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DIFFERENTIABLE STRUCTURE OF SIMILARITY ORBITS

E. ANDRUCHOW and D. STOJANOFF

INTRODUCTION

It is well known that for any 4 € L(C") the similarity orbit of A, S(4) =
= {UAU-1: U € G],(C)}, is a holomorphic submanifold of L(C"). This is no longer
the case when, instead of C", we consider an infinite dimensional separable complex
Hilbert space H. In this paper we characterize the elements T € L(H) for which
S(T)={Uryu—*:U € G(H)} is a holomorphic submanifold of L(H) (these are
the same operators whose orbits have any kind of differentiable structure). The
main theorem of this paper establishes that they are the operators that are similar
to nice Jordan operators. This class was studied by Fialkow and Herrero in [3],
and is characterized, for example, as the class of operators 7' € L(H) such thay

r: G(H) = S(T), #U) = UTU-1

has continuous local cross sections.

In Section 1 we prove that S(T) is a holomorphic submanifold of L{H) when
T is similar to a nice Jordan nilpotent operator.

In Section 2 we prove the main theorem (2.3), which establishes the mentioned
equivalence.

In Section 3 the canonical decomposition of a nilpotent operator ¢ : S(T) —
— P} (H), is studied (see [1]). We show that when continuous, ¢ is also C*®. With
the help of it, we are able to exhibit explicit expressions of C* local cross sections for
nr (although the holomorphic structure of S(T) assures the existence of holomor-
phic cross sections). This is done generalizing a formula obtained by Fialkow [6]
for the case when T is similar to the ampliation of the nilpotent nxn Jordan cell.
Also we include a remark considering the analogous problem in the Calkin algebra.

In Section 4 we consider the case of unitary orbits. In Theorem 4.5 we prove
that the unitary orbit U(T) of T € L(H) is a C* submanifold of L(H) if and only
if T satisfies one of the equivalent conditions of Theorem 2.1 in [5], i.e., C¥(T) is
finite dimensional.
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NOTATION

Let H be a separable complex Hilbert space and let L(H) bec the set of all
bounded linear operators acting on H. G(H) will denote the group of invertible
operators of L(H). If M is a closed linear manifold of H, we write P,, for the ortho-
gonal projection onto M. Let g, € L(C") be the a-dimensional Jordan cell. B € L{H)
is a nice Jordan operator if it has the form

B= @0+ 0),

where the Q;, 1 < i < r, are nice Jordan nilpotent operators, that is

L)
Qi =@ qj
j=1
where 0 < «;; < oo for every j but one index j,. For the definitions of holomorphic
submanifold, differential of a map and other geometric concepts used in this paper,
we refer the reader to [8].

1. NICE JORDAN NILPOTENT OPERATORS

Let 4 be a complex Banach algebra, 1 € 4, and let G be the group of invertible
elements of 4. S(a) = {vav-1:v € G} is called the similarity orbit of a € A. For
a fixed a € 4, we have the holomorphic map

n,: G- A, m(v) =vavl

Let 6, = d(r,),. Observe that §,(x) = xa—ax, x € 4.
Troughout the work we will use the following corollary of the Implicit Func-
tion Theorem.

PROPOSITION 1.1. If a € A verifies
1) kerd, is a complemented subspace of A,
2) R9, is a complemented subspace of A, and
3) n,: G — S(a) is an open map,
then S(a) is a holomorphic submanifold of A and =, is a submersion.
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For a complete proof of the preceding result see [10].

REMARK 1.2. If 1.1 holds, then the tangent space T[S(a)], can be identified
with the subspace {xa —ax:x €A} of 4.
Also, m,: G — S(a) defines a holomorphic homegeneous space.

We will use this result to characterize the elements T € L(H) such that
S(T) is a submanifold of L(H). We can restrict ourselves to operators which are
similar to nice Jordan operators. Indeed, in [3] Fialkow and Herrero proved (Theo-
rem 16.1, p. 352) that if S(T) is locally closed (i.e. given Q € S(T) there exists ¢ > 0
such that {N:||N— Q|| < &} n S(T) is a closed subset of L(H)), tken T mus
be similar to a nice Jordan operator.

