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VON NEUMANN SUBALGEBRAS OF A TYPE II, FACTOR:
CORRESPONDENCES AND PROPERTY T

JOCELYNE BION-NADAL

INTRODUCTION

Let M be a factor of type II; with normalized trace try,. Let N be a von
Neumann subalgebra of M. In this paper we asscciate in a cznonical way a
correspondence [y from M to M to each inclusion of a von Neumann subalgebra N
in M; let  be the binormal state defined by Y(x ® 3°) = tr,(Ey(x)y) on M ®
® More, Alain Connes has defined in his notes [1] 2 unique correspondence from
M to M asscciated to a binormal state on M ® Merp, Using this correspondence
we are able to generalize the definition of the index of a von Neumann subalgebra N
in M to be equal to the index (right index = left index) of this correspondence §.

In the first part of this paper we study the progerties of this correspondence
and of its index.

Let My = (M, ey> as in [2] (ey is the projecticn asscciated to the conditional
expectation from M to N). There is a natural semi-finite trace TrM1 on M, such
that [y is equivalent to the correspondence L*(M,, Trpr)) with left (resp. right)
action of M given by left (resp. right) multiplication by elements of M.

If the index of § is finite, there exists a hemomorphism p: M - M ®
® M,,.(C) (n is the integer part of the index) such that b is equivalent to
LA(M) @ ... ® LA(M))p(1) with actions given by x-&-y = xEp(y).

n

If § associated to the inclusion of N in M is of finite index, then M, n M’
is a von Neumann algebra of finite dimensicn.

Let M be a II; factor; let N and P be von Neumann subalgebras of M such
that M > N o> P. If [M: P] < oo then [M: N] < co.

In the second part of this work we prove one property of rigidity for II,
factors with property T, We prove that if M has property T, if (34,) is an increasing
sequence of von Neumann subalgebras of M such that M = {_jM,,, there exists

The possible values of the index are {4 cost ~- ;R 3} U4, + ool
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-a sequence (c,).en of minimal projections ¢, € M n M,, so that tr,(1 — c,) — 0 as
n — oo and so that M. = (M,,)c" for n large enough. The first step is to prove

the existence of projections y, € M n M, so that the index [My,: (M,,)yn] is finite

and such that tr,(l — y,) = 0. (This is done by applying the property T to the
sequence b, of correspondences from M to M associated to the inclusion M, < M.)
The second step is to prove that the 7, can be chosen in the set of minimal pro-
jections of M n M, . And then we get the result by using the rigidity of the index.

We can notice that Alain Connes announced without giving proof, during
the Kingston Summer Institute [2] that there exists no non trivial sequence M, <
< M,,, of subfactors of M with | M, dense in M. Here we study the same
problem in a more general context: we do not assume that the M, are subfactors
but only von Neumann subalgebras; this hypothesis complicates considerably
the proof. In this case we prove the rigidity result as explained above, but in
general the sequence M, itself is not stationnary (we give a counterexample in 2.7).
We prove that the sequence is stationnary when M n M, is a factor or is of finite
dimension (we do not know however how to prove it in the case where the M,
are subfactors of M, without any other assumption).

Let M be a factor of type II,, and N a von Neumann subalgebra of 3.

1. CORRESPONDENCE FROM M TO M ASSOCIATED
TO THE INCLUSION OF N IN M

Recall that according to [3], a correspondence from M to M is a Hilbert
space b which is a left M module and a right M module with commuting normal
actions. Two correspondences are equivalent if there is a bijective isometry from
one to the other which commutes with the actions.

a) DEFINITION OF THE CORRESPONDENCE ASSGCIATED TO THE INCLUSION OF
N N M. Let tr, be the normal faithful normalized trace on M. Let Ey
be the conditional expectation from M to N (tr,(Ex(x)y) =tru(xy) VxeM
V y € N). Let y be the binormal state on M ® M°PP (M°PP is the opposite of M)
given by Y(x ® »°) = try(En(x)y)-

Recall the definition given by Alain Connes in [I] of the correspondence
associated to a binormal state on M ® MoPP',

) 1.1. DeFINITION. By the Gelfand-Naimark-Segal construction, we get a pair
(h, &) where b is a correspondence from M to M and ¢ is a cyclic vector

( ie. the finite sums Y, x,&y; (x;,y; € M) are dense in E)) , such that the equality
i=1
Yx ®)) = (xéy[?;') holds for every x, y € M. And this pair is unique up to
unitary equivalence. ' '
h will be called the correspondence associated to the incIusion‘of Nin M.

