I(Py,.. .y n) € L{HY i GS,‘P (X 0.)
= UPU™, 1 <7< o

-3

then U~ Y Q.P; = G(H) and ©,
i==l

Proof. Tt is easy to sec that QU = UP,, 1 < { Z i, »0 it sutfices to mwe
that U is invertible. Firs: we will show that

o
7

PjQi:O: QjPi i<

Ifi = 1. P,Q, = P;P,Q; = . By induction, we deduce that if j > 7= I, then
o
1—1
P, = PQ‘ + ZQﬂuP X

()_ pk) (i; Qﬂ) = 0.

Simiiarly 0P, = 0. So il i ¥/ (0 P) =0 and

,‘.;1=(”‘_Q¢.)n(‘;1ﬁ) ‘E £+ 3, OF

then L Lo
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Hut
A= QPYU+ QP) =1 - ): QP
Y : G ey,
By induction, we obtain UR; =1~ ¥, Q,P;, where Rl = (l + QIPQ;  +

Begielf

vy O1P) (I + OyP).
By another inductive argument, we see that

: URR, ... R,_, =1,
“where L Lt
=0+ QPii)U 4+ QPiysy ... I+ QP (Agign—=1).:
"Thus U 1s right invertible.

A similar argument shows that

RIRZ’ . R"_]_(JV =* I.

ience, U is invertible (U-* = RyRy ... R, 1)." L R

ReMARK 1.5, 1) The map GS,: 1 (H) — P ({1} is 2 homotopic equivalence.
dndeed, let L .

P=(P,...,P)s1(H);

"y an argument analogous to the proof of Proposition 1.4,

W (P) = Z [tP, + (1 —_ t)GS,,(P) 1P; < G(H), tel0, 11
i=1
‘Then Fit, P) = (W (PYP (P)7Y, ..., ¢, (PP, (Py-Y) is the required homotopy.
2) Theinvertible U of 1.4 belongs to the C*-algebra generated by P, , 1 <i <a.
Given a fixed P = (P, ..., P,) €1 (H), we define the map
7y G(HY) - 1(H), &, (V)=WpP¥ ', . VPV, VeGH).

Clearly, & p is continuous. It is known that #'pG(H)) = S{P} is the compo-
nent of P in 1,(H) (cf. [2]). Moreover, given P’ = (£}, , Py = 7 p(G(H)) taere
s a neighborhood % of P’ in I,(H) such that {57 '@ =(Q;.....Q;) in %,

i‘l Q;P; € G(H) because y' Q;P; is close to 1. ST
Jemd i=1
ProrosiTioN 1.6. Let P € 1(H). Then for ev L‘il’ P’ =& {G(H)) there exists a

aeighborhood U p < I (H) and a local Cross scc Imn Spl /7/ o G(H), that is, P p e spr =
= 1d W p . o
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Froof. If P = P, we define

Sp:¥p = GH) by sp(Q) = Q

i

M P # P,let U e G(H) such that P’ = UPU -1, Here we take % p = U4p0
and sp(Q) ~ Usg{U-QU). Tt is straightforward to verify that this is, indeed
a Jocal cross section. The continuity is trivial.

Finally observe that. from (1.2) and (1.6), for a fixed n-tuple P € P(H) we

oblain 2 map Pp: GH) — P(H), as follows:
By conjugation of P we obtain elements of 1,(H), not necessarily in P,(f])..
Debine

amn V) = GSUSL (V). V eGU.

(1.8) Clearly, the loca) cross section sp- of (1.6) (P’ €Y p(G(H))) restricted te
Ve = Gp PR, is 2 Jocal cross section for the map & 5.

