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K-THEORY FOR DISCRETE SUBGROUPS OF THE
LORENTZ GROUPS

DANIEL SCHWALBE

INTRODUCTION

For any discrete group, I', Paul Baum and Alain Connes [3], [4], have defined
a map

H. (I, FT) — ,K*[C;"(F)] ®, C

which they conjecture to be an isomorphism. Here H,(I', FI') is the homology of the
discrete group I' with coefficients in the module FI" whose elements are finite C-linear
combinations of elements of finite order in I

There are two steps in defining the map. First, they have geometrically defined
topological K-theory groups K/(X, G) for a Lie group or a countable discrete group

acting by diffeomorphisms on a C* manifold, X. For a discrete group there is a
Chern character

K/'(X, I') -» H(X x . EI).

Here X is the manifold defined by X = {(x, y) € XxTI' |y is of finite order and
xp = x}. I acts on X by (x, )t = (xo, «~Yya)). EI is the contractible space which
is a principal I'-bundle over the classifying space of I'. I—I(f( X +El) is the homology
with complex coefficients of the homotopy quotient (X X rEI). For the case where X
is a point, this group is isomorphic to Hy(I', ¥I'). For discrete groups Baum and
Connes have shown that the Chern character gives a rational isomorphism of
groups. ,
Baum and Connes also define an index homomorphism

K*(X, G) — K [Co(X) % G]

which they conjecture to be an isomorphism. In this paper we use Marc Rieffel’s
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work on Morita equivalence [17], [18], [19], to show that if the Baum-Connes con-
jecture is true for a Lie group, it is also true for discrete subgroups of that Lic
group. For the case of a semisimple Lie group with finite center, the Final Object
Theorem of Baum-Connes implies that the Baum-Connes conjecture is equivalent
to the so called generalized Connes-Kasparov conjecture. We state and give a prooj
of a weaker version of the Final Object Theorem which suffices for the case of a
discrete subgroup of a Lie group. Kasparov’s proof of the generalized Connes-Kas-
parov conjecture for the Lorentz groups then implies the Baum-Connes conjecture
is true for discrete subgroups of the Lorentz groups.

1. DEFINITION OF K/(X, &)

The geometric K-theory, K'(X, G), i = 0 or 1, where G is a Lie group with
possibly countably many connected components and X is a C™ manifold on which
G acts by diffeomorphisms, is defined as follows [3], [4]:

Let ¥(X, G) be a category of pairs (W, p) such that

(i) W is a C* manifold with a given proper action of G by diffeomorphisms
Wx G—-W, (w g)wg.

(ii) p is a G-equivariant submersion from W to X.

A morphism from (W, , p,) to (W, p») in the category is a C* G-equivariant
map f: W, -+ W, such that the following diagram commutes:

w,— L . w,

NS

We denote by 1y the kernel of the induced map dp: TW — TX. A morphism
f:W, = W, induces 2 map in K-theory

F1:K{Co(tw) X G > K{Coltw) ¥ G] i=0 or 1.
If we have two morphisms fi: Wy — W, and f,: W, — W3, the push forward
maps compose fp!ofi! = (fzo ! [11]
The geometric group K'(X, G), i = 0 or 1, is defined as

K'(X” G) = !]_I_.n K,[Co(‘tw) el G]
“(X,G)

where the direct limit over the category is defined using the maps f! .
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Baum and Connes define an index homomorphism iy g: K'(X, G)—=K;[Co(X) 1 G,
which they conjecture to be an isomorphism. We describe the map in a later
section. One of the main theorems of the paper (see Section 5) is that this map is

compatible with induction of XK-theory groups from a subgroup of a Lie group
to the group.

2. MORITA EQUIVALENCE AND ANALYTIC K-THEORY

For I' a discrete subgroup of a Lie group, work of Marc Rieffel [171, [18]
{19], leads to an induction isomorphism of K-theory groups,

M x: K{Co(X) X Tl K,[Co(X) % G,

where X is a I'-manifold and X is the induced G-space X X .G. We describe this map
as an invertible KK element in KK(Cy(X) X I, Co(X) X G). We refer to [13] for
definitions and properties of KK groups.

Rieffel [18] shows C (G, X) is a left C (', X), right C (G, X) bimodule. Here
C.(Y, Z) denotes compactly supported functions on the space YxZ, and C.(I, X)
and C,(G, X) are algebras using the convolution product. He defines C (I, X) and
C.(G, X) valued “inner products on C.(G,X) for which the completion of
C.(G, X), denoted C*(G, X), is an A-C equivalence bimodule for A = Cy(X) X I
and C = Cy(X) X G. (See [18] for the definition of an 4-C equivalence bimodule.)