We want now to identify this correspondence.
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1.2. NoTATIONS. Let H = L*M, try). Let &, be the canonical vector in H.
Ey extends to a projection ey in #(H) such that eyx&, = Ey(x)éy V x € M. Let J
be the isometric involution defined by Jx&, = x*{; ¥V x € M. As in [2] we note M,
the von Neumann algebra on L% M, tr,) generated by M and ey.

1.3. DEFINITION. In M, we consider the unique trace Ter such that Ter(x) =
= (xy, &) for all x G(Ml)eN.

n
1.4. REMARK. By [5] Lemma 1.1, the set of finite sums Y xienyi; xi, ¥ € M,
i=1

is a dense subalgebra of M;. Then Ter is a well defined semi-finite normal
faithful trace on M.

1.5. PROPOSITION. The correspondence §y from M to M associated to the
inclusion of N in M is equivalent to the correspondence L*(M,, Ter) with left and
right actions of M simply given by left and right multiplication, and with cyclic
vector ey (ey is identified with its image in L2(M,, Ter) ).

n
Proof. The finite sums Y xieny; are demse in M; so ey is cyclic in
i=1

Lg(Ml ’ Ter)'
Furthermore, if x,y e M

Cxeny |endyy = Trar(enxeny) =

= Ter(eNEN(x)yeN) = <eNEN(x)yeN€O‘€O> =

= try(Ex(x)y) (bécause ento = &)
Q.E.D.

b) PROPERTIES OF THIS CORRESPONDENCE. In all this paragraph we assume
that Trar, 1s finite.

1.6. PROPOSITION. As a left (respectively right) M module, M, is projective
and finitely generated; more precisely, M, is isomorphic as a left (respectively
right) module to M® .... ® M@ Mp (respectively M@ .... @ M @ pM)

. 7w times _—nr;z;——_'
where n is the integer part of Ter(l), p is a projection, p € M, and try(p) =
= Trp (1) — n.

Let © = let 7, = -zTer. As in the case of factors we can make

1
Trac D)
the basic construction for M < M, and we get M, which now is a factor.
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1.7. LEMMA. 1) (zy, M;) is a t extension of M by N (with the definition
given in [5]). :

2) M, is finite and if we note 1, the normalized trace on M,, (t,, M,) is a ©
extension of M, by M.

Proof. 1) Let x € M. t,(e;x) = T (e,%) = ttry(x); 7 IM is a normalized
trace on the factor M, so 7,|M = tr. So Eple) = 1.
2) Let a,b € M. Let £, be the canonical vector on LM, 7).

eiee(aeb)l; = ee;Ey(a)e,b; = e,Ey(Ey(a)eb)E; = 16, En(a)b,
and

e(aeb)E, = e, Ey(a)bé, .

Now, using the density of the finite sums Yaieb; in My, we get the equality
ey = 12,
In M, we consider the unique faithful semi-finite trace Trpr, given by Tng(x) =
=Xy, €D, i x € (M), (as we did for M,). Then

Trps (aeb) = L Trazr (aejeze.b) =
2 T 2

1 1 !
—_ __1_..‘ <eze1baelezfl l £1> = :—- Tl(elbael) = —T— T]_(aelb).

So the restriction of tTry on My is 7,. It follows that the factor M, is
finite (cf. 7,(1) = 1) and that the unique normal faithful normalized trace 7, on M,
is equal to tTrp; then ty(eyx) = rTrMﬁ(ezx) = 113(x) = 175(x) for every x in M,.

Q.E.D.

