J. OPERATOR THEOR .
22“';89()), x HEORY © Copyright by INCREST, 1989

CONTINUITY PROPERTIES OF THE
DISTANCE CONSTANT FUNCTION

FLORIN POP and DAN TUDOR VUZA

INTRODUCTION

The interest for distance estimates for operator algebras and subspaces goes
back to W. B. Arveson’s work ([1]) where it was proved that the distance constant
of a nest algebra is equal to one.

Since then, a large variety of results were} obtained in this direction and we
refer the reader to {2], [6], [9], [10], [11], [12], [13], [14] for more information about
these E’.problems.

After K. R. Davidson and S. C.. Power ([5]) and J. Kraus and D. R. Larson
({8]) showed that the distance constant can be infinite, it appeared necessary to
study its behaviour, at least from the following point of view: how natural are the
infinite value examples and how frequent are the finite values (especially K = 1)?

This paper originates in our attempt to get more insight to these problems.
We prove several continuity properties for the distance constant function] which
show, in particular, that the infinite value is a consequence of a very natural fact,
but that, however, the distance constant function is far from having a nice beha-
viour, even in the two-dimensional Hilbert space case.

We derive a general method for constructing reflexive subspaces with
infinite distance constant and we study the properties of CSL-algebras in connec-
tion with their distance constant.

The regular subspaces introduced in Section 1l are shown to be points of
continuity for the distance constant function provided that the Hilbert space is finite
dimensional. :

This enables us, in particular, to describe completely the distance constant

function in the case dimJ# = 2. .
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1. PRELIMINARIES

Throughout this paper 2, B(H), € (H), P(H#) will denote a complex Hilbert
space, the algebra of bounded operators on #, the ideal of trace-class operators on
S and the set of selfadjoint projections in %(s#) respectively. The scalar product
on # will be denoted by (-. -). Recall that GY#)* = B(H).

A subspace & < () will always be assumed to be linear and uniformly closed.

A subspace & < BH") is said to be refiexive if it contains every operator
T € B(#) with the property that Tx belongs to the closure of {Sx Se9} for
every Y e .

& is said to be hyperreflexive if there is K > 1 such that for every operator
T e B(H)

dist(T, &) < Ksup{||PTQ|; P, Q e #(#), PFQ = {0}}.

The infimum of the constants K that occur above is called the distance constant
of & and is denoted by K(¥). For subspaces that are not hyperreflexive define
K(¥) =o0o. The distance constant function is by definition the function
S -» K(&). . _

Note that in finite dimensional Hilbert spaces reflexivity and hyperreflexivity
are ecquivalent, which is not the case in the infinite dimensional situation.

Note also that reflexive subspaces are o(4(), “Us#)) (i.e. ultraweakly)
closed.

The preannihilator of the subspace & is

&Ly = [CeBYH): traceCS = 0 (V)S € &}.

By ([9)), & is reflexive if and only if &, is the
one operators. '

For a subspace & < #(#) and operators U, V € Z(H) it is convenient to
use the notations

I -h-closed linear span of its rank

UgV ={USV|SeS} % ={S* Se}

For any two subspaces % and 9 in #(#) define the distance between them to
be

dist(¥, 7) = max{sup inf |S— 7T, sup inf |\S-— T}}.

Sey Teaq Tey Sey
bS) <1 (T sl

As usual, B(S, &) denotes the open ball of radius ¢ > 0 and center S € B(#).
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2. A LOWER SEMICONTINUITY PROPERTY

We begin with a lemma which turns out to be useful in estimating distance
constants.

Given a subspace & < B(#), we shall denote by [£] the set of all pairs
[x, y] € # X such that (Sx, y) = 0 for every S €. The following notations
will be also used: ' :

[#) = (v, A el Ixl < 1, vl < 1}
£k = {Ix, Y] €[#]; x| = Iyl = 1}.
2.1. LEMMA. For every subspace & < B(#) and every T € B(#) we have
sup{[lPTQI ; P, Q € P(), PFQ = {0}} = sup{I(Tx, 3| ; [x, ] €[#],} =
= sup{|(Tx, ¥)| ; [x, ¥] € [ZL}.