To set notation we describe the A and C valued “inner products’ and the left
A and right C actions. When a group acts on a space we denote the corresponding
group action on the function space by a superscripted group element. So if a group
G acts on a space X, and f € C(X) then f*(x) = f(g~*x) if .G acts on the left, and
f#(x) = f(xg) if G acts on the right. It is enough to define these formulas for the dense
subspaces, C (I, X), C,(G, X), C.(G, X) and then extend by density.

For f1, fz € C(G, X)), define (f;,/odc € CAG, X), and {fy, fov 4 € C.(T, X) by

frs fooele x, &) = y;r(f{(vg’))y(x)(ﬁz(vg'g))’(X)

o fooan %) = Sfl(s, Fir-15)x)ds.
G

We assume G is unimodular to simplify notation.
A left action of C,(I', X) on C (G, X) is defined by

kS =k

where k € C (X), and C(I,X) is thought of as finite formal sums, and the formula s
extended by linearity.



88 DANIEL SCHWALBE

A right action of C,(G, X) on C (G, X) is defined by
(e ) = Sf(sg, (s, x, g5~1)ds
[

for y € C,(G, X).

Let E = C*(X, G), A = Cy(X) X I', and C = Cy(X) % G. With the operations
just defined, F is a Hilbert B-module for C. Its dual, denoted E’, is a Hilbert B-mo-
dule for 4. Being an equivalence bimodule, £ has more structure than that of a
Hilbert B-module. In particular, if we let 05 denote the zero operator on E, we have
the following theorem.

THEOREM. The pair agy = (E, Of) is an invertible KK element in the group
KK(4, C), with ag x = (E’, Og’) as its inverse. That is, agx # %G x and og x # %G x
are the identity elements for the Kasparov product in the groups KK(A, A) and
KK(C, C) respectively where a % b denotes the Kasparov product of a and b.

Proof. The modules E and E’ are assumed to have the trivial grading. The
operator in a KK pair must satisfy three compactness conditions. For (E, T) €
€ KK(4, C), the elements [M,,, T], (T* — )M, and (T — T*)M,, must be compact
Hilbert B-module operators for all ¢ € 4 where M, denotes the operator arising
from the left action of ¢ € 4 on E. In our case the operator is the zero operator,
so the only thing to check is that M, is a compact operator for all ¢ € 4.

The key point is that E has an 4-valued inner product whose image is dense
in 4. The inner products also satisfy the relation {(x, ¥,z = x{y, z>¢. Thus for
@ € A there exist 4;, i; € E such that ¢ = Y, {4;, 4>, and therefore

AGED RCIROWED WECH RES 3 AN )}

T,y denotes the rank one operator defined by T, (z) = xy, z)¢, for x, y, z € E.

Thus M, is a sum of rank one operators and is thus compact by definition. Rieffel

also proves EQ E' = Aand E’ ® E = C. It follows that the map M x: K [Cy(X) 3¢
c a >

% I'l = K4{Co(X) » G] given by Mg (1) = # % ag x is an isomorphism. Fur-

ther, Mg(f) = f # g x .

3. MORITA EQUIVALENCE IN THE GEOMETRIC THEORY

We show there is also an induction isomorphism, I x: Ki(X, I - K'(X, G),
in the geometric theory. One of our main results is then that the isomorphisms,
Mg x and I x, are compatible with the homomorphisms, . 3 and pp x, ie. that

dozolox = Mgxelrx-



K-THEORY FOR DISCRETE SUBGROUPS : 89

LEMMA. Induction of spaces and maps gives an equivalence of categories
Io x: €(X, I) - (X, G).

Proof. For (W, p) € 4(X, I'), define 7G,X(W, p) = (W, p) e 4(X. G) where
p denotes the induced G-equivariant map p X . id: W X, G- X X, G.

Let {e} denote the identity coset of I'\G, and denote by n the map X X ,G —
— I'\G. Define ZF = (non)‘l{e}. Then Z' is a manifold and is a proper I' space by
restriction of the G-action to I'. If z € Z* and #(z) = {«, v}, define #"(z) = xy. This
defines a I'-equivariant submersion #™: Z* — X, and so (Z, #") € 6(X, I'). We
define I§ x(Z, 1) = (Z7, #"). 1t is straightforward to show that I x is an inverse
for the map 7§ x .