So, if S(T) is a submanifold of L(H) (of any type), then 7 must be similar to a
nice Jordan operator.

In the same theorem, Fialkow and Herrero also showed that =, is open’if
and only if T is similar to a nice Jordan. And in a previous lemma ([3], 16.10, p. 362)
they proved that if T is similar to a Jordan operator, then {x: xT = T: x} = kerdr
is a complemented complex linear manifold of L(H). Therefore, in view of 1.1, to
prove our statement it only remains to see that RS, is complemented.

We will end this section proving the latter for the case when T is nilpotent.

DEFINITION 1.3. J is a Jordan nilpotent if J = @ ¢, 0 < o, <co.
fe=1

ProrosiTION 1.4. If J is Jordan and J" =0, then 6, : L(H) — L(H) has comple-
mented range.

Proof. Let J = ¢ @ ¢;? ® ... ® ¢{”, 0 < o; < c0. Put J; = ¢, and
H; the subspace of H associated to J;, 1 < i < n, and let H;; = kerJ/ © kerJi~%,
1 < j < i. Observe that dimH;; = ;. So we can suppose that all H;; are equal
to Hi forafixediand H; = Hy, @ H;, @ ... @ H,; = H{®). Set P;; = Py, . Then

Pl'jJPi,j—l = PijJiPi,j—l . Hi,j+1 - H‘j

is the identity map of H;, and P;;JP, =0 if k # j—1:

010 0]0 0 0 H,

0/0 7|0 0 0 Hyl o o
010 0/0 0 Of-- ZZ}H”_HZ()
=|o0lo olo 7 0 Hy

0jo 0j0 0 1| Hy t Hy = H®)
olo 0jo 0 0 Hy
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With these decompositions we can represent the elements of L(H) as matrices
of two types:
Using Hy, ..., H, we get A =(4, ) .1,and using Hy,, Hy, Hys,...,Hppn s,
H,, we get
A=(Apais-ril <k <r;1<l<s;1<r,8<n).

Therefore, each block 4, ; of the first representation can be seen as a matrix

whose blocks are
Ar,k,s_l : H;v b d H; .

For example if n = 3, B = (B, ;,), then
51(3) =

( 0 0 —Bi1,12 0 —Biim —Byy 3

B22,11 B22,21 B22,22 - B21,21 BZ2,31 322,32 - 821,31 BZ2,33 - B21,32

' 0 0 —Bos ;1 0 —By —Bys 5
O = —

-832,11 B32,21 B32,22 - B31,21 B32,31 B32,32 - B31,31 B32,33 - B31,32

Bgs 11 |Bssor Basgs— Baz,zl Bss,sl Bsa,zz — By Bas,ss — Bsy 39

0 0 _B33,21 0 ’_B33,31 "—B33 32 .J .

Observe that if C = 6,(B), then C,, depends only on the entries of the block
B,,. This can be verified in a straightforward way using (1). Thus, it will be enough
to study each (r, s)-block of 6,(B) separately. Fix r and s, and put m = min{r, s}—1.
The operators C € Rd; will be characterized by the following linear equations :

Crr_sl =0
Crr—l,sl + Crr,s‘z =0

Grr—Z,sl + Crr—l,sZ + Crr s3 = (U

Crr—m s1 + Crr—m+lsz + ... + Crrsm =0,

and the entries C,; 5 can be freely chosen if k <1+ r—m-—1, or, equivalently
k—1I< r—mm{r s}

The m + 1 equations mean that the m + 1 diagonals under the main diagonal
of C,, have “null trace’”. Now we can exh1b1t a supplement for RJ;, which we will

denote M(6;): . (Do) € MGy
= rk, sl f;
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if and only if for every r and s, we have
Dyy=0 fk—I<r—m—1
and
Drr—l,sl = Drr—i+1,32 = ... = Drr,si’ 0<ism %

REMARK 1.5. Reasoning analogously we can obtain a supplement for kerdy,
in such a way that if we consider the involution *: L(H) ~ L(H) then

* (M(aj)) = ker 51
and

+(R(J;)) is a supplement for kerd,.

