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ON THE EXTENSION PROBLEM FOR A CLASS OF
TRANSLATION INVARIANT POSITIVE FORMS

RODRIGO AROCENA

To Mischa Cotlar, teacher and friend in his 75 birthday

1. INTRODUCTION

Classical Toeplitz forms can be defined as the sesquilinear forms, in the vector
spacec A of the finitely supported functions on a group I', that are invariant under
translations, i.e., under the natural action of I on A.

However, many problems in Analysis lead to the consideration of forms of’
that kind but such that they are defined and invariant only in a subspace of A.
Moreover, in some of these instances the form can be extended to an invariant
form in the whole space 4, so that the integral representation and unitary dilation
properties of the Toeplitz forms can be used to solve the problem.

The present paper is concerned with the extension problem for a class of
such generalized invariant forms which we call Toeplitz-Krein-Cotlar (T-K-C)
forms. This notion includes two basic examples: first, the functions of positive
type on a symmetric interval of the real line, for which M. G. Krein proved an
extension theorem [25] that started a large flow of papers; second, a class of’
modified Toeplitz forms introduced by M. Cotlar in order to study the Hilbert
transform [18] and later included in the notion of “‘Generalized Toeplitz Kernel’”
[6], which allows a unified approach to several topics, including the realization of
linear systems ([13], [14], [19]).

Here we prove, by means of T-K-C forms, some extensions to the discrete
plane of the above mentioned Krein’s theorem, of the Helson-Szegd theorem [23}
andofthe Sz.-Nagy — Foiaslifting of the commutant [27] as well as related properties-

In Section 2 the needed properties of Toeplitz forms are reviewed and then
T-K-C forms are defined. In several instances the data of a given problem can be
expressed by means of such a form and the following usually happens: the problem
has a solution if and only if the form can be extended to a positive Toeplitz.
form; something similar happens with the uniqueness of the solution and with the
description of all solutions when there is more than one. These considerations.
may be exemplified by the fundamental papers of Adamjan, Arov and Krein on
moment theory ([1], [2], [3]), which are related to our subject as it is seen in [6],
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[10] and [11]. In Section 3 we show that such an extension of a T-K-C form
exists if and only if an associated family of isometries extends to a group of unit-
ary operators, so the following result proves to be useful:

1) THEOREM A. Let U, V be isometries with domains Dy, D, and ranges
Ry, Ry, respectively, which are closed subspaces of the same Hilbert space E, and
such that U"D, < Dy and U"R,, < Dy holds for n = 0,1 ... . Then

KUYWEVEY =UY >, Yf,f'eDy,n=12 ...

Is @ necessary and sufficicnt condition for the existence of a Hilbert space F that
contains E and of two commuting unitary operators in F, U’ and V', that extend
U and V, respectively.

In Section 4 the resuits of Section 3 are used to prove the extension proper-
ties of positive T-K-C forms from which the following Theorems B, C ard D
will be derived.

In Section 5 we give a discrete operator valued version of a result due
to M. S. Livsic (see [16]) which extends to two variables the already mentioned
theorem of Krein:

2) THEOREM B. Let Z be the integer group, a and b two fixed natural
numbers and k{(m,n) € Z* : |m| < a, |n| < b} > L(E) a function of positive type
which takes its values in the set L(E) of bounded operators in a Hilbert space E.
Assume that one of the restrictions of k given by ky = k(-,0) and ky = k(0, ) has
only one extension of positive type to the whole set Z, k' : Z. — L(E). Then there
exists a function K :Z? — I(E) which extends k and is of positive type. Thus,
there exists a spectral measure 0 in T2, where T is the circle group, such that

{K(m, njv, w) = Sei("’“r'“)d(@(s, Ho, w)

holds whenever v, w € E, (im,n) €Z? and |m} < a, |n] < b.

Devinatz [20] proved Theorem B under the assumption that both %, and k,
have only one extension of positive type.

In Section 6 we consider an angular problem in prediction theory and we
prove the following:

3) THEOREM C. Let I' be a locally compact abelian group, " its dual and
X = {X,:5 €I’ x L} a wide sense stationary stochastic proczss with spectral mea-
sure p. The angle between the subspaces generated by (X, ,,:tel, neZ, n <0}
and {Xyn:tel,ne€Z, n>0} is positive if and only if du = e“d|0| holds,
with u a real function |0\-essentially bounded in I'" X T, |0| the total variation of
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a complex Borel measure 0 in I'™ x'T such that its Fourier transform 0" is zero
in {(t,m):tel', meZ, m <0} and

sup{larg6(B) : B eI'" X T, B a Borel set} < /2.

In Section 7 we consider the problems of the lifting of the commutant of
two contraction semigroups. To those problems a T-K-C form is associated and
it is shown that their solutions are related to the existence of positive Toeplitz
extensions of such a form.

That approach enables us to prove in Scction 8 the result we now state
with definitions as in ([27], Section 1.6), while P}’ always denotes the orthogonal
projection of the Hilbert space M onto the closed subspace E, and V {E, :a € 4}
is the minimal closed subspace of M that contains the set E, < M for every a € 4.

4) THEOREM D. For j = 1,2 let {T}, T’} be a commuting pair of contrac-
tions on a Hilbert space E;, {W;,W;'} < L(M,) a minimal isometric dilation of
{77, T}"} and {U;, U;’} = L(F;) a minimal unitary extension of {W],W;'}.

a) Assume that at least one of the following inclusions holds :

E, cV{UmU;"E, m <0, n <0}, E,cV{Uj™U;"E,:m <0, n <0},
E, < V{UU/E, :m >0, n >0}, E, <V{Um™U/E;:m >0, n>0}.

Then for any X € L(E,, E;) such that XT; = T;X and XT; = T;'X there exists
1 € L(F,, F,) that verifies:

() Ul = Uy, Uy’ = Up's, 1"§§riM1 = XPEM;, flell = 11X11.
b) Assume that
M, = [V{WmWy"Ey,:m >0, n 2 0] V E, =
=[V{W"Wy"E,:m >0, n > 0}] V E,.

If Xe(E,, E,)) is such that XT{ = T,X, XT{' = T,'X and there exists
T € L(F,, F,) that verifies (#), then there exists y € L(M,, M) such that:

’ ’ e 14 M2 M]
YW1 =Wy, YW =Wy, Pg’y=XPg}, Iyl = |X].

In the Appendix we relate our approach with a theorem of Cooper on the
extension of isometries, '
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2. BASIC DEFINITIONS AND PROPERTIES

In what follows I' will be a group with neutral element e, E a vector space
and A = A([, E) the space of all functions 4 :I' - E such that supph =
= {t el :h(t) # 0} is a finite set. £ may be identified in a natural way with a
subspace of A for each v €FE let i, €A be 'such that supph, = {e} and
h(e) = v; so we may writt E < A. The group I' acts in 4 by means of the
“translations’ {S,: ¢t € I'} given by (Sh)(s) = h(t™Ls), heAd, t,sel. Let C be
the set of complex numbers; a sesquilinear form B : 4 X A —~ C is said to be a
Toeplitz form in A if

¢)) B(S.h, Sh"y = B(h, h")

for every h,h' € A and every t €T,

A sesquilinear form B in a vector space is called positive if B(h, h) = O
for every h belonging to that space. Positive Toeplitz forms are known to have
special integral representation and unitary dilation properties which we now recall.