Let {(W, p), {} be a cocycle for K*(X, I'); that is, (W, p) € ¥(X, I') and
{ €K, [Colry) ¥ I'). Then define a cocycle I; x{(W, p), {} for K*(X, G) by
I X{W, p), &} = {I5 xW, p), M x(0)}. Then by the lemma of this section and
the theorem of the last we have proved:

THEOREM. I; y is an isomorphism.

4, THE HOMOMORPHISM FROM THE GEOMETRIC TO THE ANALYTIC

Next we decribe the homomorphism from the geometric K-theory to the ana-
lytic K-theory, ug x: K*(X, G) —» K [Cy(X)> Gl. The map is defined at the level
of cocycles, and at this level it is defined in terms of a KK element.

Let {(W, p), C} be a cocycle of K*(X, G). Denote the projection of 1, onto W
by my . Then pory 17y — X is a K-oriented map. In fact kerd(pony) X 1 @ T
and is thus not only a spin® vector bundle over 1y, but is an almost complex
vector bundle. Denote by &y, x the irreducible module of the Clifford algebra of the
complexification of kerd(pemy). For each x € X construct the Dirac operator D,
on the fiber of &y, x over x. Let S (¥ x) denote the compactly supported sections
of the bundle &y x . Then the family of operators, D, , defines a map D: S (& x)—
S(Lw x) by Do(w) = (Dp(a(wy) )W)

Several authors [11], [15}, [20], have developed techniques to show D and &y,
can be used to define an element in KK(Cy(ry), Co(X)). For oy, 05 € S(Ly 1)
define a Cy(X) valued inner product by

{oy, o20x(x) = S (5{(35, a(¥))/3dy.

(pom) )

The completion of S(¥y x) using this inner product, denoted J’W x-15a Hﬂberl
B-module for B == Cy(X). ‘
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Then DY = D (1 + D%D,.)~Y2 s a family of bounded, pseudodifferential, elliptic
operators which define a Kasparov operator, Dy, x, on the space & w—,—;- Moreover,

the pair By x = (¥w x> Dw x) is a well defined element in the group KK(Cy(zy),
Cy(X)). In fact, the operator Dy, x can be constructed to be G-invariant. Also, the

Cy(X) valued inner product on &y, x, can be made G-equivariant, since 1 is a pro-
per G-manifold ([15]). Thus, we may consider B, y to be an eiement in the group,
KK (Colty), Co(X)).

In [14], Kasparov defines an induction homomorphism
Jo 1 KK;(4, B) - KK(4 % G, B % G).

To describe the image of fiy, x under this map, define on C (G, 9’7}5 a C,(G.X)
valued inner product by the formula

s e x(8) = S ), hafsg)ids.
[e]

With this inner product, C.(G, .9’7,,;) is a left Cy(ry) % G, right Cy(X) X G mo-
dule. Its completion, C*(G, ,9’;,_-;), is a Hilbert B-module. The operator Dy, x extends

to an operator on C*(G, Sf'w:) Kasparov sets js(By x) = (C*(G, .9’,;;), Dy x).
This is the KK element we need, and we define pg x{(W, p), {} = { # jo(Bw x)-

5. COMPATIBILITY OF MORITA EQUIVALENCE MAPS

THEOREM. The following diagram is commutative:

T6x _ ..o
K*(X, I') =5% K+(%, G)

Er.x 1 26, x
A
A‘{G“\_

K [Co(X) x I . KH[C,(X) x G.

Proof. For (X, p) € (X, G), we claim the KK element, 83 3= (5 %> Dy %)

is “induced” from the KK element, f, y = (5/’,,,X Dy x). To see this, first note
that &5 x =Py xXpG =Sy x. We then define that S(Fy x) Xp G = {rf-G-
=SS w.x) ;'f has compact support, and f(yg)(w) = f(g)(wy)y~! for all y €I}
It follows from the fact that 7, is a proper I'-space that we have S(Fw x)Xp

X .G =S (¥ ﬁf,ir) = §,(%w x). Since Dy, x is [-invariant, it extends to an oper-



K-THEORY FOR DISCRETE SUBGROUPS 91

e r———
ator Dy y on S(¥}, 3) and so to an operator on & 3. Further, we have the

L —— — —
equality Dy, x = Dy, 3, and thus B 3 = (£5 1> Dw.x)-

The next two lemmas give a proof of commutativity in the diagram by showing
Mg xoup xolglx = I 3 - At the level of cocycles, this reduces to the equality
between KK elements, oz # j(fg x) # o6 x = jo(B5 3). Our next lemma as-

E) "l ’ » ¥

serts that these two KK elements have isomorphic Hilbert B-modules.