1.8. LEMMA. There exists a family {m;}1<i<ni1 of elements in M,, where n
is the integer part of Trar (1) such that:

a) Ey(mim) =0 if j+# k.

b) Ey(mim) =1if 1 <j<n

¢ Ey(m¥, m,.) is a projection in M of trace Ter(l) —n
n41
And then each element x € M, has a unique decomposition x = 3 mx; with
=1
X; €M, Xp41 € Ey(myy iy ) M.

Proof. The proof of this lemma is exactly the same as the proof of
Proposition 1.3 in [5], which was given for factors. Indeed, the only properties
required to make this proof are:

— the fact that M, is a factor which is true (M was a factor and
My = HhM'J1);
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— the fact that (r,, M,) is a t extension of M; by M which has been
proved in Lemma 1.7.

Proposition 1.6 is then an easy corollary of Lemma 1.8.

1.9. DEFINITION. Let p: M - M ® M, (C) be a normal s-homomorphism;
p(1) = e is a projection. The Hilbert space (L2(M) @ ... ® LA(M))e is an M-M

v

. k times
bimodule with the representations IT,(x)II5 () = x{p(»).
We note L%(p) this correspondence.

1.10. LEMMA. Let by be a correspondence from M to M. Assume ‘that there
exists k € N and a projection p in M ® M,(C) such that V) is isomorphic as Hilbert
space and left M module to (LA(M) @ ... @ L3 M))p with left multiplication by

k times
elements of M. There exists a normal =-homomorphism p : M — M ® M(C) such
that p(1) = p, so that the correspondence 1y is equivalent to L*(p). )

Proof. First determine the commutant of M in L{(L* (M) @ ... @ LA M))p);
we note it M. Let T e M'. Let T;,(¢) = Py(T(0,...,0,&,0,...,0) Vel (M)
where P; is the projection on the j component. Then T;; € £(L*(M)) and commu-
tes with M so T;;€JMJ; ie. there exists x;;€ M so that T;({) = {x;;. So
T, . E) =, 80y = &y, o0, E)p(x)p. Thus the commutant of M
in L((L2(M) @ ... ® L¥M))p) is the algebra of right multiplications by elements
of p(M ® M, (C))p. 1t follows that the right action of M is given by a normal
*-homomorphism of M in p(M ® M, (C))p.

1.11. PROPOSITION. Let M be a factor of type I1,; let N be a von Neumann
subalgebra of M. Suppose that Ter is finite; then there exists a homomorphism

0 M—->M®® M,(C)so that

p() =
1
0 Ey(my, m,. 1)

and such that the correspondence §) from M to M associated to the inclusion of N
in M is equivalent to L*(p).

Proof. This is an immediate consequence of Lemmas 1.8 and 1.10.

We will give now the definition of the index of a von Neumann subalgebra.

1.12. DEFINITION. Let M be a factor of type 1I;, and N a von Neumann
subalgebra of M.
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Let M,, Ter be as above.
nI Ter is not finite we define the index of N in M to be infinite.
2) If Trp, is finite, then the following numbers are equal:

i) Trar, (1),

(i) the left index of the correspondence Iy from M to M associated to
the inclusion of N in M (= dimyh),

(iii) the right index of the correspondence b (= dimMoppb).
We then call this number the index of N in M.

1.13. REMARK. It is trivial that this definition coincides with that of Jones
in [4] when N is a factor. We now prove that the possible values of the index

are as in the case of subfactors: {4 cos? Tz n 2 3} U4, + o]
n

1.14. LEMMA. Suppose that (1;, M;) is a © extension of M;_, by M;_, (i=1}
(we note My=M and M_, = N) then ee;..e; =te; and e;.,€;;,, = 1€;,1.