COROLLARY 1.6. Let T be a nilpotent operator. S(T) < L(H) is a holomorphic
submanifold if and only if T is similar to a nice Jordan nilpotent operator. In that case
the map . G(H) — S(T) defines a holomorphic homogeneous space.

REMARK 1.7. Let N(H) = {T €L(H):T" =0, T*~* # 0} and put V,(H) =
n—-1
= }_) S(g; ® g5); then V,(H) is open and dense in N,(H) (see [7], Chapter 7 and 8)
=0
and furthermore, V,(H) is a holomorphic submanifold of L{H).

2. NICE JORDAN OPERATORS

We will study now the case when T is similar to a (not necessarily nilpotent)
mice Jordan operator. To prove that S(T) is a submanifold we will use the following
statement, which is a special case of a general geometric fact.

Let A be a complex Banach algebra, G the group of invertible elements.

Suppose that G acts holomorphically on 4 and for a fixed a € 4, consider
the holomorphic map

m(g) =g*a, geG

where » denotes the action of G into 4. Let S <« A4 be the orbit of a.

PROPOSITION 2.1. With the above notations, the following are equivalent:
1) There exists an open neighborhood U, of a in A, and a holomorphic map

@, : U, — G, such that w,(a) =1

.and ,| U, 0 S is a local cross section for .
2) m, : G — S defines a holomorphic homogeneous space.



354 k. ANDRUCHOW and D. STOJANOI'F

Proof. First we check that 1) implies 2). It is enough to prove that the condi-
tions required by 1.1 hold. Clearly, =, is open.
We will see that
d(m,)1 © d(@,), © d(mp) = d(m,),
or equivalently
d(my © ©g)q l Rd(m,), = ide(na)l .

Fix Ved. Let a(t) = n,(1 + tV), te(—e¢, &) for & > 0 sufficiently small so
that 1 + tV eG.

Then o'(0) = d(n,),(V), a(0) = a and a(z) € S for 1 € (—e, ¢).

Therefore

d(m, ° 0,)(d(m),(V)) = gt— (1 © @, 0 ct))],_g = ¢ (0) = d(m)(V).

Then d(n,), c d(w,), and d(w,), - d(r,), are idempotent operators acting on A, and
ker d(na)l = ker[d(a)n)a ° d(na)l]a
Rd(na)l = R[d(na)l ° d(wa)a]'

On the other hand, it is well known that if n,: G — S is a submersion, then
it has holomorphic local cross sections. Let ¥ be a coordinated neighborhood of a,
i.e., there is a diffeomorphism p:U — V, where U is a neighborhood of 0 in the
Banach space £ = E; @ E,, where E, and E, are supplements of kerd(m,), and
Rd(r,), in A respectively, such that

wEBynU)="¥ns.
Put w:U— G, wle, e) = expley) and define w,: V- G, 0,b) = o)),
which is the required cross section.

We will construct local cross sections for 7y : G(H) — S(7) which are restric-
tions of holomorphic maps defined on open subsets of L(H), assuming the existence
of them in the nilpotent case, in view of 1.6 and 2.1. Let 4 € L(H) be a nice Jordan
operator,

4= 8%+,

where Q; are nice Jordan nilpotents, 1 < i < r.

REMARKS 2.2. 1) We define P(T) =—2—l-_ S (A—T)"1dl, B, &) =
m BB(/I‘.,ei)
={zeC;|l;—z]l<g}, 1 <igr P is a holomorphic map defined on a
C; |2 | 1gi P(T) i hol hi defined
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neighborhood of 4 in L(H). It is clear that if 6(T) = {4, ..., 4}, then Py(T) is the
spectral projection associated to 4;. We can obtain another holomorphic map I',
also defined on an open neighborhood of 4 in L(H), with values in G(H), such
that

(1) P(P(DIT(T)™") = P(4), 1<i<m

Indeed, P(T), 1 < i £ r, define a system of idempotents. If T is sufficiently close.
to A so that

Y. P{A)P(T) € G(H),
i=1
we can define

I(T) = ¥ PLAPAT).
i=1
Condition (1) holds because P(I(T)TT(T) ) = I(TYP(TI(T)~* and
P{AI(T) = I(D)P(T). |
2) Suppose that T € S(4), T close to A, and moreover P(T) = P(A), 1 <

< igr. Given UeG(H) such that T = U4AU-? then U is ‘“‘diagonal” with:
respect to Py(4), . . ., P,(A4), that is, U commutes with P;(4), 1 < 7 < r. Indeed

P{A) = PAT) = P{UAU-Y) = UP{A)U-*.