LeEMMA. The following map gives an isomorphism of Hilbert B-modules :

R:C¥G,1y) ® C*{IFyx) ® CHG,X)—CHG, Ppx
Coyo)X T Tcxr ’

defined on dense subsets by

Rlw @ hyl @ 2) (g, &) =¢€ZF(w(fz,”))‘;“h'f(x(v“&fg'g))fl's

where hf(w) = h(wE9)¢ and (U(&)Y(w) = ((@)Np o ny(WEY) for h € S(Lwx)
and y € C (G, X).

Proof. We must show that the map

a) is well defined

b) is a B-module homomorphism

¢) preserves the B-valued inner product

d) has a dense image.
The verifications of a), b), and ¢), are straightforward calculations, and we include
only the calculations which prove c).

First, we calculate the inner product, viewing the elements as lying in the tensor
product.

{0; ® Iyl ® X1, w2 ® Malya]l ® x20(g, &) =

= <<h2, <602, CD1>/11>X1, X2>(g’ g’) =

= Z Chg, Wy, @100 (11(78") (1(18'8))" =
= % Y% (hy (00, 0,55 (0) (0118 H(Aarg'g)) =

= X B <@y, @) e, 90 Gl TN Galeg')) =
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Ve of R N i A T
=¥y <hZ“, Ky, @) (y20y7Y))2h® > (e ~212))e " 1(1atg'g)) =
T @
~ oY : n . Y o T -:1 ‘,‘ -1 7. —— - . _1‘! , .
DY <]’Z">S(wz(s))/z(wl()h(f)']}'{ls))ylw ds #® >(Xl((p‘1tg’))" (1o(18'g)) =
’ «

A » Vo Iy ¥ ) RO T — T o Y, ’ '3
=YY S((wg(s))'ﬂhgﬁ, (@y(1 @~ 2p3 1)) Y st (p 1" )” (ralteg')) ==
©
[

R , po-l 1ot N YEINT g T e T 15y
=YYy S<(w1(71fp"’y~;"S))’l“’ I (el ds (e —itg)’ (1a(g'e))"
@
P,

s

Next, we calculate the inner product under the image of the map R.
Ry @ I[7] ® 1), Rlwy ® holy] @ 2208 &) =

= S<R(wl ® mln] ® 7). g's™1), R(w: ® hylyl® y.)(sg, g's™1)>ds =
[

- ey & — I _1 g 7 — ’ ;1
= S<2€] (G HECGTEEN T, Y () 173 g D)) >ds =
"
G
1>l
¢l

8 g y5 s

S ID) a5 B, (wy(8)) ek (€ g NE xalrig'g))'ds.

(
G
To prove density, we can give C (G, ¥w x), the structure of a left Cy(tyy) >i T,
tight Co(¥) % G module, with a Co(X) % G valued inner product. We denote its
completion by C*{(G, ¥w,x). By calculations similar to those just completed,

cne can show that we have the following isomorphism of Hilbert B-modules:

CHI, Fwx) ® CHG,X) = CHG, Pwx)
C X)X T

i

Ayl ® ¥ Ay (@)
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The map R collapses to a map

C¥G,1y) ® C*G, ,SPWX)—>C (G, P x)

%)-
o) X T WX

Locally this map is the same as the map Rieflel defines,
Co(G, 1) X Co(G, 1) = ColG. Ty),

in situation 10 of [17]. His result on densxty applies and proves the image of R 15,
dense in C*(G, /’WX

Next we want to show that the two operators of our KK elements give equi-
valent XK elements.

LEMMA. We have the following equality of KK elements,
“5,1,,, # jr(Bwx) # agx =

= (CHG, 1) ® CHI, Pwx) ® CHG, X}, R"Vo Dy 30 R).
Clopd X I C XN : ' .

Proof. The Kasparov product of the two right clements is given by

Jrfw.x) # acx = (C*(G, Tw) ®X rC (G, Pwo) Dwx ® idj.
Colrw)

To compute “5,]{", # (j(Bw,x) # oG x), we use Connes and Skandalis’ *“'sim-

plified’” approach to the Kasparov product, [l1]. We claim R~1o Dy 3o R is a.