Every positive form B in A defines a possibly degenerate scalar product
in A giving rise to a Hilbert space H such that there is a natural opezrator IT
trom A onto a dense subspace of H; let A:E — H be the restriction to E of
that operator. If B is also a Toeplitz form, the group of translations {S,:t €'}
generates a unitary representation U = {U, : t € I'} of I'on L(H) such that

Udl = IS, and <{UIh, UJIh')y = B(S,h, Si")
holds for every ¢, s €', h, h' € A. Let E, be the closure in H of A(E); then
(1a) B(S,v, S;w) = (Uv, Ujwdy = <P£?0 U120, W)p,
for every t,s €I', v, w € E. Moreover, the so-called minimality condition holds:
(1b) H=V {UE,:terI}.

Assume that H',U' = {U/ :t €T} and A’ : E - H’ satisfy the same properties
as H, U and 2; setting L(U,Av) = U;A'v we define a unitary operator L: H - H'
such that LA = A’ and LU, = U/L for every ¢t €I'; thus we may say that H, U
and A are essentially unique.

If there exists a locally convex topology on E such that the norm given by
o] = |B(v, v)|V/? is continuous, let E’ be the dual space of E with that topology
and L-(E, E’) the space of all continuous antilinear operators from E to E’. Setting
k(t) = A*U,A we define a function k : I' - L~(F, E’) that satisfies B(S,v, S,w) ==
= [k(s~1t)v}(w) and consequently B(h, ') =Y, {[k(s~)h@IH'(s) :5, t € T}
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V h,h' € A. Conversely, if we start with a locaily convex topological vector
space E and a function k : I' - L~(E, E'), the last equality defines a Toeplitz
form B; k is said to be of positive type if and only if B is positive.

In particular, let £ be a Hilbert space, so L-(E, E’) may be identified with
L(E). f I' - L(E) is a function of positive type and k(e) equals 1, the identity
operator, then (v, v); = B(v, v) = (iv, Av)y for every v € E, so E can be iden-
tificd with the closed subspace £, of H. From (la) and (1b) it follows that

k(t) = PEUug, Ytel, and H= V{UE:terl},

as is established by Naimark’s famous dilation theorem. Thus, we shall say that,
if (la) and (1b) hold, U = {U, :t € I'} is the minimal unitary dilation of the
positive Toeplitz form B. :

Assume moreover that I' is a locally compact abelian (LCA) topological
group, and that B(S,v, w) depends continuously on ¢ for every v, w € E. Then
U is strongly continuous and there exists a spectral measure 0 on the dual group

I'" such that U, = Sx(t)d&(x), and consequently

{1c) B(S,v, Sw) = Sx(t — s5)d<{B()v, w),

forevery t,s €I, v,w € E. In the case E = C", B can be obtained as the Fourier
transform of a positive measure matrix, in the following sense. If u is a complex

Borel measure onI'", its Fourier transform " : I' > C is given by u"(s) = S % ()du(x).

Let {v;, ..., v,} be the canonic basis of E and let the measure p; be given by
M(4) = {6(4)y;,v,> for every Borel set 4 < TI", j,k=1,...,n. Then

Y (i1 < k<n} =
=Dy Bt <i<nl] [BUp:l<i<n] >0

holds for every 4, ..., 4, € C, so it is said that {ujk}ls,',ké,, is a positive measure
matrix. Moreover, B is given by

BS[Y{hv:1<j<nl], S {1 <j<nl])=
(1d)
= ¥ {Adpnt —5): 1 < j, k < n}

forevery A, ..., 4,, 4, ..., 4, €C,s,ter.
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Let us now give the precise definition of the generalization of Toeplitz forms
that will be studied in this paper.

Let I', E, A and S, be as above. We assume that 'E = E; X ... XE, is the
cartesian product of » vector spaces, so that each element of 4 is a n-tuple /i =
== (hy, ..., h,) of finitely supported functions »;: I’ - E;, j=1, ...,n To each
family Q = {w,, ..., w,} of n subsets of I" we associate the subspace 4, = AT, E}
of A = A(T', E)defined by Ay = {h = (hy, ..., h,) €EA:supplhjcw;,j=1,...,n}.
Let B: Apx Ay — C be a sesquilinear formin 4, that is invariant under the transla-
tions S, whenever that makes sense, i.e., such that (1) holds whenever /4 and A"
belong to the set D; defined by D; = {g € A, : S,g € Ap}. Then we say that B or,
more precisely, that {B; I', Q; E} is a Toeplitz-Krein-Cotlar form. When Q = {I'}
we have a Toeplitz form, which we denote by {B; I'; E}.

When B is a positive T-K-C form, B and the vector space A, generate a.
Hilbert space H, and a natural operator n,, from 4, onto a dense subspace of Hy,,.
while the family {S,, p 1€ T'} of linear operators in A, generate a family of isome-

tries ¥V = {V, : 1 € I'} associated to the form B. In several cases it will be necessary to
extend such a form B to a usual positive Toeplitz form {B’; I'; E}. We shall now
see that such an extension exists if and only if ¥ can be extented to a unitary
representation of I

For each 7 € I' let D, be the domain of V,; thus D, = H,. We say that U =
= {U,:t €I'} is a minimal unitary extension of ¥ if U is a unitary representation
of I' on a Hilbert space H that contains Hg, such that Uyp, = V, for every €T’
and H =V {U,H,: t € I'}. We identify two such extensions when they are equivalent
under a unitary isomorphism which leaves invariant every element of H,. A positive
Toeplitz extension of {B; I', Q; E} is any positive Toeplitz form {B’; I'; E} such
that B'(h, h') = B(h, b’) for every h, i’ € A,. Then:

2) LEMMA. Let B be a positive T-K-C form and V the associated family of
isometries. If we associate to each positive Toeplitz form its minimal unitary dila-
tion, we get a bijection betwecn the set 4 of positive extensions of B and the set
of minimal unitary extensions of V.

Proof. 1) Let B’ be a positive Toeplitz extension of Band U = {U): tel} <
< L(H) its minimal unitary dilation. The restriction of IT to A, may be identified
with IT, and H,, can be considered as a closed subspace of H. Forevery t € I' and
he€D; it is true that U(Ih) = I(Sh) = Ho(S,h) = V(IIgh), so Uip, = V.
From Hy < Hitfollows that V{U,H,:t € I'} <« H.In order to prove the converse
inclusion, since H = V{U/IIE):t €I}, it is enough to show that U,Ily €
€ V{UH,:t €T} holds for every t' €I' and v/ = (vy, ..., v,) such that v; =0
ifi#j, j=1,...,n; now, if {; € w; is such that S,jvj’ € Ag, then U, Iy =

= U,IUE_ HQS'JO_]’ € V{U‘H_Q: t GF}.
J .
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i) Conversely, Jet U < L(H) be a minimal unitary extension of V. For v;
and ¢ as before set Ivj = U _,II5S; v;; then a unique linear extension IT: A - H
f.
J

of Il such that U,IT = IIS,, V t €I, is well defined. A positive Toeplitz extension
B’ of B is defined by

B'(h,h"y =<10h, Th">y, Yh h' €A.
Let E’ be the closure in H of II(E); since

B'(Sp, Sw) = <IISp, IS why = <P;’,Us_1,nv, nwy_,

U is unitary dilation of B’. The minimality follows from

U, v e V{U(TIE) : teI'}, Vt'el.
i
QED.