2. NILPGTENT OPERATORS AND P(H)

Given 2a nilpotent opcrator TeN(H)=AT el(H):T"=0, T°-' % 0.
there is 2 decomaposition of H into n subspaces ff,, ..., H, such that the matrix o*
7' in that decomposition is strictly upper triangular

[0 A, Ag... Ay, ]

0 Aw... .

7= 0 .
0 Ay,
0 A

where A;; = P X, TP}J oMy =XerT and M,y =kerT,, O kerTH, 1 <ign—1"

This is known as the @u» romical decomposition of 7.
So, 10 each " e N {H) we can assign in a natural way an element of P l).
We define:
@ : NJ(H)— P,(H) by
(2.5, ‘
W= (P, ..P

kT “raT oker? t 2

P

ker T" ¢ ker T” "-)'
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In this paper we will study some facts about this application @. Cicarly
Py e pitt o per 7t = Proegitt = Pree i~ SO 10 many cases it will suffice to study the

;properties of I' — P, i as those of ¢(T) = P .

Rimarks 2.2, 1) It follows from spectral theory that ¢(T) = Pyt =
= Lol THT) (cf. [5], 12.29).

2)If P=(P,...,P)eP(H) and there exists T € N,(H) with @(T) = P,
hen

rank(P,) > rank(P,) > ... > rank(P,) # 0.

Indeed from the fact that T(ker T¥) = kerT°-1, 2 < i < n, and kex 7% =
=ker T @ R(P;), we have R(P;) = kerT' © ker T¢~L. Hence the application
‘T:ker T > ker 7'~ induces T :kerT' © ker7? - — kerT'~1 © ker T%~2 which
ris a monomorphism of vector spaces. So rank(P;) < rank(P;.,), 2 < i < n.

Now we define P}(H) = {(Py, ..., P,) € P(H):rank(P,) # 0," rank(P;) <
< rank(P;_y), 2 < i < n}. It is not difficult to check that:

ProPOSITION 2.3. The image of ¢ coincides with. P (H).

Given a fixed T € N,(H), we have a natural map
2.4 np: G(H) = N,(H) by nf(V)=VT¥V-1, VeGH).

Combining this map with ¢ we obtain, for a fixed P ‘=‘ Py ... P) € PH(H)
and a T N,(H) such that ¢(T) = P, an application

72.5) - Spri GH) = Pi(H) by Spa(¥) = ¢(ny(V)).

At first sight this application depends on T {the mention of P in the notation is
sedundant, for P depends on T).

PROPOSITION 2.6. The application Spy coincides with %5 (of (1.7)} and so it
s continuous and does not depend on T but on o(T) = P.

Moreover, we can construct the following comunitative diagram:

7 NAH) ~
"T// " N
N

Fp=Spr .
G(H) e er P, H).

pd
Sy e PR
1,(H) 7

)
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Proof. First we fin U € G(H).

Pl -tz ((j’l’llj "ﬂ, ey UP"U_I) GI,;(H):
and so

REPUY + .= UPLU-Y) =
(2.7)
=RULPU)S ... ®RUPLLUD). 1<i<n

(the direct sum is not neccessarily orthogonal).
If i~ 1, ket(UTU ) = UkerT = UR(P,) = RWUP,U-Y) so oL TL 1) =
= PRWPID._.ﬂ) = GS (& 1)), as desired.

H i>1, let M;-=ker(UT'U?) ©ker(UT WU, So @ UTU )~ Py -
But for 1 €j<n we have

ket(UT'U™) = UQR(P, + ... + P)) = RUP U™ + ... + UP,U™
= RUUPLU™ @ ... @ R(UP,U™Y)
by (2.7). Then
M; = ker(UT'U™) © ker(UT*-'U"?) = [RUFRUH @ ... @ RWUFRL ) &
© [RUPUDY @ ... ® RWUP,_\UY)] = R(GS(¥U)),)

which completes the proof. Z

COROLLARY 2.8. Given P € P;(H) and T € N,(H) with o(T) = P, there exist
a neighborhood Vyp < P,(H) of P and a local cross section tp: Vp — N(H), of ¢.
i petp = idVP, such thet to(P) =T and tp(Vp) = S(T).