With the previous notations, we have the following:

THEOREM 2.3. S(T') is a holomorphic submanifold of L(H) if and only if T is
similar to a nice Jordan opcrator.

Proof. The necessary part is clear.
Now let T be similar to 4,

r 7t (e
A“—‘_@l(lt-i-Qi), 0 = @lqj” ,
ioc Jj=

0 < «;; < oo for every j but one index j;, I < i< 7
Set P, = P(A) and H; = R(P,). Let B € L(H), B in a neighborhood of 4 in
L(H) taken as in 2.2.1. Put

¥(B) = I'(B)BI'(B)-*.
Because of 1.6 and 2.1, for each Q,, seen as an element of L(H)), there is a

helomorphic map t;, 7;: U, — G(H,), defined on a open subset U; of L(H)), such
that 7; restricted to S(Q,) is a local cross section for zg .
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Consider the holomorphic map 8,: ¥, —» U;, from a neighborhood ¥, of A
in L(H) into U;, given by

ei(B) = Pi‘/f(B)Pi — APy,

where we identify L(H;) with P,L(H)P;, and ¥, is taken such that y/(7T) is defined
and 0(T) € V;. Consider

a. T:
A eV, U= GH,) — L(H)
N n
L(H) L(H))

where [ is an “inclusion’ of L(H)) into L(H).
Let @, be the composition map. It is clear that @, is holomorphic. Now put

V= h V, and &:V — L(H), @&(B) = i @y(B);

i=1 i=1

then @ is holomorphic and @(B) is a “diagonal”” matrix with respect to
P}, ..., P\ Also, it is clear that its entries are invertible in the corresponding L(H,);
therefore @(B) € G(H), BeV.

Now take C € ¥ n S(4). Then 4, y(C) and &(C) are diagonal with respect to
Py,...,P,, so operations between them can be done in each coordinate

7408(C) = DCIABEC)™ = ¥, BCNG; + 1PYBC)™ =

i=1
= 2’ (@LC)Q:m,(C)™ + 4P) = Zr 0,(C) + 4,P) = Y(OC).
fs i=1

Remember that Y(C) = I'(C)Cr(C)*, so if we define w(C) = '(C)!| @(C)
then o is a holomorphic map defined on a neighborhood ¥V of 4 in L(H), and w
restricted to S(A4) is a local cross section for =, . %

3. EXPLICIT CROSS SECTIONS

We will study now the differentiability of the map ¢ introduced in [1]. Let
TeLH), T" =0 and T"-! # 0. Let Py(H) = {(Py, ..., P,)EL(H)": P} = P¥*=

= P;, P,P;=0if i#j, ), P, =1 and rank(P;;,) < rank(P,)}, and define

i=1 .

QD(T) = (Pkef T Pker-T2 — Presr, ooy Pker T Pker T3 I;Pker T""l)'
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In [1] we observed that go[S(T) is continuous when 7' is similar to a nice Jordan
ailpotent. We know now that then S(T) is a submanifold of L(H).

On the other hand, P}(H) is a disjoint union of open connected components
of P,(H), which has a rich structure studied in [4].

We will show that ¢ is a C* map between these two manifolds. The reduced
minimum modulus studied by Apostol in [2] plays an important role here.

DEerNITION 3.1. The reduced minimum modulus y(B) of B € L(H) is defined as
follows:

inf{j| Bx|| : dist(x, kerB) = 1} if B#0
0 if B=0.

Y(B) = {
It is not difficult to see that
Y2(B) = inf{A & o(B*B)\{0}}
and that y(B) > 0 if R(B) is closed.
We will use the following formula proved by Apostol in [2] (Proposition 1.1
(ii)). If B, C € L(H), then
1) 17(B) — Y(C)| < [|Prec 5 — Pier cllmax{y(B), (C)} + [|1B— Cll.