Proof. By hypothesis, EMi—l(ei) = 1. Then ¢;.,e,¢;,1 = EMI,_I(e,-)ei+1 = T€;41-
Let &; be the canonical vector in L%M,). Let a,b € M;_,. Then

eie;16,(aeb); = eiei+1EMi_2(a)e.'b§i = eiEMi_l(EJWi__Z(a)eib)éi =

= eiEMi_z(a)Tbéi = Teiae‘-bfi.

n
By density of the finite sums Y, aje:b; in M; we get the result.
j=1

1.15. COROLLARY. Let M be a factor of type II,. Let N be a von Neumann

subalgebra of M. Then [M : N]e {4 cos® - T H > 3} U4, + o]
R

Proof. Suppose that [M : N] < oco. As in the case of factors we construct
the tower M; defined by V. Jones in [4]; but here we have to choose on My;.1
a “good trace” (it is defined exactly as we did for M,). M,; is a factor, and the
inclusion M,;_; < M,; satisfies the same conditions as the first inclusion N < M.
From Lemma 1.7, at each step, (t;, M,) is a © extension of M;_, by M;_,; and
then from Lemma 1.14 we get a sequence (¢;) j > 1 of projections such that
€€;416; = T€;; ;1641 = T€j4, and eje, = ge; if |j— ki > 2. From [4], these

relations imply that t € {4 cos? - 2 3} U4, +col
n
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C) REDUCED VON NEUMANN ALGEBRAS, AND REDUCED CORRESPONDENCES,

1.16. PROPOSITION. Let M be a factor of type 11,. Let N be a von Neumann
subalgebra of M. Let fe N'n M be a projection. Define Try by Try(x) =
= (x4, &) Vx € NJ.

If Try(f) < oo then [My : Nj] < _'{_’ﬁ'_(f)_ :

1.17. NOTATION. We note ter the normalized trace on the factor M, (trM f(x) =

1

= -—»~(-})—~trM(x) Yx GM,). Let p € N; be the projection associated to the
try ~

conditional expectation from M, to N;. We note TrN, the trace defined by
!
Tr (%) = X, &> VxepNp,
/

where ¢, is the canonical vector in L2(M/).

1.18. LEMMA. Let b € M;,and x € M. Let X € N such that ENf(bxj) = fX.
Then

En(bx) = EM(f)X = Ep(bxf).
Proof. Let y € N;
try(bxy) = try(bxyf) = (as fb = b)
= tr, (bxfyf) = (asy € Nand f € N')
= th(ENf(bxf M) = X)) = try(fXy) = try(Ex(f)X).
So Ey(bx) = Ey(f)X, and |
try(bxfy) = try(bxp) so En(bxf) = En(bx).

1.19. LEMMA. Let x € M;. Then TrN,(pfo.If)trM(f') = TrylexJxJf); J; being
S
the involution on L*(M,).
Proof.
TrN}(pfoJf) = {plpxdpls, &) = (by definition of Ter,)

= (x*,, &) = ter(X*)-
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In a similar way, :
Try(enJxJf) = {eyJxifeyt, &) =

= th, (fx*) = tr,(x*) because x € M.

()
tey(f)
1.20. LEMMA. Let x;,y; € M;. Let

And ter(x*) = ; so we get the result.

X =3 Ixdiplpydy

ard
Y = 3 flxideny.Jf.

Then

D YL < 11X .

i) ITrN}(X)I < XT Tey(f)x I

Proof. i) ||Y|| = sup \Yxbol, ¥ =Y, fixewdf (Jen] = e).
XE. 7

& .
try, (x x)<1

| YxEol2 = ¥, {fIxTendyidfxSy | flx;Jendy;lfxlo) =
1y

= X BRI | B ity

. H
as y; € M,, we can restrict to the case x € M,. Furthermore tr,, = -——- tg,,
i S i M
5 tn(f)

so that
- ]
® Y= sup |lyx&y|l -, =—oce-
xeM, Vtrm(f
tr (x’x)gi
My

Let Y, eN so that ENf(y,-x*) = ¥,f. From Lemma 1.18 it follows that
Ey(yix®) = Ex(f)Y; = YE\(f).

So
I YxColl* = 3; SSELN) Y%7, [ fEN()YFxféoy =

= ‘Z ti O YVENFRY XY (as fe N’ and x; € Mp);
{7
il = sup IXxEl, X =% Jppyidy (R Tply = ),

o
tr (x"x)<s1
My
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and

WXxS}® = Y, Ipxipydpxly, Jpx;py;Jpxésy =
LY

= ;Z} <'}:f'xiENf(in*)£f’ fojENfO}jx*)éf> =

- ,EJ; Ty f(ijN f(ij*)EN I(XYi*)xi*) =

(D

&

Hhy

.