Proof. The second equality being immediate, we shall prove only the first one.

“<". Let P, Q € 2(#) be such that P#Q = {0}. Then [|[PTQ||=sup{|(PTQu,
O 1w ved, ull <1, o]l <1} < sup{i(TQu, Po)l; lul < 1, ol < 1} <
< sup{[(Tx, Y| ; [x, ] €[#N} since [Qu, Pv] €[L],. | |

“>". For every [x, y] € [#}],, let P, and P, be the orthogonal projections onto
Cx and Cy respectively. Then

(Tx, p)| = [(P,TPx, »)i < |P,TP Il < sup{{lPTQI[; P, Q € 2(#), PSQ = {0}}

since P,#P, = {0}.

2.2. THEOREM. Let & < HB(H’) be a ultraweakly closed subspace such thai
&, is reflexive as a Banach space (i.e. & is canonically isomorphic with its
second dual) and let (o)1 be a sequence of hyperreflexive subspaces of B(H)
such that

lim dist(&%

n—00

&) = 0.

no

If the sequence (K(P,))n»1 is bounded, then & is hyperreflexive and

K(&) < limsup K(&,).

n-o0

Proof. Let K = limsup K(&,). By passing, if necessary, to a subsequence, we

n-co

may assume that K(%,) < K + l/nfor every n > 1. Given T € 4(#), Lemma 2.1
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yields a sequence of pairs [x, , y,] € [£,}; such that
(ﬂ) diSt(T, yn) < ( K+ ‘—]"') i(TX,,, yn)i-
i

If x® y denotes the operator z - (z, ¥)x then x, ® 3, €(¥,)L and
i;‘\-ll ® yn”l < ] Since

dist((&,) 1, L) = dist(¥,, F)
([7], Proposition 2.9) there are operators C, € &, such that

) lim ilx, ® 3, — Cylls = 0.

0

Since & | is reflexive as a Banach space, its unit ball is o(¥Y(H#), A(H))-com-
pact; we may therefore assume that

(3) limC,=Ce¥%,
in the o(4Y(A ), B(H))-topology.
Moreover, we may assume that

“) limx, = x, limy, =y

n-=0 00

in the weak topology of J#.
It follows from (2)—(4) that C = x @ y and that
im(Tx,, v,) = (Tx, y).

By passing to the limit in (1) and taking into account that [x, y] € [#], we
obtain

dist(7, &) < K (Tx, y)! < Ksup{{(Tu, v){; [u, ¢] € [¥]});

hence K(&) € K and the proof is complete.

2.3. CorOLLARY. The reflexive subspaces of #(H#) whase preanmihilators are
reflexive as Banach spaces are points of lower semicontinuity for the distance constant
Sfunction. In particular, if 3 is finite dimensional the distance constant function is
lower semicontinuous.

2.4. REMARKS. Theorem 2.2 provides a method for constructing reflexive
subspaces with infinite distance constant.
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Indeed, let A be finite dimensional, let & < #(#) be a non reflexive subspace
and let (¥,)n»1 be .a sequence of reflexive subspaces of Z(#°) such that

lim dist(&#,, &) = 0.

n—-o0

Then, by Theorem 2.2, lim K(&,) =00, hence the reflexive subspace @ &, of B( @ H)
n>1l

n—oo n>»l

has infinite distance constant.

3. SOME CONTINUITY PROPERTIES

3.1. DEFINITION. Let & < #(#) be a subspace. A pair [x, y] €[¥] is
called regular if the only operator S € & satisfying Sx = S¥y =01is § =0.

& is called regular if every [x, y] € [#] with x # 0, y # 0 is the limit of
a sequence of regular pairs in [#].