PROPOSITION 3.2. If T is similar to a nice Jordan nilpotent operator, then
@|S(T) - PF(H) is a C° map. '

Proof. Let Q € S(T); our purpose is to show that there exists an open subset
Uy of L(H), and a map @g:Up — L(H)", which is C> and satisfies

Po|S(T) 0 Up = ¢|S(T) n Up.
It is clear that y(Q) > 0. Let p(Q*Q) be the spectral radius of Q*Q, and put
Uig = {NeLH):o(N*N) c {zeC:lzl <y Q)3}u

U{zeC: (2340 < 2zl < 20(C*Q)}}.

U, o is open in L(H)and Qe Uo. .
Take U g = Uyg» 1 i< n—1, and put

n—1 e
- Vo=0N Ui.o.

i=l
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Using (1) and the continuity of (pES(T), we can see that there exists an open subset
W o of L(H) such that if Ne Wy n S(T), then y2(N') > 92(Q)/3, 1 < i< n---1.
Put Upg= Won¥, and let

fg(4) = - 1 (h— A A~V d7,
2ni

(zeC :jz3=y*(Q}3)

for delUp, Igign—1
np is well defined and C* on Uy, and moreover, if N € S(T) n Uy, then

TI’Q(N) = XO(N::”.N[) = ‘Pker Ni’ 1 < l < n— 1

because o(N*'N') n {z € C:|z] < y¥(Q)/3} = {0}. We can now define
2/).Q = (rlle ;IQQ—"lQ) c ey 776:1 —'Y'é_ga ]—’16—1)'
Clearly, @g is C* on U, and
90/ S(T) n Ug = ¢|S(T) 1 Up holds. %

This result can be applied to the computation of an explicit cross section for
ny: G(H) —» S(T), for the case when T is a nice Jordan nilpotent. Observing the
way in which cross sections for general nice Jordan operators were obtained from
cross sections for nilpotents in 2.3, it is possible to compute formulas in all the cases.

Let J be a Jordan nilpotent, J* =0, J"71 £ 0,

J = qi‘l) ®gW®... 9%, 0<e <.
We will use the same notations as in 1.3. Then
JH)=H;j., 1<j<i

Put P, = PHU,. Given T € L(H), let

U(T)=P11+ P22+ TP22J* + P33+ TP33]:3 + T2P33J*2+ ..

(2) ot Pn—l,n-—l + ...+ T"—an—l,n-IJﬁm—z + Pnu + ...

f—1
T D

i=1 j—:0
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Observe that U(T) can be regarded as a polynomial mapping in 7.

PRroOPOSITION 3.3. If T € S(J) and o(T) = @(J), then U(T)J = TU(T). Moreover,
U(J) = I, therefore if T is closed enough to J, then U(T) € G(H).

- Proof. Let us compute TU(T):

(3) TU(T) = )n: ig Tip,J* -1,

i1 j=1

Here the fact that R(P;) < H, and that kerJ’ = ker 7% imply that T'P;; = 0.
On the other hand

(4) U(T)J = [E" iil T,-PHJ:::J' —-1].]*.]‘

Indeed, the fact that R(P;;) < R(J)* implies that P;J = 0. To prove that R(P,;) <
< R(J)L, observe that

R(Py) =H, ©kerJi't = H, © R(J;) =« RUJ)L.
Now

JA = I—Pes =1—Y, Py
{=sl
Then

It is straightforward to verify that P,J* = P, J*p,, , for 0 <h<i—1.
Indeed,

J(H,) = { 0 if j <<h

Hl.i-la if 7
so that
JE(H) = Hijoo €hgi—j
ij 0 if h>i—j.
So JHH(H,1-) = Hy and J(H) < H{ in any other case. Then it follows that

Py ¥h = Py (Y Py)y = Py " Py if 0 <h < i—2,
&l

or equivalently, if i—h > 2. Using (5) it is verified that

PuJ¥h = PyJ*hp, g = Py P JJ5J = PyuJ¥*J*J.
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Briefly, we have showed that if 0 < 4 < i—2, then
.P“J*h = P“J*hJ*J.