We then get:
WY xEol|* = try(( }; xYDEN(F(Y, x,Y)%) <
< (3 x: Yo g x; Y7)¥) = | XxC|Pxtry (f).

Using (1) we get: [[Y]| < [IX].
il) As f € M commutes with Jy,J € M’, it is obvious, using Lemma {.1Y;
that

1
T ’ = i .
er(X) tI‘M(f) TrN (Y)

And Y = fY, so

I gy iy < I

Ty ().
(/) iy )

ITry (3] <

1.21. Proof of Proposition 1.16. From [5], Lemma 1.1, there exists an increas-

ing sequence X, of clements of the form Y, JraipbiJ; so that f = lim X, for the
i=1
strong topology.
From Lemma 1.20 ii), we obtain:

(Tr, () < 4D

try(f)
So

trwlf),

TrNj—(f) < trM(f)
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And [M: Nj] = Tr,(f). So [My: Ny] < g"%
M

1.22. PROPOSITION. Let ) = LA (M,, Trar) be the correspondence from M

to M associated to the inclusion of N in M. "Let M’ be the commutant of the
left action of M in Y. Let pe M' 0 M, be a projection. Then ply is a correspondence
from M to M,. Its left index is [M : Nltr,(p).

Proof. The left index of pl is dimMppI) = dimyb X tr,(p) (cf. [2]).

1.23. CorOLLARY. With the same notations as above, assume that [M : N} < oc
then the relative commutant M' n M, is of finite dimension.

Proof. If M' n M; was of infinite dimension, we could find for each n e N=
n

orthogonal projections (p)1<icn, P; € M' 0 M, so that tr,(p)) = —-l-and Y pi=1.
n i1

Consider then the correspondences ph from M to Mp,.

Left index p;h X right index pb = dim,, pb x dim,oppph. If we note n
Py

the representation of Mp, in p;h and n° the representation of M°P? in ph we get,

by definition of the index of a subfactor: left index p;l) X right index p}h =
=z [n(Mp‘_)’: 7 (M)}, and [r(M})": n°(A£°%)] > 1. It follows then from Propo-

sition 1.22 that [M : N} = Y [M : NPtr,{p,) = ﬁ [M : N] x left index of p}b
i==1

i=1
and [ : N] = dim,opply > dim,oppp;h = right index of ph. So [M: NP > n;
and we get a contradiction.

1.24. COROLLARY. Let M be a factor of type 11,. Let N and P be von Neu-
mann subalgebras of M such that M > N > P. Assume that [M : P] < co, them
[M : N] < oco.

Proof. Let J be the canonical involution in LX(M). Let N; = JN'J and P, =
== JP'J, where N’ and P’ are the commutants of N and P in L*M). Then
NinM cPynM'. From Corollary 1.23, P, n M’ is of finite dimension; so the
center of N, is also of finite dimension. The restriction of Trp to N, is a finite

trace on N,, and Tr, is & semi-finite trace of N,. The finite dimension
1
of the center of N, implies then that Tr, is finite; so [M : N} < oo.
i

REMARK. This result was not obvious because a priori Tr, and Tr, are
1 1

not comparable.
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2. ONE RIGIDITY PRORERTY FOR 1I;, FACTORS WITH PROPERTY T

From now on M will be a factor of type 1I, with property T, and (M, )nen
an increasing sequence of von Neumann subalgebras of M such that M ={J M, .
We note b, the correspondence from M to M associated to the inclusion
of M, in M; &, is the canonical vector in L M); e, is given by e x&, = EM"(x)é0
VxeM; M, is the commutant of M, in L(L*M)) and TrM’,’ is the semi-finite

trace defined by Tr,.(x) = (x&,| &) Vx e (M) "