The main result in this section asserts that every regular subspace of Z(H#)
(dim 2# < o0) is a point of continuity for the distance constant’function, consequent-
1y the necessity of knowing procedures for constructing regular subspaces becomes
important. Some of these are provided by the next proposition. Recall that, given
a subspace & of B(#), the algebra o/(S) associated to & is by definition the
subalgebra of #(# @ ) formed by all operators (gl “i) with A, 'M eC and

u

S e &. (I denotes the identity map on 4#.) It is known [8] that «/(¥) is reflexive,

respectively hyperreflexive, if and only if & has the corresponding property.

Throughout 3.2—3.4, it will be assumed that dim 2# < co. It is known that in
this situation, the set of all subspaces of #(3#) is a compact space with respect to
the metric introduced in Section 1, and that the set of all subspaces of #(#) of
a given dimension is a connected component of that compact space.

3.2. PROPOSITION. (i) One-dimensional subspaces of #() are regular.

(i) If L < B(H) is regular and dim & <dim H# — 1, then () is regular.

(iii) Let #y, ¥, be finite-dimensional Hilbert-spaces and let &; < B(H))
be regular subspaces with dim &;<dim 32, (i = 1,2). Then the subspace &, ® Py
of B, D H,) is regular.

Proof. (i) Let & = CT for some T €B(H), T #0. If [x,y] €[] is not
regular, then Tx = T*y = 0. If we choose u €3¢ so that Tu # 0, it follows that
([x + n~u, yDa»1 is a sequence of regular pairs inf [#] which converges to [x, yl.

(i) [4(&)] is formed by those pairs [s @ ¢, # @ v] for which (s, 1) = (¢, v)=0
and [t,u] € [¥). Let & denote the closure of the set of all regular pairs in [+7()].
Consider [s® 1, u @ v] €[H(F)] with s Dt # 0D 0, u@® v # 0 @ 0 and distin-
guish four cases.
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If t # 0 and u # 0, there is by hypothesis a sequence ([t,, #,]),>,1<[] which
converges to [7, u]. We may assume that (¢, t,) # 0 and (u, u,) # 0. If we let

S, U, v, ¢
S, = 8§-— (—.—> u and v, = v — {_—".)_ t,
(il, un) (’9 tn)

then ({s, @ ¢,, v, ® v,]),>, IS a sequence of regular pairs in [&/(%)] which con-
vergesto s @, u @ ¢].

Suppose now that ¢ # 0 and 4 = 0. If dim.%t < dim# — 2, choose ' #
so that #” L (£t + Cs); it follows that ([s@® 1, n~u'@v])), >, is a sequence in [</(/)]
which converges to [s @ ¢, u @ v]. By the first case, [s @ ¢, 1~ @ t] € %; hence,
[s@®t u®v]e¥. On the other side, if dim&r = dim# — 1, the map §-»
-> St (S € %) is one-to-one (because dim& < dim# — 1). Let (s,) be a sequence
in # such that s, ¢ #r and s = lims,. It follows that ([s, ® £, u @ t]),», i a se-

quence of regular pairs in [27(&)] which converges to [s @ ¢, u @ v].

The case t = 0, u # 0 is similarly treated.

Finally, suppose that t = u = 0. If dim# = 1 (and hence & = {0}), then
[s @ t, u® v] is already regular, as we must have s # 0 and v # 0. On the other
hand, if dims# > 2, choose ' # 0 so that (¢, ) = 0. It follows that ([s @ n~t',
u @ t]),»1 1S a sequence in [&Z(F)] which converges to [s @ ¢, u @ v]. By the second
case, [s@n~ Y, u@vl€; hence, [sDt, u® vl €¥.

The proof of (ii) is complete.

(i) [x; @ x5, )1 @ ¥s] €[F1 ® L) I [x;, v)] € [&)] for i = 1, 2; moreover,
if [xy, 4] and [x,, y,] are regular, then [x, @ x,, }1@®y,] is regular. Thus, (jii) will
be a consequence of the above remarks and of the following assertion:

Let & < 4(#) be a regular subspace with dim&¥ < dim##. Then every
pair in [¥] is the limit of a sequence of regular pairs.

