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PERTURBATIONS OF NEST~SUBALGEBRAS OoF
VON NEUMANN ALGEBRAS

FLORIN POP

In [6] E. C. Lance initiated the perturbation theory of nest algebras and
proved that, roughly speaking, two nest algebras are close if and only if their inva-
riant nests are close and in fact they are similar via an invertible operator close
to the identity.

In [4] and {5] F. Gilfeather and D. R. Larson investigated a special
class of reflexive algebras, the nest-subalgebras of von Neumann algebras.

In [2] K. R. Davidson suggested an analogue of Lance’s results for nest-
-subalgebras of approximately finite von Neumann algebras.

More precisely, let H denote a Hilbert space, B(#) the algebra of bounded
operators on H and M < B(H) a von Neumann algebra. Let L « M be a nest
(i.e. a totally ordered strongly closed family) of projections and define the algebras

AlgL = {xeB(H);(l —p)xp =0 (V)pel}

(the nest algebra with respect to L) and M n AlgL the nest-subalgebra of M
with respect to L.

The natural extension of Lance’s result is that two nests L, and L, in M
are close (i.e. there is a lattice isomorphism of L, onto L, close to the identity)
if and only if the algebras M n Alg L, and AM n AlgL, are close in the Hausdorff
metric.

Unfortunately, this fails to be true if one does not take certain precautions
on M.

A first necessary condition is that M must be a factor.

Indeed, suppose that the center of M is not trivial. We may consider then
two nests L, < L, in the center, L, # L,. It follows that

MOAIgL, = MOAlgL, = M

but however L, and L, are not close.
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In this paper we show that this is the only obstruction and we obtain the desired
perturbation results in arbitrary factors.

The main ingredient is that in this case nests have a reflexivity-type property
(Lemma 3).

We also prove a von Neumann algebra analogue of W. Arveson’s distance
formula (Theorem 2), which removes the hyperfiniteness hypothesis for M, heavily
used in [2] and [4].

I would like to thank Professor Serban Stratild for his constant support and
Gabriel Nagy for several fruitful conversations.

LemMMma 1. Let M be a von Neumamn algebra and 0 # p < g<r # 1 be
projections in M. If S = (1 — p)Mr, then for every x in S

dist(x, ¢S(r — p)) = max(jixpil, {1 — g@)x}).

Proof. Consider the operators a = gxp, b = (1 — ¢)xp, ¢ = (1 — g)x(r — p).
Since x — (a + b + ¢) belongs to ¢.S(r — p), one has
dist(x, gS(» — p)) = dist(e + b + ¢, ¢S(r — p)).

Note that xp = a + b and (I — ¢)x = b + ¢. We may clearly assume that
fapll <1 and ||(I — g)x|] < 1, hence a*a + b*bh < p and bb* + cc* < 1 —gq.
There exist contractions i, € pMp, v, € (1 — )M (1l — ¢), v and v in M such that

1 1 1 S
(@*a)® = uy(p — b*p)* and (cc®)® = vy((1 — q) — bb¥)?,
1

so that @ = u(p — b*b)* and ¢* = o((l — q) — bb*)% ([3]). Moreover,
u=(g—pup and v=(—pp{i—y9g).

Let p=(p— b*b)% +b6—0"+ (1 —q)— bb*)% Routine computations yield
wu+A—-—9)y(p+ v¥)=a+ b+ ¢c— ubv®,

lu+1—gqi<1, lp+v¥ <1 and yy* =p + 1 —q hence [y|| = 1. Finally,
since ubv* € ¢S(r — p), it follows that |la + b + ¢ — ubv*|i < 1, hence

dist(a + b + ¢, ¢S(r — p)) < 1.
On the other side it is easy to see that
max(|[xpl], [i(1 —.g)x|)) < dist(x, ¢S(r — p))

and the conclusion follows.
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Let now L < M be a nest and A = M N AlgL be the corresponding nest-
-subalgebra.

THEOREM 2. For every x in M
dist(x, A) = supli(l — p)xp|.
pel
Proof. By a slight variation of [1, Lemma 1] we may assume that

L={0#p <...<p, #1}, n21.

For any x in M we note that
(1 = p)Ap, = (pe — p)A(p, — p1) ® (1 — p)A(p, — py) =

= (p’.l - pl)M(l.)u - pl) @ (1 - pz)A(pn —pl)s

hence
dist(x, A) = dist((1 — p)xp,, (1 - p)Ap,) <
< dlSt((l - pl)xpn - (1 - Pz)a(Pn - pl)) (pZ - pl)M(pn - pl))

for any a in A. .
. We apply Lemma 1 and obtain

dist(x, 4) < max{[{(1 — p)xpll, (1 — pxp, — (1 — pa(p, — pII}
for any a in A, hence

diSt(xs A) < maY{H(l —pl)xpl”, dlSt((l _pZ)xpnﬂ (1 - p2)Apu)}

since
(1 = P4, — ps) = (1 — p2)Ap,.
Suppose now that for some k < n
dist(x, 4) < -
< max{ max (1 —p)xpil, dist((1 = pap,, (1 — pI4p,)}.
Note that

QA —p)Ap, = (Pesr — PIM(Py — ) © (1 — Dri) APy — P
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By taking into account Lemma 1, it follows again that
dist((1 — p)xp,, (I — p)Ap,) <
< dist((1 — p)xp, — (I — Pe)a(pa — po, (Pesr — pIM(p, — p) <
< max{[|(1 — pJxpll, dist(1 — prs)xp,, (I — pes)Ap)}).
At the last step onc simply has

dist((1 -~ p)xp,, (I — p)Ap,) < (1 — p)xp,l,
hence

dist(x, 4) < max;i(l — p)xpi|
peL

by induction. Since the opposite inequality is immediate, it follows that dist(x, 4) =
= max|j(1 — p)xp||, which concludes the proof.
reL

COROLLARY. For every x in M
dist(x, Alg L) = dist(x, A).