Proof. We define 1, == 7y = §p, Where sp: Vp — G(H) is the local cross section:
given in (1.8). Clearly, ¢, is continuous and ¢ ¢ 7y ~s,= 8p rc Sp="S8p > §p= idVP by
(2.7). It is immediate thatf,(P) == T and ip(Vp) < S(T). %.

3. POINTS OF CONTINUITY OF THE CANONICAL DECOMPOSITION OF A
NILPOTENT OPERATOR

In this section we will see that ¢ : N, (H) — P;} is not continuous in general,
We will characterize thz points of continuity of ¢, which form an open dense
subsct of N,(H).

It is not difficult to find examples where the application ¢, 0(T) = Py is
not continucus (and therefore neither is ).
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Let (o,)nen. be 2 sequence verifying

o, >0 (n—c0)
«, =0 if nis odd.

D= D(u") is the diagonal operator with weights «, on ¢%(N) for a given orthonormal

basis {€;}ren, that is, De, = oye,. Let S be the unilateral shift and 7 ="SD. It is
clear that T = 0. Now let T,, = P,T, where P, is the projector onto the first # coor-
dinates. Then 7? =0, and

IT — T,I| < sup |oo| ——0.
k>n (n—>00)

But J — Pyerry has infinite rank, and I-Pke,(T") (n € N) have finite rank, so that
P kcr(T") - P, ker(T) -

)
ProrosiTiON 3.1. Let T € N,(H) be a nilpotent such that ¢ is continuous at T.
If S is similar to T then ¢ is continuous at S.

Proof. Let (S,),», be a sequence such that S, € N, (H), Skﬁs' IfS=UTU?
with U € G(H), then itis clear that U“1S,,U—(;——)> T. Hence (p(U‘lSkU)-(—k——;(p(T),
00 ~00,
On the other hand, using that

o(Sy) = GS,(Up(U 1S U)UY)
and

@(8) = GS,(Up(T)U™Y)
and the fact that GS, is continuous. we conclude that ¢(S;) (k——)> @(S). %
00,

Now we will state a result relating the continuity of ¢ restricted to S(7)
and the existence of local cross sections of the map n,: G(H) — S(T).

ProrosiTiON 3.2, If 7y : G(H) — S(T) has local cross sections, then (p]S(T)=
is continuous.

Proof. By Proposition 3.1, it suffices to prove that ¢ ] S(T) is continuous at T.
Let W, TW;? g T and let % be a neighborhood of T in S(T) with scr : %y —

~ G(H) a local cross section. Then for k large, W, TW;* € %;. So by (2.6) we
have

oW TWY) = ¢ o np(scy(W, TWY) = SP(SCT(WkTWk— 9))

where both S, and sc; are continuous.
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COROLLARY 3.3. If S(T) is open in N (H) and has Iocal cross sections, then @
As continuous at T.

L. A. Fialkow and D. A. Herrero ([1], Theorem 16.1) have characterized
the operators such that S(7) has local cross sections. If T is mlpotem, 1 S{T)

has local cross sections it and only if T is similar to @ q , where 0 < #; < o0
j=1
for every j but one index j,. and %, = +oo.

This leads us to study the problem of the continuity of ¢ for certain classss
of nilpotents, esspecially Jordan and nice Jordan nilpotents, whose similarity orbits
have convenient properties.

We define

J(HT) = ] TeN,): T ~ <+) a P 0< < oo}

7
1

Jordan nilpotents of order i,

- (. -1
NJ(H) < {TeN,.(H):T @ € c g7,y %-<oo}

j=1
nice Jordan nilpotents of order n,

0,=q,@¢%, 1<j<n—1 Qy=¢™

:and ;
Ny (H) == {TcL(H): T eK(H) and T"-! + T+ is Fredholm}.

The following is well known ([3], Chapters 7, 8).