2.1. LEMMA. Let C ={ Y Aweu® s u e (M), 4; >0, Y A= 1}-
i=1

i=1
Let a, be the projection of O on the closure of the convex set C. Then
() a, is the orthogonal projection of e, in b, on K, ={¢€bh,|xf =¢x
v xeM}

(i) @, €M O M and 0 < «, < 1.
Proof. (i) Itis clear that «, € K, . Furthermore if £ € K,,, e, — 3, Aweu’ | &)=

n
=Y iLe, | & —u*éu,y = 0; so by continuity of the scalar product we get the result.
i=1

(ii) There exists a sequence (X )ren Of elements of C such that

[1 Xz _a"”[)n -0 as k-—oo.
So Tr]M;, | Xy —X,|* -0 as k,p —oo. For every aeM,
16— XaEolP = Trypy0 (e,a| Xy — X,Pae) < [1alPTry,p0 (1 X — X,09);

and the X belong to the unit ball in #(L*M)). The sequence (X;) converges for
the strong topology in Z(L¥(M)) so a, €JM,J; and 0 < X, <1 s00<a, < 1.
Q.E.D.
2.2. LEMMA. 1) There exists a sequence (N, )nen*, M €EM N M,, 0 <n,< 1
such that tr,(1 —n,) =0 as n - co and TrM:l(n?,) —1 as n—oo.
i) There exists a sequence (y,,),,;.,,0 of projections, vy, € M n M,,, such that
try(l —v9,) -0 as n— oo and (M, 1 (M,)y,] < oo.

Proof. i) Let €>0, y,,...,Ym €M, K> 0 associated to-the property T
of M as in Proposition 1 of [1]

”yx’en _.enyl”;" = TrJM”.J 'yien - eny(lz = 2(trM(y;kyi —y‘*EMn(y‘))_) 0

as n — oo.
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Let &, = sup vie, —eilly s €, =0 as n—o0o0. So for n>mny, ¢, <e
lgicm .n
and there exists a vector §, € b, such that xB, = f,x V x e Mand ||B, —e,|| < K,

Let o, be as in Lemma 2.1; o, —e,ll < ||, —e.ll < Ke,. Let n, = Jz,J;
n.EM, NIM'J = M, nM;

ﬁrM(l - 77;;) = TI’AI:I(CH - ennnen) <

< (TrLW,’,JGen - o{nlz))l/ETrJMri:j(en)llz = “en - O(n” < Ksn;

and
6y ITr, . (le, — 7,0%) = [l — el < (Ke,)?,

ie. Tr“"’llz(y];i + ¢ Coily — ;7;3“?") < (Kan)z'

Using TrM,,l(e,,—qi?ine,, < Ke, and TrM’,'(em) =1, we get TrM;’(n};) -1 as
i — CO.

ii) By functional calculus, ¢, = X[‘,“,u(;;,,), for n large enough and v, > ©
small enough satisfies tr,(1 —7v,) —» 0 and Tr,,(y,) < co. From Lemma 1.26 i) 1t

n

is then obvious that {My,: (M,)y,] < co.

2.3. LEMMA. There exist M > 0, N € N* and minimal projections ¢, € M ny M},
such that ty(c,) > M for all n » N.

Proof. Let F, be the set of all minimal projections in M n Af,. Let
€, = sup try(e) Gf F, # &).

eeF

Mhpe N McM,nM. Let e be a minimal projection in A, n M. Icline
P, = {g projectionin M, 4, N M such that g > e}. By Zorn there isin &, 2 smallest
clement p. If p is not minimal in A, ., n A, there are p; and p, in M., 0 M

such that p = p; + p;.
If pie # 0, as e is minimal in M, N M, p; > eso p, > p, i.e. p, = p. Other-
wise p, = p. So pis a minimal projection of M., N M. But now tr,(e) < tn(p)<
< Epe1- S0 &, € €41~
It only remains to prove that for n large enough F, # ©. From Lemma 2.2ii}
M, :(M,),] < ocoso (Mn M), =M, nM, isof finite dimension. Let then f,

be a minimal projection in (M n M, n’),,n. It is obvious that f, is minimal in M n A7),