The result we have just established is our basic lemma.

3. UNITARY EXTENSIONS OF ISOMETRIES

The following result will give unitary extensions of families of isometries asso-
ciated to some T-K-C forms.

1) THEOREM. Let I' be an abelian group with neutral element e and I'y ¢ T
a sub-semigroup containing e and with the property that for any s €I’ there exists
t €Iy such that s + t €I'y. Let U = {U,:t €I'1} < L(E) be an isometric represen-
tation of I'y on a Hilbert space E and V an isometry with domain D, and range Ry,
which are subspaces of E.

Then U can be extended to a unitary representation U' = {U/:t €T} of T
of a Hilbert space F containing E and V can be extended to a unitary operator V' € L(F)
such that

Ul =v'u!, Ytel,
if and only if
a) {UVS, UVg) =<Uf, Ug), Y f geDy,s tel.

SetI'tT'={tel:—tel,};if I =TI, U TIy% condition (a) may be replac-
ed by ‘

b) {UVf,Ved =<U.S, 8>, Vf,geDy, tel;.
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Proof. Equalities (a) and (b) are obvious whenever such extensions exist. We
shall prove the converse in four steps.

1) We start extending U to a unitary representation U" of I'. In order to do
that we define a Toeplitz form (B; I'; E) by setting

B, by = ¥ (KU, i(5), Uy /(05 i s, €T}

with u € I'; such that the sets {u + supp/} and {u + supph'} are both contained in
I',. Clearly, B is well defined and invariant under translations. Since B(v, w) =
= {v, w)g, the minimal unitary dilation U" = {U, :t €T} « L(F") of B extends
U.Lett €lI'; for u eIy such that 1 + u €T, it is clear that

CUCVS, Ve pn = KUV UVgre = UL, 8)

follows from (a). If ' =TI, u I';7! and t € ', setting u = —t the same follows
from (b). Thus, we may assume that I' = I'; and that U is a unitary representation
of I' such that (b) holds.

ity If f € Dy, the operator V' we are looking for should satisfy V'U,f =
= U,Vf for every t €I'. So in the subspace D, given by D, = V{UDy:t €T}
we define an isometry V; by setting Vy(U,f) = U, Vf; then U,D, = D, and U, Vid =
= V,Udhold for every t € I' and every d € D, . Consequently we assume that U/, D,.
= Dy and UVf = VU,f are satisfied whenever t €I' and fe D,.

iii) Let G be the orthogonal complement of D = D, in E; then each U, com-
mutes with P§ and PE. Let F" be the Hilbert space of all the sequences

D —{fig,-.- 8n»...} such that feD, every g,€G and [Djir = |fI2 +
+ Y llgulf* < oo. Clearly F" > E because the last may be identified with

n=1
{PeF":g,=0if n>0}). Let U, and V" be defined in F" by U ® = {U,/,
Ugi, .., Ugy, ...} and V" ® = {PEVf, PEVf, &, ..., &, ..-}. Then the unitary
group {U;" :t €T’} extends U while the isometry V" extends V' to the whole space
F~. We have moreover, for any & € F",

U V*® = {PEUVS, PEUVS, Ugy, ..., Ugyor, ...} = VU ®.

iv) Our problem has been reduced to the case where U is a unitary group,
Dy = £ and U,V = VU, for every t € I, so the result follows from the proof of
Proposition (1.6.3) in [27]. Q.E.D.

2) Proof of Theorem A(1.1). Let Y be the orthogonal complement of Dy in
E and X a Hiibert space such that if we set E; = ¥ @ X there exists an isometry
o: E;, = X ; replacing Eby D, @ E, = E® X and Uby U @ «, we may assume
Dy = E and apply Theorem (1). _ Q.E.D.
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3) REMARK. The condition in Theorem (1) implies:
(#) UvVf = VUf, for every fe D, such that Uf € D,,

but the converse is not true. For example, set £ = C? and let {¢,, €,, ¢, €} be the
canonic basis; if D, = span {e,, e,}, Ve, =e,, Ve, =¢e;, Dy=E, Ue, = ¢,
Ue, = ¢4, Uey = e¢; and Ue, = —e,, then (&) is satisfied but (UVe,, Ve,y =
=1 %0 = {Ue,, e,).

4. POSITIVE TOEPLITZ EXTENSIONS

Let V = {¥,: t € I'} be the family of isometries associated to a positive T-K-C
form, D, and R, the domain and range, respectively, of each V,; thus, the defect
indexes of ¥V, are the codimensions of D, and R,. When I' is the integer group we
have the following result on existence and uniqueness of positive Toeplitz extensions.

1) ProPosITION. Let {B; Z, 2; E) be a positive T-K-C form such that its asso-
ciated family of isometries V satisfies V, = V7D, for every n > 0. Then B can be
extended to a positive Toeplitz form, and that extension is [unique if and only
if at least one of the defect indexes of V, equals zero.

Proof. Let U € L(F) be a unitary extension of ¥, to a Hilbert space containing
Hg; since V_, = V;* for every ne€Z, {U":n € Z} is a unitary extension of V.
The result follows from Lemma 2.2. Q.E.D.

The above proposition has as a special case the fundamental property of
the so-called operator-valued Generalized Toeplitz Kernels [7]. In order to extend
it we shall consider forms in product groups and their restrictions to the factors.
Precisely, when we say that the restriction {By; I}, @,; E} of {B; I', Q; E} to
T, is well defined, the following properties are assumed:

i) I = I'yxTI,, with Iy a group with neutral element €
i) 2={of xo:j=1,...,n},e €0 c I, and wf¥ < I, for j=
=1,..,n @ ={o®, ..., 0o}; '

iii) B, is glven by Bl(h W)y=B(H,H),Vh I eAg , where, for anyh eAq ,
we put H{t,, t,) = 0if t; # ¢, and H(e,, t,) = h(t,).

2) "PROPOSITION. Let {B; Iy X Z, Q; E) be a positive T-K-C form with the fol-
Jowing properties :

i) Every w; € Q satisfies w; = IyX w{™, with I'y an abelian group and ofP < Z.

ii) The restriction of B to Z is well defined and its associated family of isometries
satisfies V, = V"D, for every positive n. :

Then the given form has positive Toeplitz extensions.

#-c. 2723
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Proof. Let ¥ = {V ¢m:t €Iy, m € Z} be the family of isometries associated
to B; set V=V .1 and U, = V0 for every t €I'y. From (i) it follows that
{U, :t € Iy} is a unitary group; clearly U,Vf = VU,f holds for every f in D,.
From (ii) we know that ¥ ,m) equals the restriction of V™ to D ,m for every
positive m. Then Theorem 3.1 gives a unitary extension of ¥, so once more we
may apply Lemma 2.2. Q.E.D.