TreoreM 3.4, 1) J.(H) is dense in N,(H), ([3], Theorem 7.15 ).

i) g D¢ eSO)-, 0<j<n—1

iil) S(gi™ @ g5 == N,(H) - N;(H), ([3], Corollary 8.2

) -1 (x.
iv) S(O)" n N, consists of operators similar to ¢ @& © q;ﬂ such that
,;c]l
n-1 - /*1 "
2_]:» < 00, E]ot =nk + i for some k>0, and rank[( )) ] <
: % rank[(g; & q("))"‘], £ m<g A
v) S(Q)) is open in S(Q;)~, ({3], Proposition 8.19].

REMARK 3.5, 1) From (3.4 iv)) it follows that

S(Q/)~ n N(H) = NJ(H).
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n-1 n-1
(= D

DI T~g™® @ q;," » dr = Y Jj# <oo and dy = nk +r, then
j=1 j=1

n=1 (4. ¢
T € $(Q,)~, moreover @ qj. 7 e S(q, ®q¥)~ in L(C IT), ({3], Chapter 2).
Jj=1
n-1
COROLLARY 3.6. | S(Q;) is dense in N,(H).
j=0

n-1 -
Proof. Using 3.4(i) it suffices to prove that J,(H) < [U S(Qj)] , and
j=0

using 3.4 (ii) and (iii) it is enough to see that

n-1 -
J,(H) 0 N (H) = Ni(H) = [u s©)]
ji=0
which follows by (3.4). %
CorOLLARY 3.7. S(Q;) is open in N(H),0 < j < n—1.

Proof. This is a consequence of (3.4(v)), (3.6) and the fact that Q; ¢ S(Q,)~ if
r # j, which holds by (3.4(iv)).

COROLLARY 3.8.

N,(H) 0 N (H) = NJ(H).

Proof. Let T € N,(H)n N} (H); by (3.6) there exists j, 0 < j < n—1, such
that T e S(Q;)~ n N;F(H). Then, using (3.5(1)), T € NJ,(H). The other inclusion
is clear.

Now we are able to characterize the points of continuity of ¢.

THEOREM 3.9. Let T € N,(H). Then ¢ is continuous at T if and only if
T~qg;®q™ forsomej, 0<j<n—1

In particular, the points of continuity of ¢ form an open deuse subset of N (H).

n-1
Proof. By (3.3) and (3.7) it is clear that if T e{_) S(2;), then ¢ is conti-
i=0
nuous at 7.
n-1
Assume that T'¢ () S(@Q;), we will consider two cases.
j=0
First: T¢ N;J(H). By (3.4(ii)), therc cxists a scquence [Mli-nx in G(#H)
such that
W™ @ g T E

k-ro0)
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Let H, be the subspace of H associated to ¢{®? and H, the one associated to
gi®'. We define, for a fixed S < H;, dimS = 2, the operators R,, = (1 m)g, 3
D ¢ @ ¢ where ¢, acts on S, ¢ on H, © S and ¢¢ on H,.

For a fixed k e N

W R,"W, T‘> W,,(q("‘) D (,(oo))Wk

Let B, = WR W 1. if my is large enough, then

B~ Wi(¢i™ © g&Wit < Lk

1t is clear that B,‘,

= T. But ker B, < ker (W (¢ @ afNW; 1) with codimen-

sion 1 for cvery l\ EI\. And then

'P -P o= 1

kcr[»i’k(q(l”) ® q,(f"))l!'; 1]“1 l\Cl‘Bk '~

i

for every k eN.