If we combine this identity with (4) and observe that the exponent of J* in each
summand is never greater than i — 2, we see that expression (3) is equal to (4).

The fact that U(J) = I is straightforward. ]
REMARKs 3.4. (1) In the case when J is a very nice Jordan nilpotent, that is,
J = ¢\, then

n—1
U(T) = Y, T'P,,J*.

j=0

Looking through the proof of (3.3), it is clear that the condition ¢(T) = ¢(J) is
not necessary in this case. In this case U defines a local cross section for =, , very
similar to the one obtained by Fialkow in [6].

2) Also, in the case J = ¢, it is straightforward to verify that if ¢(T) =
= o(J) = (P,, ..., P,) = P, then U(T) € G(H). Put Gp = {VeG(H): V(kerJ¥) =
=kerJX, k =1, ...,n—1}. Observe that U(T) € Gp.

Gp is a Banach Lie subgroup of G(H), and acts on ¢~*(P), which is a C* sub-
maniold of L(H). Note that ¢ is a submersion for it has C* cross sections (see [1]).
The action is simply the restriction of the usual action of G(H) on S(J).

So the bundle (and C* homogeneous space)

TC.IEGP: Gp — ¢~ Y(P)

has a global cross section which is C*.

Now we will go back to the case when J is nice Jordan. ¢: S(J) —» P, iscon-
tinuous, and we can define

«T) = Y, 04T)o:lJ),

ie=l

so that if T is close enough to J, then o(T) € G(H).
LEMMA 3.5. If T € S(J)and o(T) € G(H), then

@((T)Te(T)) = p(J).
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Proof. Consider the following commutative diagram introduced in [1]. Put
P = (Pl’ "'3Pn) = (P(T):

S(T)
RN

G(H) P} (H)
N
L(H)

where

I(H) = {(Ql, Q) ELHY :Qi= Q1. Y O;=1 and Q,Q; =0 if i;ej},

i=1

S(V) = VPV ...,VP,V™Y and GS is a process of ‘“orthonormalization” of
n-tuples of idempotents (see [1]). Using the commutativity of the diagram, we see
that

P(T)TUT)) = ¢p(nr((T)~Y)) = GS(SHAT)™) =

= GS(UT)o(T)AT), . .., o(T) @ (T)x(T)) =
= GS(@(J), - - -, 9u(I)) = ().

REMARK 3.7. Now we are able to compute cross sections for n, when J is a
nice Jordan nilpotent operator of order n. Let ¥ be an open subset of S(J), J € V,
such that T € V implies that «(T) € G(H) and U((T)~*Ta(T)) € G(H) (U the same

asin 3.3).
Put w: V - G(H),

o= %, wi(ﬂwi(i))v[( 3, 24T)oi) )_1 d ( ) ""m""m)] ‘

izl ie=1 ie=1

It is straightforward to verify that w is a C* cross section for ;.

REMARK 3.8. Let A(H) be the Calkin algebra of H. It is well known that if
t € A(H) and t is similar to n(4) with A a nice Jordan, then n,: G(A(H)) — S(?) has
(polynomial) local cross sections (see [3], Chapter 16). Reasoning analogously as
in L(H), we obtain that S(z) is a holomorphic submanifold of A(H) if and only if ¢
Is similar to n(4) with 4 a nice Jordan.



362 E. ANDRUCHOW and D. STOJANO¥FF

If ¢ is also nilpotent, we can introduce ¢: S(T) — P,(A(H)) and S,: G(A(H)) —
- P(A(H)) for P = ¢(t) (see [1]). Then we obtain the following commutative
diagram of maps between homogeneous spaces:

T

2\

P (A(H))

G(A(H)) - S(1)

wiere ¢ and S, are C* and =, is holomorphic.

REMARK 3.9. If J € N (H) is Jordan but not nice Jordan, then ¢ : S(J) —
— P¥(H) cannot be continuous at any point of S(J). This is clear since for the
construction of the cross section @ (3.3 to 3.5) we have only used that J is Jordan
and that ¢ is continuous at S(J). Therefore, if ¢ is continuous, then =, has local
cross sections and J must be then nice Yordan.