5. ON A THEOREM OF KREIN

1) Proof of Theorem B (1.2). Let {B; Z2, Q; E} be the T-K-C form given
by @ = {w}, 0, ={(mn)€22:0<m<a0<n<b}and

B(h, 1y = ¥, {Kk(s — )h(s), K@))p - s, t €22,

which is positive because & is a function of positive type. Let ¥ = {Vimn : (11, ) €
€ Z?} be the associated family of isometries. Assume that k(- , 0) has only one exten-
sion of positive type to Z. Set U = V) and V = Vip,1y. Then (4.1) implies that
U is defined in the whole space Hy, . The result follows from Theorem A(1.1). Q.E.D.

With a similar proof we obtain from Proposition 4.2 the following analo-
gous property.

2) PropeSITION. Let I' be a group, b a fixed natural number, E a Hilbert space
and k: {(s, n):s €T, |n| < b} - L(E) a function of positive type. Then there exists
a function of positive type, K: I' XZ — L(E), that extends k.

6. ON THE HELSON-SZEGO THEOREM

Let (2, &/, P) be a probability space, I' a LCA group and X = {X,:t eI}
< L%, o, P) a stochastic process. Its covariance K: I'x I' — C is given by K(s, t) =
=X, X = SXSA_’,dP. When K(s + u,t + u) = K(s,t) for every s, t,u el itis

0o
said that X is a weak sense stationary process; in that case, if K is also continuous,
X has a spectral measure, i.e., there exists a positive Borel measure y on the dual
group I'" such that its Fourier transform p~ satisfies K(s, 1) = p"(s — ). If X is a
Gaussian process, a theorem due to Kolmogorov and Rozanov (see [22]) says that
the probabilistic dependence between the g-algebras generated by two subsets X
and X® of X can be measured by the cosinus of the angle between the subspaces
generated by these subsets. When I' = Z, Helson and Szegé [23] solved the problem
in prediction theory of characterizing the spectral measure of a weakly stationary
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process X with positive angle between its “past’’ and its “future”’, i.e., the subspaces
generated by {X, : t < 0} and {X, : ¢t > 0}, respectively. Concerning that problem we
have the following:

1) THEOREM. Let I be a LCA group, X = {X, : t € I'} a weak sense stationary
process with spectral measure p, , and w, subsets of I such that ' ={s — t:s € w,,
t € w,}. :

1) The following conditions (a) and (b) are equivalent.

a) du = €“d|0], with u a real function |0|-essentially bounded on I'" and 10|
the total variation of a complex Borel measure 0 on I'" such that:

sup{larg8(B)| : f = I'"*, a Borel set} < /2,

and 0°(s — 1) =0, Vsew,, t€w,;
b) 3r€(0,1) such that the T-K-C form {B,; I, Q; C? given by Q =
= {w,, w,} and

B/{(hys ho), (B, 1)l = 3 {u" (s — )P -V=Hiy()i(e) :s, t €T, j, ke = 1,2}

has a positive Toeplitz extension.
il) The preceding conditions imply that the angle between the subspaces generated
by {X,;t € w,} and {X,:t € w,} is positive.

Proof. It is not difficult to see that B, is positive if and only if the cosinus of
the above mentioned angle is bounded by r; thus, (ii) follows from (b).

Assume that there exists a positive Toeplitz extension of B,. From (1.1d) we
obtain a positive matrix {g;}1<jk<2 of measures on I'" such that u"(s —t) =
= pm1tl/=kly (s — ¢) holds for every (s, 1) €w;Xwy, j, k=1,2. Set 0 = p —
— s then 07 (s —1) =0, V (s, 1) € wy;Xw,. The assumptions in o, and @y
imply rp = py; = pgp. For any Borel set § <« I'" we have

0 < t3u(Bre(B) — [paa(B)fF = (2 — Du(B) + 2[Re 8(B)u(B) — [6(8) .

Since r < 1, p must be |0]-absolutely continuous; |argf()|<a holds if sina = r
and « €(0, 7/2); also there exist two positive constants m and M such that
m|6(B)] < u(B) < M|6(B)l. Thus, (b) implies (a). The argument is reversible

Q.E.D.

When '=2Z, o, ={me€Z:m <0} and w, = {m €Z:m > 0}, Proposi-
tion 4.1 says that B, is positive if and only if it has a positive Toeplitz extension, so.
(i) and (i) are equivalent; in that case the theorem of F. and M. Riesz shows that
df = yds holds with ds the Lebesgue measure on T and y a function of the Hardy
class HY(T); setting v = argy we get du = e¥+?~ds, as is established by the Helson-
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-Szegd theorem. Details and related results can be found in [18],[9], [10} and [21].
Conditions (i) and (ii) are also equivalent in the case of half-plane prediction of sta-
tionary processes in Z2, as it is considered in [24]. In fact:

2) THEOREM. Let I'y be a LCA group and {X, : s € I'yX Z} a weakly stationary
process with spectral measure u. Then the angle between the subspaces generated by
{Xomy: (t,m) €ToxXZ,m <0} and {X(; my: (¢, m) €[GXZ, m > 0} is positive if
and only if du = €*d|0| holds with u a real valued |0-essentially bounded function on
Iy X T such that sup{larg0(B)| : f < I'y X T, a Borel set} < m/2 and 0"(t, m) = 0,
Vtely,,meZ and m < (.

Proof. Follows from Theorem 1 and Proposition 4.2. Q.E.D.

7. ON THE LIFTING OF THE COMMUTANT

We wish to show here that T-K-C forms allow a general approach to some pro-
blems related to the dilation of commutants in the Sz.-Nagy —Foias sense, leading
in particular to a bidimensional version of the fundamental lifting theorem due to
them.

A commutant is a set {Ty, T,, X} of two contraction semigroups and an
intertwining between them.

More precisely, when we speak of a commutant, we assume that the following
objects are given:

1) a semigroup I'; with unit element e;

ii) two families T; = {T;(s) : s € I'}} = L(E,) of contractions in Hilbert spaces
E; such that T(e) equals the identity operator and T,(st) = T;(s)T;(t) holds for every
s tely,j=1,2;

iii) an operator X € L{E,, E,) that intertwines T, and T,, ie., such that

XTy(s) = To(s)X, V sel,.

In the special case I'; = {me Z : m > 0} we shall sometimes identify 7, with
T(D).

We are interested in commutants with such properties that lifting problems
may be posed. So we state some assumptions and also fix some notations that are
to be kept from now on. ' -

I'; will be a sub-semigroup of an abelian group I' with unit element e, such
thatevery u € I' can be writtenasu = s — 1, 5, t € I'y. For j = 1, 2 there exists U; =
= {U/(s) : s € I'}, 4 unitary dilation of 7} to a Hilbert space F;; that means that U;
lS a unitary representation of I' on F; o E; such that

Tis) = PEUS)|E;, Vsely;
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we may assume that the following minimality condition also holds:
= V{U,5)E; :s eT'}.
From U; we get a minimal isometric dilation W; c L(M)) by setting
M; = V{U()E;:seTI',} and Wys) = U(s)iM;, for sely;

in fact, it is clear that M; o E;, M; = V{W,(5)E;:s€l} and Tys) =
= PZjW,(s)IE} for every sel',, j =1, 2.