Indeed, let [x, 3] €[#] be given. If x # 0 and y # 0, [x, y] is the limit of a
sequence of regular pairs by hypothesis.

Suppose that x #0 and y =0. If dim%x < dims# — 1, choose ' # 0
so that ' | &x. It follows that ([x, n-1y']),»; is a sequence in [¥”] which converges
to [x, y]; as every [x, =)'} belongs to the closure of the set of regular pairs in [¥],
we get that [x, ¥} belongs to that closure too. On the other side, if dim $x = dim 7,
the map S — Sx (S €%) is one-to-one (because dim& < dims#) and hence,
{x, y] is regular.

The cases x = 0, y # 0 and x = y = 0 are similarly treated.

The next lemma will be used in the proof of the continuity theorem.

3.3. LemMa. Let & < B(H#) be a subspace and let [xy, y,] be a regular pair
in[&). Then there are >0, a basis (S, .. ., S,) in and two functions x, y: B(S,, £) X
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... X B(S,, &) » A satisfying:
() x(Ty, ..., T,) (respectively W(Ty,..., T,)) is analytic (respectively anti-

analytic) with respect to the entries of Ty, ..., T,.
Gi) x(Sys -5 S,) = Xxg, ¥(S1, -5 S) = Ve
(i) (Tox(Ty, ..., 1), y(Ty, ... T, ) =0for l <i<nand (Ty, ..., T,)€

€ B(S,, 8% ... xXB(S,, 8.

Proof. Let (S;, ..., S,) be a basis of & such that S,, ..., S, is a basis of
{S e . Sx, = 0} (if the latter space is {D}, take ¢4 = 0).
Consider the system of equations ‘

ST Ay oo Ay =0 1 <ign
where
q n L
AT, 2, o d) = (T(xo + Y AjS}"yo) Yo+ Y Aijxo)
j=1 ja+i
is an analytic function of 4, ..., 4, and of the entries of 7.

The lemma will be a direct consequence of the implicit function theorem, pro-
vided that the determinant of the matrix

A
—(8:,0,....0
(a)"J (S;a ))

1<i,j<n

is different from 0.

But the above determinant is equal, up to sign, to the product of the Gram
determinant of the vectors Sy, ..., Sy, and the Gram determinant of the vec-
tor S,41Xg, -« .5 SyXp. The former is nonzero by the regularity of &, while the latter
is nonzero by the choice of S, ..., S,. The lemma is proved.

3.4. THEOREM. Regular reflexive subspaces of B(H) (dimH# < oo) are points
of continuity for the distance constant function. In particular, such a subspace is an
interior point in the set of reflexive subspaces of B(H).

Proof. Let & = B(#) be reflexive, regular, dim¥ =n and let ¢ > 0 be
arbitrary.

Since [#], is compact, choose [x1,1); . - ., [X,, ¥,] in[#], such that for every
[x, ] €e[#], there is 1 < i € p with

lx—xll<e ly—nl<e
By hypothesis, the {x;, ¥;]’s can be taken to be regular. By Lemma 3.3 applied to

each [x;, ¥1, 1 € i < p, there are g; > 0, a basis (Si, ..., Sf) in &, and functions
xt, ¥ B(SE, €)% ... xB(Si, &) - # as in Lemma 3.3.
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We may also assume that ||S/|| =1 for 1 <i<p, 1 <k<n and that
the g;’s are small enough so that any system (77,...,T¥) e B(Si, ¢)x... X
X B(S!, &) is linearly independent and verifies

X' (T1, - To) — xifl < /2
W(TL, - T —yil < )2,

Define 0(¢) = min{e, &, ..., &)

Let now J < 4(s¢) be an n-dimensional subspace such that dist(7, &) <
< 6(g).