4. UNITARY ORBITS

Throughout this paragraph we will consider the real complemented sub-
spaces of L(H)

L(H) = {TeL(H):T* = T} and L,(H) = {d € L(H) : A* = — 4}.
Let U(H) be the unitary group of H and for B € L(H), consider the map
ng: U(H) - U(B) = {UBU* : U € U(H)}, nz(U) = UBU*.

1t is widely known that U(H) is a Lie group and a C®-submanifold of L(H). A
corollary of the Implicit Function Theorem (analogous to Proposition 1.1) assures
the following conditions imply that U(B) is a C*®-submanifold of L(H), and that
the map 7y defines a C*® homogeneous space (see [10]):

i) mg: U(H) — U(B) is an open map.

ii) {4 € L, (H) : AB = BA} = kerdzn L,(H) is a real complemented sub-
space of L, (H).

-iif) {AB—BA : A eLn,,(H)} = 04(Ly{H)) is a real complemented subspace
of L(H).

Observe that condition i) characterizes a class of operators studied by D. Dec-
kard and L. A. Fialkow in [5] (Theorem 2.1). We transcribe the main theorem

they proved:
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THEOREM 4.1. Let T € L(H).. Then the followmg are equivalent:

i) np: UH) - U(T) is.an open map.

ii) U(T) is norm closed in L(H). * '

i) C*(T), the C*-algebra generated by T and J, is finite dimensional.

IV) T is unitarily equivalent..to an operator of the form: A® (B® B®
@B®D..)=A®@(B®I), for A and B operators acting on finite dimensional
Hilbert spaces.

V) np: U(H) — U(T) has local cross sections.

We will prove that when T satisfies one of the above conditions, then U(T)
is a C*®-submanifold of L(H), and also that the converse is true.

PROPOSITION 4.2, Let T € L(H). If C‘”(T) is finite dimensional, then ker&T q]
N L, (H) is complemented in L, (H). -

The proof is implicitly contained in the proof of Theorem 2.1 in [5]:

LemMma 4.3. Let H and H'" be complex separable Hilbert spaces, H' an
n-fold copy of H,, H" an m-fold copy of H,. Also let A = a_® IH1 € L(H’) for
a€L(C") and B=Db ® Iy, € L(H") for b € L(C™). Then the linear subspace W
of L(H',H) x IL(H', H"") :given by W={(C,D)eL(H',H")*:3 X eL(H,H")
such that C = BX — XA and D = B*X — XA’?} 1s closed and complemented.

Proof. The matrices of the operators of L(H', H") relative to the decompo-
sitions H' = H, ® ... @ Hiand H' = H, ® ... @ H, determine an isomorphism
between L(H ’ H ") and L(H,, H)™ ",' S0 that L(¥H', H")? is isomorphic to
L(H,, Hyy" n»2, : :

We w1ll show that the operator o GL(L(H H'Y deﬁned by

o(X, Y) = (BX — XA, B*X — X A¥)

whose range is W, has a matrix_ rclat1ve to the mentioned decomposition of
L(H’, H"")* of the form '

(1) . | e (“ IL(H H )),<Jk<2mn

for certain oy € C. ‘

Indeed, as an example, we will show that the operator #, #(X, ¥) = (BX, 0)
has a matrix of the descrnbed type Let us mdex the entnes of th1s matnx in the
following fashion: ol . A $o0 0T

77 = (ﬂ:,k rst)1<xr<n
1< j,s€m R
1gktg2 - s,

11— 2729
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based upon the decomposition L(H’, H"') = L(H,, Hy)"”", where the indices
% and ¢ denote the first or the second coordinate in L(H', H'').
1t is straightforward to verify that with these notations,

. __{ 0, fk=2o0rt=2
ijk . rst 5jsbifIL(H1-Hz)’ ft=k=1,
where
() =b and §;, = {(1) fi’_ =
’ ny+s.