Now, because W, (¢ -l —s T if P
Now, use WGy @ gy (5 0) f ker[wk(q(oo)@q(ao))” -1, (::*/:3))

“_.,.'_>) Py v, then ¢ 1s not continuous at 7. Otherwise, Py, B, (77") Prerr, SO O iS
v =k O

not continuous in this case.
Second: T e N, ([I ) NN, (H). By (3.8) we know that T € NJ(H). Suppose

n-1 n-1
that 7'~ ¢ @ Q a = Q with dy = ¥ ju; < oo and either «; > 1 for some
j=1

index j or there is more than one %; with x; > 0 (i.e. Q is not similar to any of the
Q,,0<r<n—-1).
Lsmg (3.1) it suffices to see that ¢ is not continuous at Q. Let

n--1
dy = ijJ-:nk-i-r, Ok, OKSr<n
i
n=-1
then, because of (3.5(iit})), @ € S(Q,)~, @ ¢ S(Q,) and @ qi“i) €S>, ® ¢\,
Suppose k#0. Let (R} < S(g ®q¢*) be a sequencc such that

n-1 n-1
me»a @ q “, We have that( @ q(“f)) = 0, but

(- 200)
nul(RAY) = dy - k.

So R, @® q(°°) —_— () and ker[(R,, ® ()" 1] < ker 0"-1 with codimension

k >0 for cver) W el\.
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Therefore

LP

S =1
kerl(R | @ qglm))n-—ll Ker @" 1”

for every m € N. Itis clear then that ¢ cannot be continuous at Q.

n-1
k=0, @ q(’_“i) € S(g,)”, then o; =0 for j > r. A formal repetition of
jer
the above argument shows that ”Pkcr[mm o (-] — Py Q,_I)H = 1 foreverym e N.
Once again, we conclude that ¢ cannot be continuous at Q. 7

4. THE CANONICAL DECOMPOSITION IN THE CALKIN ALGEBRA

In this section our aim is to assign an n-tuple of selfadjoint ‘orthogonal”
idempotents to a given nilpotent of order n of the Calkin algebra A(H).

Unfortunately, this cannot always be done in a natural way (see Remark
4.7, below).

However, there is a way to define the desired map for a class of nilpotents
which is dense and open in N,(4(H)). To do so we need some results about simila-
rity orbits in the Calkin algebra.

LeMMa 4.1. (See [3], Proposition 7.22). Let T € L(H), with 7n(T) € N,(A(H)).
The following are equivalent:

() T ~J + K, where J € NJ,(H) and K is compact.

(i) T = WIV + K, where J ~ ¢, W, V are Fredholm operators such that
a(Win(V) = n(V)a(W ) = n(1) and K is compact.

(i) T¢ + T*#"=4 is Fredholm for every 1 < j

(iv) T/ + T5"=4 js Fredholm for sonie j, 1 <

In other words, we have that

<n—1.
j<n—1

n(NJ(H)) = S(r(gi)) = {t € N,(A(H)): t"~* + t* € G(A(H))}.

PROPOSITION 4.2. If T € NJ,(H), then

43)  Ppgu-ry = TURTRCH(TTE 4 THRY(TH R 4 TF) 4 P2

where P = P, .« o Ry has finite rank.

Proof. Let A = (T"~% + T*K(T*"~% 4 T%). Ais a selfadjoint Fredholm oper-
ator and A + Pyerqy € G(H); moreover, A is the sum of the operators Tr-kp*n-k
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and T*:T* whose ranges are orthogonal. Thus, ker(4) = ker(T*) n ker (T5+*) =
== ker(T*) © R(T*%), and

I=(Ad+P)(A +P)yt=
w2 TR K4 4 P)F + P(A -+ P)=t + THTH4 + P) 2.
It is easy to s2z that
Takpie-kp o= pIa-tyar=k =
T Tsp = PT*+T% =0

and that 77%7% % and T7* commute with A4.
So we have

T;:'—_-;T:j:z—/c(A o P)——l 4+ T:::;‘.'T,/':(A + P)——l + P — I

where the three summands are selfadjoint and the product of any two different
is zero.

We conclude that 777%7#~5(4 4 P)~1is the projector onto R(T*~*).