Choose T{ € 7 such that ||S; —Ti|| < () for l <i<p, 1 <k <n Let

_ ¥T LTy o T TY
LTS, ..., THI B ¢ I 1|

i

hence [x;, ;] €[J); and |x;—xll <& [y:—yll <&
If A €e#(s#) is arbitrary, then

dist(4, I) < dist(4, &) + 24| dist(&, 17) <
< K(P)sup{l(dx, p)I ; [x, y] €[} + 2¢|l4]] <

< K(y)lzl_lgp{l(Axu ¥} + 4eK(Z) (4] <

< K(&) sup {[(4%;, y)I} + 6eK(A) 4|l <

lgigp
< K(#)sup{|(4x, y)I, [x, ¥y] €[T L} + 6eK(P)AIl.

Replacing in the above inequality 4 by 4 — T with T € J we get dist(4, J) <
. K(&
<K(P)sup{|(dx,y)| ; [x,¥] €[]} + 6eK(F)dist(4, T), hence K(T)< ] 6( 72(5;3
— 6¢
if dist(, #) < d(¢). This implies that 7 is reflexive and that & is a point of
upper semicontinuity for the distance constant function, Since the lower semi-
continuity was already established, the proof is complete.

We return now to the case when the Hilbert space # is arbitrary. A CSL
algebra is a reflexive subalgebra o < Z(#) with commutative invariant subspace
lattice Lato/ = {P € 2(#) ; (I — P)s/P = {0}}.

3.5. ProrositioN. Every CSL algebra is a point of continuity for the restriction
of the distance constant function to the class of Banach subalgebras of B(H).
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Proof. The main ingredient is the following result due to M. D. Choi and
K. R. Davidson ([3] and [4]):

“If of = B(H) is a CSL-algebra then there is a constant ¢ > O such that for
enough small ¢ > 0 and for every Banach subalgebra # < B(A), dist(f, #) < ¢
entails the existence of a lattice isomorphism ¢: Lat s/ — Lat# with ||P— o(P)||<ce
for every P in LatsZ".

From this point the proof is similar to the last part of the proof of 3.4, so we
shall omit it.

4. SOME EXAMPLES

4.1. Tt was proved in [9] that one-dimensional subspaces of #(#°) are hyper-
reflexive. Hence, Theorem 3.4 shows that the distance constant function is conti-
nuous on the set of one dimensional subspaces of Z(s), at least in the situation
dim# < oco. It seems to be not known whether therc are one-dimensional sub-
spaces .. with K(#) # 1.

The following notion turns out to be useful in the study of the continuity
points of the distance constant function.

4.2. DrFINITION. Call two subspaces &, I < H(H) equivalent if there are
two unitary operators U and V such that either 7 = U¥V or 7 = UF*V.

4.3. ProrosITION. (i) A subspace equivalent to a reflexive subspace is reflexive.
(ii) Equivalent reflexive subspaces have the same distance constant.

The proof is easily obtained from Lemma 2.1.

4.4. As an example of equivalence, consider the following situation. In (8]

Kraus and Larson showed that the subspace & = @ &, of 4(® C?) where ¥,
n>l n>1
consists of all matrices

(O /1 ) with /., peC
g —n(i + p

is a reflexive subspace with infinite distance constant. & itself is not a subalgebra;
it is however equivalent to a subalgebra which turns out to be, by virtue of Propo-
sition 4.1 a reflexive algebra with infinite distance constant.

The equivalence is obtained by remarking that &, = U,o/, where o/, Is the
algebra of operators

A i

, A ueC and U,,=( 0 1).

0 /l—i——l—;t —~1 0

n

The fact that ./, and hence %, is not hyperreflexive can also be obtained without
resorting to any distance estimate, directly from 2.2,

6 ~ 1186



82 FLORIN POP and DAN TUDOR VUZA

4.5. In order to illustrate the general theory exposed in Sections 2 and 3,
we shall investigate the points of continuity of the distance constant function defi-
ned on the set of all subspaces of Z(C?). By virtue of 4.1, only the cases dim& = 2
and dim & = 3 are to be considered. It follows from Theorem 2.2 that the function
under consideration is continuous at every & < #(C?) with K(&) = co: hence we
have to study its behaviour only at the reflexive subspaces of #(C?).