Proceeding analogously, “scalar’ entries can be found for the other left
or right multiplication operators in the first or second coordinate, defined by 4,
B* and 4%

So, it suffices to see that an operator « € L(L(H',H'")?) of the form (1), has
closed and complemented range.

Indeed, let @ € L(C*™) given by &;; = a;;, in the canonical base. It is clear
that there exists ¥ € L(C>") satisfying ‘

1) a¥& = a and

2) yay = 7.
Then, if we define y € L(L(H', H"')®) by

y = (:{'ij:IL(Hl.Hz\)1£i,)s2mn,

o and y satisfy ayax = o and yay = y. Therefore, (@y)®> = ay and R(«y) = R(2),
so that R(x) = W is complemented. %

PRrOPOSITION 4.4, Let T € L(H). If T is unitarily equivalent to an operator
of the form a @ (b ® I) for a € L(C") and b € L(C™), then

Op(Ly(H)) is complemented in L(H).

Proof. We can suppose, without loss of generaility, that T = a & (b ® Iy),
for H = C"@® K™ Then L{H) is isomorphic to

L(CY @ LK™ @ L(C", K™) @ LK™, C").

Let 4 € L, (H); its matrix relative to the decomposition of H is

( Au Am) > with Aff = —4;;, i=1,2.
— AL Ay
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Then

5r(A) = ( LACHY A6 ® D— aAm) .

(b @ DAY, — Afa Ove1(Ass)

To prove our statement it is enough to see that the following properties hold:

i) 8,(L(C") is complemented in L(C").

ii) Jogi(L(K™)) is complemented in L(K™).

i) S = {(C,D) e L(K",C") X L(C", K™ :3 X e L(K",C") such that C =
=X(b® I)—aX and D = (b ® DX* — X*a} is complemented in L(K™, C*) X
x L(C", K™).

Condition i) is clear.

Condition iii) follows from Lemma 4.3, setting H' = K™, H"” = C" and
applying the real isomorphism of L(K™, C"? into L(K™, C") x L(C*, K™) which
maps (C, D) to (— C, D*).

To prove ii), let 4 : L(K™) - L{K™)?, be given by

AX) = (ds01(X), 5(5@],*(){))'

Using 4.3, it is clear that R4 is complemented (put H' = H"” = K™, and a = b).
By 4.2, we can choose a closed real subspace V of L, (K™) such that V @ [kerdser N
N L,(K™] = L (K™. Then ¥V @ iV is a supplement in L(K™) for

[ker 6per N Ly(K™)] @ [ker dper N L(K™)] =

s = ker 4.

= kerdsgs N ker 5(1:@1)‘

Therefore, R4 = A(V) @ id(V). So A(V) is complemented in L(K™)% Consider the

* Y
real isomorphism p : L(K™)* - L(K™?, p(X,Y) = (X-; Y s X > Y ) It

is clearthat pA(V) = dyei(¥) x {0}.
Then 0pp1(V) = pei(L,(K™) is complemented in L(K™). %

THEOREM 4.5. Let T € L(H). Then U(T) is a C®-submanifold of L(H) if
and only if T satisfies one of the conditions of Theorem 4.1. In that case, the natural
projection zy: U(H) - U(T) defines a C*® homogeneous space, and the tangent
space T{U(T)]y can be identified with (L, (H)).

Preof. Sufficiency is a consequence of 4.1, 4.2 and 4.4,
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Suppose that U(T) is a submanifold of L(H). Then U(T) is locally closed.
There exists ¢ > 0 such that B(T, &) = {4 € U(T): ||T— 4l| < ¢} is closed in L(H)-
Then so is UB(T, §)U* = B(UTU*,¢), U € U(H). '

Therefore it is easy to see that U(T) is closed in L(H). %]

REMARK 4.6. Let T € L(H) such that C*(T) is finite dimensional. “Then,
using the existence of C* local cross sections for my guaranteed by 4.5, it is easy
to see that the cross section (¢, B), defined by Deckard and Fialkow in [5] (Theo-
rem 2.1), is also C*.

Indeed? it suffices to observe in the proof of the mentioned theorem, that
@omrhas an expression thatis analytic in Uand U¥*, for U in certain neighborhood
of I in U(H).

t
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