When we consider the problems of the lifting of the commutant {T,, T,, X}
we assume that the minimal unitary dilations U, and U, of T; and T, are fixed, and
we assume also that W, and W, are the minimal isometric dilations of 7; and T,
given as above by U, and U,, respectively. In such conditions, the problems are to
determine if X can be lifted to intertwinings between U; and U,, and between W,
and W,. That is, we want to know if there exist operators y and 7 such that the
following hold:

() y e (M, My), yWi(s) = Wy(s)y for every sely, |yl =1X|| and
Prty = XPpY

() 1 e L(F, Fy), tU(s) = Uy(s)t for everys e, |z]| = |X|| and szrlMl =

M F . . C S
= XPE]‘, 50 PE:‘L'IEI = X.

Note that even in the simpler cases it is not always possible to get t such that
also Pg't = XPg* ([15]). |

If X = 0, the problems are trivial. If X 5 0, we may assume by homogeneity
that jJX{| = 1.and so we do from now on.

We approach these problems by associating to the commutant {1, T,, X}
and to the minimal unitary dilations U, and U, a T-K-C form

{B; I, Q; E; X Ey}
which we define setting I'T* = {sel':—sel}, Q' ={I'y, I'f'} and

B(h, ") = Y, {Kguls — Oh(s), hiO>g, 1), k'=1,2; s, teT}

; N . .
3) with g;;(s) = PE;UJ-(S)IEJ., sel, j=1,2,

£12(8) = XT(8), s'€Iy, gy(s) = gio(—5)*, 5 eryl



RODRIGO AROCENA

Let us remark that in the trivial case Ty = T, = T, a contraction, and X = I,
Bis given by the function g such that g(n) = T"if n > 0 and gn) = T*-"if n < 0,

by means of which Sz.-Nagy’s theorem on the unitary dilation of contraction is
deduced from Naimark’s theorem (see [27]).

We start verifying that B is always positive. If & = (4, , h,) € Q is given, we
set f; = Y, {UMh(9):seT}, j=1,2; then
B(h, h) = lIfillF, + Ifallk, + 2Re ¥, {Kgusls — Os(8), he()D, : (5,)€Q);

from the equalities

CXT(~OT(s), ho(1), = <XPEUs), To(—1)*hylt)D,

F. F,
= (XPEiUl(S)hI(S), Pg.Uy(t)h()>x,
it follows that
. 2 F
B(h, k) = |ifillF, + lf2llF, + 2Re<XPE}fy, o), > 0
because {[X}j = 1.

Call # the set of all positive Toeplitz extensions of the T-K-C form given
by (3). Then:

4) LeMMA. For every B’ € B there exist four functions

gjk:F _’L(EJ, Ek)’ j,k= 1, 2,
such that
gu =& &ulli = &2, &uls) = gia(—9%,

8 = ga»
and

B'(h, ') = Y, {<gils — Dh(s), b)), j k= 1,2, s, tel}
for every h, h' € A(T, E; X E,).

Proof. If hy, hi € AT, E,) let a € I', be such that the supports of S ; and
S,hy are contained in Iy; then B'([A;,0], [A1,0]) = B(SJfh, 0], S,lhy, 0]) =
= Z {Kguls — )hy(s), h{(t))E1 : 5, t € I'}. The corresponding fact for g,, is proved
in the same way.

For tel,v, € E, and v, € E, set G,(vy,05) = B'({S;v,,0),0,v,]) and h =
= [S,vy, v5] € A(T, E, X E;); then

0<B'(h, h) = B'([Sw,,0], [Swy,0]) + Gy, ve) + G(vy, v~ + B0, vgl, [0, ve)s
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50 |G (v, vy)I2< |]u1|[,251“v2”22 holds for every v, € E,, v, € E,. Consequently there
exists g1.(t) € L(E,, E;) such that {gi(t)vy, v,) = Gvy, v;). The result follows.
Q.E.D.

Call 7 the set of all the “liftings™ = of X that verify (2). We now show that
those liftings exist if and oniy if B has positive Toeplitz extensions, i.e., that 7 is
non-void if and only if & is non-void. Moreover :

5) THEOREM. A bijection from B to T is obtained by associating to each B' ¢ #
the operator © € F defined as follows : let U'< L{H') be the minimal unitary dilation
of B’ then F; may be identified with a closed subsace of H', U(-) with U'(-)|F;,j < 1,2,
and X with P;’;;IIE1 s let v be the restriction Pﬁ;M 10f Pﬁg to M, and T the restriction

PEIF, of PE 10 Fy; then Pyry = XPx* and |yl| = |1X|| while < € .

Proof. 1) If B’ € & is given, we define an isometry 4, from F; to H’, such that
ALUt) = U'(t)A, for every t € I', by setting — with notations as in Section 2 —
A(Uy(s)vy) = II(S,[v,,0]), s€I' and v, € E,. Thus, we may assume that F;c H'
and that Uy(-) = U'()IF;,j = 1,2. From now on v; is any vector in E;. Since

{Xvq, 1’2)152 = {g1a(€)vy, Uz)ﬁ‘a = vy, V)

we see that X = Pﬁ-’z '|E,, so it is natural to define the operators y and t as above*

Clearly P;ZT]El =X, so 12 |7|| > |iX}| =1, ie, |t|| = 1. We also have [|y]| =
= ||X|| and, for every s eI},

<(P11‘~:?'}’)W1(s)01, "2>E2 = Uy($)vy, va) - = B'(S;v,, v5) =
= <80y, 105, = CXPEIW ()01, a3,

M M F M . .
so Pgly = XPEl‘; consequently PE:-cIM1 = XPEII. For any ¢, s, s, €' it is true
that

U Us)r, Ussdvedr, = KU (s)vy, U'(—=)U'(s)vp)m0 =
= (PJI{‘Ux(SJ”u Ux(6)* Us(s2)varr, = {Ug(D)tUy(s)vy, Up(s2)V5) 5,
i.e., tU(t) = Uy(t)r. Summing up, t € 7.

Moreover, the correspondence from # to J given by B’ — t is injective:
in fact, B’ is determined by the function g{; as in Lemma 4, which in turn
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satisfies

<g12(S)UI, U2>Ez == B'(Ss[vls 0]’ [0’ UZ]) = <HSs[v] s O]r H[O’ v2]>H' =

F,
= (U(S)vy, vpdm = <PE;7"U1(S)UI > 1’2>52,

that is
Fﬂ
() 81(s) = PE;TUl(S)EEI: Vsel.

1) In order to complete the proof we have to show that, if 7, € 7 is given,
there exists B’ € 4 such that, with the above construction, we let 7 = P?L!F1 = 74,

o F"ﬁ )
Naturally, we set gi, = gu, £in = &i, 81a(5) = ga(—9)* = Peroli(s)i E; and
we consider the Toeplitz form {B'; I'; E, X E,} given, for any h, k' € A(I', Ey X E,),
by

B, 1y =Y, {<gils — hs), (e, :j k = 1,2, s, 1T}

Straightforward verifications show that B’ € 4. Finally, considering (#) we ob-
tain, for any s,t €T,

US)vr, Up()vedr, = <gials — Dvy, v, = {1oUs(8)vy, Un(t)to)r,;

consequently, T = 1,. Q.E.D.

Now we want to see that if the set ¥ of all the operators y that satisfy (1)
is non-void neither are 7 and 4. We start with some preliminary remarks.