4.6. Every reflexive three-dimensional subspace & of #(C?) is equivalent to

the algebra «7 of all matrices ( (/) “) with 4, u, v € C; consequently, K(¥)=1 by
v

y) .
4.3 and [1]. If &/, denotes the non-reflexive subspace of all matrices ( | # ) with
pfn v

4, u, v €C, then limdist(s/,, &/) = 0. Hence, the distance constant function is
- 0o

discontinuous at every reflexive three-dimensional subspace of #(C?); however, its
restriction to the set of reflexive three-dimensional subspace is constant, and hence

continuous on that set.

4.7. In order to study the case dim ¥ = 2, we introduce the subspaces &, ,
for a, B positive real numbers. &, , is the set of all matrices

('1 K A, uecC.
0 ol + Bu

It is not difficult to see that every reflexive two-dimensional subspace or #(C*)
is equivalent to one and only one of the subspaces listed below:

a) the subspaces &, ; witha > 0, > 0;

b) the subspace & o;

¢) the subalgebra of all matrices ( g 0) , #, u € C. All subspaces occuring

i
in a) and c) are regular. Consequently, the distance constant function is continuous
at these subspaces by Theorem 3.4, and hence, it is continuous at every subspace
equivalent to one of the above indicated, by 4.3.

On the other side, the distance constant function is discontinuous at
S0, and hence, at every subspace equivalent to it. This happens becausc
]imdist(.sf’oyo, ,9’"-1@) = ( and K(y"—l’o) = co. We shall see that, unlike the cas¢ of

n-=co

three-dimensional subspaces, the restriction of the distance constant function to the
sct of two dimensional reflexive subspaces of 4#(C*) is discontinuous at & . Indeed,
iimdist(%g o, -1 -2) = 0 while limK(& -1 ) = oo, as follows from the next
100 n-»00 ’

lemma.

2,12 in
4.8. LEMMA. K(¥,,) = ((@ + 1)* + 2)~¥2min {(1 + %—) (1 -+ Bl“) )
a ¥

.ma“' ]‘,}for a, B >0, a # 1.
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Proof. Let e,, e, be the canonical basis in C2,
Any couple of vectors in [, ;] is equal, up to multiplication by scalars, to
[e1, €5} or to

[o@® + B) Ve, + Blat + B)Moey, (L + B) ey — (1 + B)Mes)

It T=(0 0)where c =/3——£—thcn
c 1 o

sup{|(Tx, Y)I; [x,y] € [9’,_,,]} = max {(1 + [;2)-1/2(1 + ”1.)’1/2, Li_l_c_x_—_—_ll}’

a? Jigd o

dist(T, %, ) = sup{|trace XT| ; X € (L, p)1 Xl < 1} >
0 O0yf—x O —a 0
wee ()5 1)'( l(—-ﬂ 1)'

which concludes the proof.

4.9. We have seen (3.5) that the restriction of the distance constant function
to the set of all subalgebras of #(s#) is continuous at every CSL-algebra.

In general, a CSL-algebra is not a point of jcontinuity for the (unrestricted)
distance constant function. An example is provided by 4.6. Note that the CSL-al-
gebra considered there is actually a nest algebra.

There are, however, CSL-algebras which are points of continuity for the
unrestricted distance constant function. For instance, the algebra 9, of all diagonal
nXxn matrices is a regular CSL-algebra of #(C"), hence a point of continuity by
Theorem 3.4.

By taking into account 3.2, it is not difficult to see that actually every subal-
gebra of 9, (not necessarily unital) is also regular.

On the other hand, there are, at least in the case dim # < co, subalgebras of
B(A) of arbitrary large dimension which are points of continuity for the (unre-
stricted) distance constant function, although they are not CSL-algebras.

This is a consequence of Theorem 3.4 and Proposition 3.2 applied repeatedly
to the algebras &, , (B # 0) introduced in 4.7.

2

)—-1= ((a + ])2 + ﬂ2)—1/2,
1
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