so F,# @, ¢, > 0.
2.4. THEOREM. Let M be a factor of type I,. Let (M, )nen be an increasing

sequence of von Neumann subalgebras of M such that M = \_JM,. There exists
a sequence (cynen Of minimal projections in M n M}, such that tr,(l —¢) — 0

as n — oo and such that Mcn = (M,,),,-'l for n large enough,
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Proof. Choose ¢, € M, n M as in Lemma 2.3; and 5, as in Lemma 2.2. ¢, is
a minimal projection in M, n M, so there is a scalar A, such that ¢n,c, = A,6,-

'q'ntrM (C,,) - tI'M (Cn) = trM(CnnnCn - C") = trM (Cn(qn - l)cn)’

SO
|(/17| - l) trM(cn)l < chuztrm(l - 71,.) -0 as n — oo.
And

(2) tne) > M ¥n, sod,—1 as n—oco.

Let f, be such that c,,g,,c,l = B.Cu; ﬁntrM;(cn) = trM(c,,), so trM',‘(c,,) < o0.
/‘{ntrM”l(Cn) = trM",(cn"n) < TrM’,'(c")I/ZTrM;I(n’?K)I/Z_

Tr,, ()2
. A
Lemma 2.2), it follows that Tr,(c,) —» 1 as 1 — co.

And TrM;‘(cn)(ﬂn - )'u) = TIM;I(cnen - Cnnn)'
We then get
TrM’(cn)llzlﬁn - /11;[ < TIM’([en - 31“12)1/2.

So Tr,(c)** < . As Ay > 1 (cf. (2)) and Tr,(n2) -1 (cf.

From (1) in the preof of Lemma 2.2. i) and (3), it follows that |8, — 4| - 0
as n—oco; and A, -1 (cf. (2)) so B, —1 as n—oo; and Tl —c,) —0 as
n — Co.

Using Proposition 1.16, we obtain [Mcn : (M,,)cn] — 1 as n — co. But from
Jones [2], we know that the index is either equal to 1 or greater than 2. So, for n
large enough, [Mc": (M,,)L."] =1, ie. Mcn = (M,,)c".

2.5. LEMMA. Let M be a factor of type II,. Let (M,)nen be an increasing
sequence of von Neumann subalgebras of M such that M = \UM,. If M,n M is
a factor or if M,n M is of finite dimension, the y, in Lemma 2.2 can be chosen

in M,n () M)
pPEN

Proof. If M, n M is of finite dimension, it is clear that M;n M = M, n M,
for p large enough.

If M, n M is not of finite dimension, but is a factor, it is a factor of type 1, .
Let ¢ > 0, there exists g, € M, n M such that try,(y,) — & < try(g,) < try(y,). Then,
for p large enough there is a projection g, , € M, N M, such that tr,(y,) —e& <
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< try(gy p) < try(vs); M0 M being a factor, g, , < v, in M, n M. We then have
‘TrM:,(g,,',,) < 00 and try(g, ,) > try(y,) — & Q.E.D.

2.6. COROLLARY. Let M be a factor of type I1,. Let (M,).cn be an increasing

sequence of von Neumann subalgebras of M such that M = \JM,. If M,n M is a
factor or if M, n M is of finite dimension, the sequence (M,) must be stationary.

Proof. Choose (7,),en as in Lemma 2.5. Let n be such that tr(l — v,) < 1/2,
we get (M“)”n =M, for k > ky, and y,e M, n M, for p > py; tn(l —7,) <
< try(y,) so there is a unitary u € M, such that 1 — vy, = uy,u*. Then each element
of M can be written x = (1 — y)x(1 — 7,) + 7,X7s + Pux(l — 7,) + A — y,)x7,.
So x eM; for j > sup(ky,p) =Jjo, i€. M =M; Vj2j.

2.7. REMARK. In general, we cannot get the result of Corollary 2.6. Indeed,
let Mbe a I, factor, let e, be a sequence of projections in M such that try(e,) — 1.

Let M, = M. + (1 —¢)C, then M = UM,.
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