W ={W():sel} c L(M)is a semigroup of isometries, then Naimark’s
dilation theorem applied to the functiong : I' — L(M) given by g(s — t) = W({t)*W(s)
Vs, te€l;, shows that W has an essentially unique minimal unitary extension
U c L(F).

Next we consider the Jifting problem for a2 commutant {W,, W,, 7} where
W(s) is an isometry in M; for every sel,, j=1,2. Let {B; T, G; My x M)
be the associated T-K-C form; its domain is the space Ao{I', M; X M,}. In order
to extend this form we define four functions as follows: gj(u) = £;(u) =

= PEjUj(u)iMj, uel and J=12; Zuls — 1) = gu(t — 9% = Wy)*yWy(s),
s, tely; let {E’; T'; My X M,} be the Toeplitz form in A, My X M,) given by

CB@ ) = §KE G — 00, WiOdx, ik = 1,2, st €T}



EXTENSION PROBLEM FOR FORMS 339

Let g1 = y Wi(-); since gp(s) = gi(s) for every s erl, B’ extends B. For any
¥ = (Y, ¥,) € A(I', My X M,) let a € I, be such that the supports of S, and
Sy, are contained in I’y ; then

1?'(% ¢)=§I(Sal//= Sa‘//)z 2{(§jlk(s - f)Su‘//,(S), Sa'/’k(’))]‘lk :ja k=13 2, S) te Fl} =

= IS {Wi(s)S¥s(s) 1 s e T}l + || S{IWA)Saat) - £ € T}k, +

+ 2ReCy Y AWL()SY1(5) - s € I}, Y {WaO)Saho(1) - 1€ Ti o, > 0.

We have scen that B'isa positive Toeplitz extension of B; it follows from Theorem 5
that the commutant {W,, W,, y} can be lifted to an intertwining between the unitary
extensions U; and U, of W, and W,, respectively. Mcreover, we can use the
above construction to prove

6) PROPGSITION. There exists an injective correspondence y — B' from 4 to
B such that if H' is the space of the minimal unitary dilation of B’ then M,

and M, may be identified with closed subspaces of H' and y with PZ;IM 1. So if

% is non-void neither are I and 2.

Proof. The restriction {B'; I'; E, X E,} of {79'; I': M; X M,} to the space
A(l, E, X E,} is a positive Toeplitz form. It is given in the usual way by the

functions gj, (¥) = Pg‘ g1 (W)\E; € L(E;, E), j, k = 1, 2. Since gj;(u) = P:;?Uj(u){Ej =
= g;;(u), Vuer, and for every s € I', we have
M, M,
81:(8) = PeyWi(S)E, = XPE:WG(S)}EI = XTI(S) = Z12(5),

it follows that B’ extends B. Thus B" € 4.
The correspondence y — B’ is injective because g}, determines y (and conver-
sely); in fact, for any s,, s, €I, v; € E, vy, € E,, we have

AID ate
yWils)on, I’Vz(fz)”z%\/l2 = <PE2HW2(53)"'YW1(S1)01 > L’z)Ez =

= {g12(851 — $5)vy, Uz>£,l .

Theorem 5 implies that #¢; = F; may be identified with a closed subspace of /.
From
yWas)ey, Wz(sz)?f’z%\lc =

= {81281 — S2)vy, Uz)E2 = B'(S.vl[b’p 0}, S,,.z[O, te]) = KU sy, U'(s)eepmr =
= LParls)on, Wols)uodu,

it follows that y = Pﬁ;lMl. Q.E.D.
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If I' = Iy uI'T? the correspondence given by Proposition 6 is bijective. In
order to prove it we shall use the following:

7) LEMMA. Let {W(s):s eI} < L(M) be a minimal isometric dilation of
the contraction semigroup {T(s):s €Iy} < L(E). Then, for every s € S,, it is true
that W(s)*E < E and consequently T(s)* = W(s)*|E.

Proof. We have to see that if x belongs to the orthogonal complement E
of E in M then W(s)x also belongs to E’. Sete, = P¥W(s)xand, foranys,, ..., s, €
€l, e,...,6,€E c=x— Y {W(s)e:1 <j<n}. If e €E then

lleil-llel] = iKe, T(s)*ed! = f(Z{T(Sj)ej: 1 <j < n}, T(s)edi =
= KW(s) L {W(she;:1 <j<nl, e,

30 {W(s)x, €,y is bounded by [{W(s)e, epd| + (W(s) L {W(se;: 1 <j < m},e), <
< 2jlel|- llegll- Since ¢ can be made arbitrarily small, e, = 0. Q.E.D.

8) THEOREM. Let I'=T,uTIy'; if B ' €# and H' is the space of its
minimal unitary dilation, set y = P;f};lM candt = Pf:‘;ll:'1 ; then B -y and B' —» <

give bijective correspondences from # to ¥ and to J, respectively.

Proof. Theorem 5 and Proposition 6 show that it is enough to prove that
B’ — y gives an injective correspondence from # to ¥. If y intertwines W, and W,,
then it determines g;,, as we saw in the proof of (6); the injectivity. follows. We

know already that |lyl| = ||X|| and PZzy = XPX‘, so it only remains to see that
{#) YWAOW (1), Wata)vadu, = KWa(s)yWa(t)vr, Walt2)vadm,

holds for any s, t,, t, € I'y, v, € E,, v, € E,. Two cases must be considered.
i) t; — s €T, : the first member of (#) equals

U'(s + 1oy, U't)vodmr =
= <P ﬁ;Wl(ﬁ)Up Wity — $)vsdm, = Wo(S)yWi(t) vy, Walts)vedm, -
ii) s — t, € I'y: the second member of (#) equals
U'(s — yWi(t)vr, 908 =
= (Ws — WAV, 0dar, = <ProyWa(t)o,, Wals — t)*opds, =
= {Ty(s — L)XTy(t)vy, vpdp, =KX Ti(s — tz + vy, vdE, =
= {&1als — f + B0y, VdE, = KU'(s — &5 + 10y, V)5 =

= <P fr;Wl(S)Wﬁtx)lh s Walt)vdn, = SYWi(Wi(t)vy, Walto)veda, -
' Q.E.D.
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The last theorem implies the following result on the lifting of the commutant.

9) THEOREM. Let I'y be an abelian group, Q; = L(E;) a unitary representation
of Ty, Y; € L(E;) a contraction that commutes with every element of Q;, j =1, 2,
and X € L(E,, E,) such that XY, = Y, X and XQ\(t) = Q. (1)X, Vtel,.

i) If Q; < L(M}) is a unitary representation of I'y that extends Q;, Y; € L(M))
is an isometric dilation of Y; that commutes with every element of Q; and moreover
M; = V{Y;"Q|()E;:s €Ty, n>0}, j = 1,2, then there exists y € L(M, , M) such
that 3Y} = Yy, 704(t) = Q4(0)y for every 1 €Ty, Prly = XP5! and |yl = Xl

i) If Q)" < L(F}) is a unitary representation of I'y that extends Q; and
Y;" € L(F;) is a unitary dilation of Y; that commutes with every element of Qj’,
j = 1,2, then there exists © € L(Fy, F,) such that tY{' = Y3't, 10y (t) = Q3 (t)r
for every t € Iy, Pr*t|E; = X and |icl| = [IX]l.