The fact that rank{P) < oo is clear by using that 4 is Fredholm. %)

REMARK 4.4, The same formula holds if T = J,(H).

We are now able to define the analogous of the mapping ¢ for ¢ & S((¢5)).
Let
Tfs(") = tn—[:t=;=r:—l:(t>::iz—.‘; =+ té’c)-l(t:z—k + t:{:l:)—-l

and

4.5) @3 = (0 () — n@s -y (D) = Tama(2).

THrorReEM 4.6, The map
¢ S(r(gF) —» P(A(H))
is consinuous. If t € S(={0;°)), T e N{H) and n(T) = ¢, then
O) = (modT), ..., =0 (TH.

Proof. The continuity of & is obvious.
T e N(H), o) = ¢ € S, by uslng (3.8) we deduce that 7'¢ N/ (0
so thet (4.3) holds.
Therefors
2] P —
Lrerirtsy I rra=ty = Py w o rern- %

has finite rank.
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Then
(1) = n(Prru-ty) = 7P 18)
so that ¢, (1) = ne (D). %

REMARKS 4.7.1) The n-tuple of “orthogonal’’ idempotents ¢(t) of Theorem
4.6 triangularizes ¢.
2) If T e S(g), then

Pkcrz‘k = Tn—kT:'sn—k(T::m—k + Tk)—l(Tn-k + T*k)_l, 1 < A < - 1,

because R(T"-%) = ker T* and T"~% + T** is invertible.

3) Xf T eJ,(H), then ¢,(T) belongs to the C*-algebra C*(T) generated by T
and I. Indeed, using ([3], 7.13), R(T%) is closed, so 0 is an isolated point of ¢(T*<T*)
1<k n—1, then

P

Yer Tk = Zm}(T:kka) e C:::(T).

4) Let N,(A(H)) = {ae€ A(H): a" =0, a"~! # 0}. According to C. Olsen,
[4], given t € N,(A(H)) there exists T € N,(H) such that n(T) = ¢, where n: L(H) —
— A(H) is the natural projection.

One would like to define
(4.8) o(t) = (npT), ..., np,(T)).

But this is not well-defined in general.

If 0 is an isolated point of the essential spectrum of T**T* for every k,1<k<
< u — 1, then it follows from [3], 7.17, that T can be chosen so that 0 is an isolated
point of the spectrum of T*KT* (this is equivalent to saying that 7 € J (H)). In this
case by using the same argument as in 4.7.3, we can define

a(r) = - S (2 — 179412
2ni

JBy,
where B, is an open neighborhood of 0 in C such that B, 1 o(1**1*)=0. Moreover
‘;(t) = (:I;l(t): ’?2(’) - :{10): LY '7”_1([) - ?n—‘.’(t)s 1— '?n—l(t))

which verifies (4.8), for every 7 € J,(H) such that n(T) = #. Also it is clear that
@) € CH@).

A formal repetition of the proof of Theorem 3.9 shows that ¢ is continuous
at ¢ if and only if T € NJ (H) (equivalently, 1 € S(n(g))).

5) On the other hand, if 0 is not an isolated point of the essential spectrum
of T#+T* for some k, 1 < k < n — 1, then there is no way to define 7, with n(T) = ¢,
so that P, € C*(T), and no natural way to define ¢(¢). For instance, it is a classi-
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cal exercise that, whatever definition we choose for T, there exist three pairwise ortho-
gonalidempotents, P, P, and P, of infinite rank such that P, =~ P, + P, = Pyn
PPy pnete = Py P = Py (f = 1,2,3) and Py(TT) and (T¥T#%)P; are com-
pact operators for j = 1, 2. Clearly, there is no natural definition for G(¢#). in this
cuse.

{Consider, for instance, the order two niipotent

T_(o H)Lﬁ([o,lj, dx)
0 0/ L¥[0.1]. dx)’

where £ is the “multiplication by x*° on L*[0.1], dx).}
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