(A similar but different result is Lemma 4.8 in [4].)

If M = B(H), Theorem 2 is W. Arveson’s distance formula [I]. We note
that, excepting slight variations, the outline of the above proof is due, in the case
M = B(H), to S. C. Power [7].

For any algebra A < B(H) define

LatA = {p = p* = p* € B(H) ; (1 — p)xp =0 (V)x € A}.
LEMMA 3. Let M be a factor and L < M be a nest of projections. Thenr
M n Lat(M n AlglL) = L.

Proof. If p belongs to M N Lat(M n AlglL) then p commutes with every
projection in L. Suppose that there are projections ¢ < r, ¢ # r in L such that

g—pg=p,#0 and p(r—q) =g, # 0.

Since M is a factor, there is a partial isometry x € M, x # 0 such that
Xqo = X = Po\.
Clearly

(1—pxp#0 but (1 —g)xq=0 (¥)gelL.
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The contradiction shows that for every ¢ < r in L, g # r one has either
M g<p or plr—gq)=0.

Suppose now that ¢ < p < r and g # r are consecutive projections in L
(i.e. r — ¢ is an atom in L).

If p # gand r £ p, choose x # 0 in M such that x(p — g) = x = (r — p)x-

Again it follows that

1—pxp#0 but (I —gxg=0 (V)gel.
Consequently, either
@ p=gq o p=r.

(1) and (2) show that, roughly speaking, p ‘has no holes’ in its decomposition
with respect to L and that p is trivial on every atom of L. It follows that p
belongs to L, which concludes the proof.

Recall that for two subalgebras 4 and B in B(H), the Hausdorfl distance
between them is (slightly different but equivalent to that) given by

dist(4, B) = max{ sup inf [lx — y|'; sup inf {lx — y||}.
x€A yeB YEB x€A
i< il

We can state now the main result.

THEOREM 4. Let M be a factor and L., L, be nests of projections in M.
The following statements are equivalent.

i) There is a lattice isomorphism of L, onto Ly close to the identity.

i) The algebras M N AlgL, and M 0 AlgL, are close in the Hausdorff
metric.

Proof. (i) = (i) Let x belong to M N AlgL,, llxj| < 1. For every projection
p €L,, choose g € L, such that {|p — ¢|] < ¢, hence [[(1 — p)xp|| < 2e. Theorem 2
implies now that dist(x, M N AlgL,) < 2e. If we reverse the roles of L, and L,
we obtain (ii).

(i) = (i) is essentially [2, Theorem 4.4, ii = i], so we shall only sketch
the proof.

Let A be a subalgebra of M such that

dist(M n AlgL,, A) <e < 10-2%
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For every p in L, one can find a unique projection a(p) in M n Lat A such
that Ly = {a(p) ; p € L;} is a nest and

lp —a«p)ii < 406 (V)pel,.

(See [2] for details.)

Now if A =MnAlgL,, Lemma 3 implies that actually L, is a subnest
of L,, close to L;. By the previous implication, M n AlgL, and M N AlgL, are
close, hence M N AlgL, and M n Alg L, are close. Since M NAlgL, = M NAlgL,,
it follows that in fact they are equal and one uses again Lemma 3 to obtain
L, = L;, which concludes the proof.

REFERENCES

1. ArvesoN, W., Interpolation problems in nest algebras, .J. Funct. Anal., 20(1975), 208 —233.
. Davipsox, K. R., Perturbations of reflexive operator algebras, J. Operator Theory, 15(1986),
289 —305.

. Dixmier, ., Les algébres d'opératenrs dans Despace hithertien, Gauthier-Villars, Paris, 1957.

4. GILFEATHER, F.; LARsoN, D. R., Nest-subalgebras of von Neumann algebras: commutants
modulo compacts and distance estimates, J. Operator Theory, 7(1982), 279—302.

5. GILFEATHER, F.; LaRsoN, D. R., Nest-subalgebras of von Neumann algebras, Adv. in Math.,
46(1982), 171—-199. ’

6. Lance, E. C., Cohomology and perturbations of nest algebras, Proc. London Math. Soc. (3},
43(1981), 334—356.

7. Power, S. C., The distance to upper triangular operators, Math. Proc. Cambridge Philos. Soc.,
88(1980), 327—329.

[

[5%]

FLORIN POP
Department of Mathematics, INCREST,
Bd. Pdcii 220, 79622 Bucharest,
‘ Romania.

Received March 24, 1988.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 400
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [445.039 677.480]
>> setpagedevice