REMARK. Given Q;, Y; as before, we can always find Q;, Y} as in (i) and

., Y, as in (ii). In fact, set Z, = {meZ:m >0}, ' =Ly X Z, I, =Ty X Z,

and Ty(t, m) = Q;(t)Y}", V (t, m) € I'y, j = 1, 2. Then the semigroup of contractions
T; < L(E;) has a unitary dilation; that can be proved as in ([27], 1.6.3).

Proof. a) Let f]j < L(Fj) be a minimal unitary dilation of the semigroup
T; = {T;(t, m): (t, m) € I''} we just defined. With I', I', as above and Q = {I,, I'7'"}
let {B; T, Q; E; X E,} be the positive T-K-C form associated to the commutant
{Ty, Ty, X} and the minimal unitary dilations U, and U,. Proposition 4.2 shows
that this form has a positive Toeplitz extension, ie., Z # &. Then Theorem 5

says that there exists 7T € L(F,, Fy) such that 7 U,(s) = U,(s)7 for every s €T,
PETIE, = X, ||7]| = |IX].

b) Let U; < L(F;) be the unitary representation of I' given by Ujt, m) =
= Q;'(1)Y;" for every (t, m)eTl, j=1,2. Setting f, = V{U(s)E;:s eI} and
Ul(s) = Uy(s)IF; we can find 7 as in (a), so 7 € L(F,, F,) defined by 7(x) = 0 if x
belongs to the orthogonal complement of F, in F, and 7(x) = 7(x) if x belongs
to F, shows that assertion (ii) is proved.

c) It follows from the previous remark that the semigroup W; given by
W(t,m) = Q;(1)V;™, (t, m) €I';, has a minimal unitary extension U; = L(F).
Clearly, U; is a unitary dilation of 7;; moreover, from F; = V{U;(s)M;:s erl'}
and M; = V{W,WE;:u eI} it follows that F; = V {U;(5)E;:s €}. So we
are in the conditions of the lifting problems we have been considering. Since in
this case I’ = ' y I';’* and we know from (ii) that J # ©J, Theorem 8 shows
that ¥ # O. Q.E.D.

When T, is trivial, assertion (i) is Sz.-Nagy—Foiag lifting theorem.



342 RODRIGO AROCENA,

Let us go back to the general problem of the lifting of a commutant {7, T,, X}.
The dual problem is naturally posed as follows. Set T ) = T(—9)* Vsel{y
we say that {]N‘I, TZ, X*} is the dual commutant. Clearly f/j = U; is a minimal
unitary dilation of _’i'j to ﬁj = F;. Moreover, setting MJ = V{ﬁj(s)Ej rsel7
and V;/j(s) = f]j(s)]M ;» Vs eIy we get a minimal isometric dilation of f,-. The
sets 47, 9~ and B~ are naturally defined. Then t — t¥ gives a bijection from
T to J 7 ; to see this, it is enough to verify the equality Pf;llr*lﬂg = X*PZ:“. Now.,.
if sy, v, €E, and v, € E, it follows that )

F, . F,
<PE:T"U2(S)U':: 1"1>E1 = (i, P‘fz‘;'fUl(“s)U;\>E,_z =
= {0, XPEIIUl(—S)ﬁ)EQ = {1y, XT](_S)LH)EZ = {Ty(—5)"vy, Xl’1>1:‘2 =

= (X*PEoU sy, 013,

These remarks show, for example, that:

10) PROPOSITION. In the problem of the lifting of the commutant, when I”
is a group ordered by I'y, if T, is a semigroup of isometries or if Ty is a semi-
group of coisometries, then the sets 4, G and % have each only one element.

Proof. From (8) and duality it follows that we may assume that 7, is a

semigroup of isometries; then M, = E, so it must be y = XPE:. Thus, it is enough
to verify that the last operator belongs to 4: if s,¢ € I', and v, € E, then

XPEYWS)W1(1)e,] = XTo(s + Do, = Wy s)XPEIW (D).
QED.

8. COMMUTANTS IN Z2

Tn order to comsider the lifting problems for pairs of contractions we fix
the foliowing notation: I' = Z3 Iy = {(m,n) € :m,n > 0}, and we consider
semigroups T; = {Tj(s):s € I} < L(E;) given by T,(m,n) = T;/"T;'", where T}
and 77’ are commuting coniractions in a Hilbert space E;, j =1, 2. A theorem
duc to Ando [4] states that there exists a commuting pair of unitary operators
{U/, U]'} « L(F)) such that F; = V{U;"U;'"E;:m,n € Z} > E; and T/"T}"" =

F. . . !
PE;%,mU;,"'Ej’ Vmn 20, j=121f Xel(E,, E,) intertwines 7y with T,

1

and T3’ with T}’, we shall study the lifting problems for {7}, T,, X}.
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Considering the associated T-K-C form B, and with notations as in Section 2

‘we have in this case
(1) Dippny = {h = (hy, hy) € Ag(Z?, E; X Ep) : ly(k, jy =0 if k< —m or
J <=, hy(k,j) = 0if k>— morj>— n}, with @ = {I';, I'T'}, and Sy, .| D{,ny =
= 8,050, D(mm = So,1yS0.0) Dim,my» 50
@) Vnmy = V3.0V Py = VioyV .03, Diim.ny » for every (m, n) € Z2.
The basic Lemma 2.2 shows that & is non-void iff there exists a commuting

‘pair of unitary operators that extends {¥; ), ¥(o,n} to a Hilbert space containing
Hg. Since Vil = Vi_1.0 and ¥Vghy = V(o _y, any sufficient condition for that

Temains true when (m, n) is replaced by (— m, — n), (n, m) or (— n, — m).
From (1) itis clear that 4o(Z*, E, X E;) = Dyg,y + D(o,-1y, SO

() Hq = D1y V D,y -
Assume that Dy, ;) = Dy holds for m = 1,2, ... . Then Dy qy = Dy,
because S(o,1)D(,1,1) < D('l,o)'

30 De,-1y = VeonPony = Vo.nPa,y © Diaoys
From D4y © Dy,yy and (3) we get Hy = Dy, qy. It follows from (2) that
Va0V Dow = V& Vo Dmn = VoV G.o/Pm.y =
= Viow V("i.O),{D(o,.lr
We can thus apply Theorem A(l.1) to Hy,, V4,0 and ¥V, from Lemma

2.2 and Theorem 7.5 we get:
4) LEMMA. Let at least one of the following equalities be true for every

mzl:
Dy = Do,1y»  Daymy = Da,0p

D(_m,~1) = D(o,-1)> D(-1,-m) = D(~1,0-

Then the commutant {T,, T,, X} can be lifted to an intertwining between the unitary

dilations, ie., 7 # O. ‘
For mn 2 0 set P(’m,n) = {(h]_ 5 hz) € D(’m’”) : h]. = 0}, then Dém,") = {(hl 5 hrg) €

€Ag:hy =0} + Ply .y, 50 if P,y denotes the closure of IP(n,, we get:
then D, 1y = D¢ ;) for every m > 1. Next, we shall

(5) .If P(m,l) = P(o,1)

prove that
(6) P(m,l) = P(O,l) if and Only if

V{UyU®Eyir < —m, s < — 1} = V{UJU;"E,:r<0,s< —1}, m>1

For any (0, hy) € P(o, We set 4(Q,hy) = Y {UUy*hy(r,s) rr, s < 0}. ¥ also
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(0, hy) € Py gy We have
<4(0, hy), 4(0, hy))r, =
= Y U0 h(r, ), ha(r', sV>p 115, 7', 8" < 0} =
= B([0, ], [0, Az}) = <H(0, hy), I15(0, h3)),

with the last scalar product in Hj, so A defines an isometry that carries P, .»
onto V{UyUy“Ey:r € —m, s < —n} for every m,n > 0; (6) follows.
Consequently, P, 1y = P,y for every m > 1 iff

Ui V{UyU By # <0, s < — 1)) = V{UJUYEy:r <0, s < — 1},

ie., iff E,c V{UJUyE,:r <0, s <0}. Thus, Lemmas 4 and 5 show that
assertion (2) of Theorem D(1.4) is proved.

If WeL(M) is an isometric dilation of the contraction T € L(E) then
EcV{W"E:n >0} iff T* is an isometry. In order to prove it we may assume
minimality. If T* is an isometry, for every x € E we have |WT*x|| < ||x|| = [TT%x}}
and PYWT*x = TT*x so WI*x = TT*x = x; consequently WE > E. Conversely,
if Ec V{W"E:n>0},forany x € Eand ¢ > Q thereexist x, €E,n = 1, ..., 1,
such that if we set y = Y {#W"x,:1 < n < m} then [jx — p|| < ¢; since T* = W*|E
it folows that

[ T5x — Wiyl = WH(x — )| <e
hle]
¢ > |[TTsx — TW*y| = (|TT*x — PMy|j;

thus [|[TT*x — x|| € ||TT*x — P¥yl|+ | PM(y — x)|| < 28, ie., TT%x = x for every
x € E. So the following holds.

7) CoROLLARY. If, with the same notation as in Theorem D(1.4), at least
one of the operators T*, Ty'*, T;, Ty’ is an isometry, the thesis (2) of that theorem is
true.

REMARK. If T{* or T, is an isometry, then the commutant {7, T;, X} has
only one lifting. We thought that the last was a sufficient condition for the existence
of the lifting in Z2, But that is not true, as the ‘‘rapporteur” of a Note we sub-
mitted to the “Comptes Rendus’ showed us with the following example.

Let {71, T,, Ts} = L(E) be Parrott’s example of three commuting contractions
such that the semigroup T given by T(m, n, ¥) = TrT3Ts, m, n, ¥ >0, has no unitary
dilation ([27], 1.9.6). Set T{ =Tj =Ty, Ty = Ty’ = T,, X = T3; from Ando,
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Ceaugescu and Foias uniqueness theorem [5] it follows that {T{,Tj, X} has only
one lifting. If © € 7 should exist, setting U, = U; = U3, U, = Uj’ = U}’ and
considering the commuting system {U,, U,, t}, we would be able to construct a
unitary dilation of T.

We now turn to the proof of assertion (b)in (1.4). Assuming that the isometric
dilations are minimal, we apply Theorem 7.5. There exists 1 € 7, so B # & and
we can find B’ € # such that if U’ < L(H’) is its minimal unitary dilation then r

may be identified with PR|F; whiley = Pl |M, satisfies P’y = XPg" and [pl] =
= ||X||. In order to prove that

(#) <yW:,lal ) aZ>M2 = <Wé'ya1 ) a2>Ma

holds for every a; = Wi{W v, ,r,s 20, v €E, and a, € M,, the assumption
on M, shows that it is enough to consider the following cases (i) and (ii).
() o =WWy"v,,m>0, n>0 and v, € E,: Theorem 7.5 shows that

the first member of (&), (Pg;W;al s Wi™W 5 ") m, > equals
U'ay, U™U"v,> g0 =
= a1, U = (Prpay, Wi ‘Wi vpdar, =
= (Wsyar, adum,.
(i) @ = vy € E;’: Lemma 7.7 says that
yay, Witadu, = (Prvay, Ty*opds, =
= (XPrlay, Tg*o05, = (TiXPriay, vdr, = <XTiP5la;, v, =
= {XT {PKIWI'W:'L"% Ve, = KXT{™T{"vy, 0)F, =

M M, ,
= (XP E11W1a1 ’ vz)E2 = (P e, YWia, Uz)!z‘2 = (YWiay, a)u, -

Thus, yW3 = Wy, while yW?4' = W;’y can be proved in the same way.
So Theorem D(1.4) has been proved.

APPENDIX: ON THE EXTENSION OF ISOMETRIES

In this paper we have systematically applied the basic Lemma 2.2 to obtainr
positive Toeplitz extensions of T-K-C forms from unitary extensions of isometries..
But since both things are equivalent the lemma can be applied in the other way,
as it is shown in the following example.
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LetV = {V,: ¢t €R, t > 0} be a family of isometries such that the domain D,
and the range R, of each V, are all closed subspaces of the same Hilbert space H.
Assume that the following properties hoid.

1) Generalized semigroup property: ¥, is the identity in H and, if x € D,1+,3,
then x € D’1’ V,1 x € D,ﬂ and V,1+,2x = V,le,lx.

ii) Existence of incoming and outgoing subspaces: there exist E;, and E,,
closed subspaces of H such that E, < D, and E, < R, for all > 0 and also
=[V{V,E :t>0}] VIV{V E,:t > 0}]. (Notethat V,E, c D, and ¥, *E, = R,
hold for all ¢, s > 0.)

iii) Continuity: (¥,x,, x} + x5, {x1 + Xs, V7 '%;> depend continuously on
t >0 forany x;,x; €E,, x5, x5 €E,.

We shali prove that the above conditions ensure the existence of a continuous
unitary group U that extends V.

Set I ={treR:t >0} and Q= {I,IT}. Let {B; R, Q; E, X E,} be
given by B(h, h') = Y, {{Ku(s — )h(s), h,:(t))Ek 1S, k=1,2, s,teR}, with

Ku(t) = PEVE if 1 >0 and Kyu(t) = Ku(—t)* if 1 <0,
Kiplt) = Ku(—1)* = PEVJE, if >0,
Ko(t) = PEVZYE, if1<0 and Kyp(t) = Kp(—1)* ift>0.

It is easy to see that Bis positive. Then it can be proved [15] that it has a
positive Toeplitz extension {B’; R; E, X E,} such that B'(S,v, w) depends conti-
nuously on te€R for every veE, and wekE,. Now, setting 4A(hy,hy) =
=V {Vim(@®):t >0} + ¥ {VZlhy(t):t <0}, we obtain an isometry from Hy
onto H. For t < 0 set ¥, = VZ}; it can be seen'that {4*V,4 : t € R} is the family
of isometries associated to B. From Lemma 2.2 our assertion follows.

If every V, has domain H, that is, if ¥ is an ordinary continuous semigroup
of isometries, we may put E;, = H and E, = {0}, so the above result includes
a classical theorem of Cooper [17], which is also a particular case of the unitary
dilation theory, as Sz.-Nagy and Foias have shown [27].
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