Dy x ® id connection. For U € C*(G, ty,), let T, to be the B-module homomor-
phism

Ty :CHG, ) @ ) CHG, Lw,x) —

oI R T

~C*G, 1) ® CHI\ Py Y) @ C*(G, X)
Clrg X 1 HAr

defined by T,(i[y] ® ) = U ® 4[y] ® x. To prove our claim, we must show that
the operator, 7 = (R o D5 voR) Ty —Tyo (Dwx ® 1d) is a compact Hilbert

B-module operator.
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One sees that R< T, is compact by the following computation:

RoTy(hly] ® 2) (g, &) =

—1

L , o e e
=§ZFD,~5((U§(§g’)h*‘z’ “y-1Ee'g)) — UtEg VD, 3(h'y” ‘ogg)) =
€

= 3, (Pw x(US(Eg ) — US(Eg D x ()1 (3 2Eg’g).
€

Then since Dy, x 1s a Kasparov operator, this last expression is a sum of com-
pact operators and is thus compact.

It follows that the operator T is compact as we wished to show. Similiarly,
the operator T* = T o (Dw,x®@1d)* — (R™1e Dy, 3 0 R)* o T is a compact Hil-
bert B-module operator. Thus in the language of Connes-Skandalis, (R!- Dﬁr,.?r e R)

15 a (Dw,¥ ® id) connection. Since the pair

(C*G,1y) ® CHI,Fwyx) ® CHG,X), R™eDy3<R)
Cey) % T CAXIN T ‘

is a Kasparov element, the uniqueness theorem of Connes-Skandalis[11] implies
it is the Kasparov product, oc(;;w # JrBw.x) # % x = jo(By 3)-

Combining this lemma with the previous one proves the diagram is commuta-
tive.

6. PROOF THAT up x 1S AN ISOMORPHISM

If I' is a discrete subgroup of a semisimple Lie grovp with finite center, the exis-
tence of a final object in the category (X, I') allows one to determine the geometric
group, K*(X,I).

FiNAL Opsect THEOREM [Baum, Connes]. Let I' be a discrete subgroup of «a
semisimple Lie group G with finite center, and let H be the maximal compact subgroup
of G. For W any proper I-manifold, there exists a unique (up to homotopy) I'-equi-
variant map fy W — H\G.

Proof. Take p € W and let 8, be the orbit of p, under the I-action on ¥. Let
& be the isotropy group of p. @ is finite by the assumption that W is a proper I'-ma-
nifold. Further, we have 6, = ®\T.

@ is G conjugate to a subgroup of H. Choose g € G so that gbg~—' < H.
FI\G has a natural I"-action. The isotropy group @' of Hg € /™G under this action
contains @ because if y € P, then y = g~lhg for some 1 € H. And so Hgy =
= Hgg='hg = Hg, giving us a I'-equivariant map of 0, to the orbit of Hg € H\G.

’
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By Palais’ Slice Theorem [16] we can find a tubular neighborhood v, of 0,
which is mapped to itself by I'. Thus the projection v, — 0, is a I'-equivariant map.
Combining this with our previous map, 0, —» H\G, we get a I'-equivariant map,
Jp 1 v, — H\G. The main point of the proof is that for a semisimple Lie group
G with finite center, F\G has a G-invariant Riemannian metric of non-positive
sectional curvature. It follows there is a unique geodesic joining any two points
of H\G. For a, b € H\G, let Q{a, b}(0) = a and Q{a, b}(1) = b.

Choose a countable set of points {pi} in W so that {_jv,, covers W and isa
locally finite cover. Let U; be the image under the map n: W — W/ of the set Vp, -
Then the U, cover the space W/I'. Choose a partition of unity {¢;} on W/I' subordi-
nate to the cover U; in such a way that ¢;on: Vp, —[0, 1]is a C* map for each /.

A T-equivariant map fy,: W — H'\G is constructed by induction on the cover
{v,,i}. On Vp, We take f,,1 as our map. Suppose a map f, has been constructed on the

union of the first u sets of the cover. Define £, ., by

'/;'n-n(x) if xe v,,n“ s, X ¢ CJ Vp‘.
i=1
_/;,+1(X) = 4 . N
/;‘(X) ]f x € U vl’i > X ¢ vpn»t«l
Q{f ”n--.l(x)’ -/;l(x)}((pn-l-l(n(x))) otherwise.

Then f, ., is I-equivariant since the action of G takes geodesics to geodesics.
Since our cover is locally finite, it makes sense to set fy, = limf;. Finally, for any
two I'-equivariant maps f, and f,, we can construct a I'equivariant homotopy f,
between them by letting f,(w) = point on the geodesic between f,(w) and f,(w) the
fraction r of the length of the geodesic segment.

The Final Object Theorem implies (X2 H\.G, n,) € €(X, I') is a final object
in the category where n, is projection onto the first factor. Then since kerdm; =
= X x T(H\G), we have K*(X, I') = K [Co(Xx T(H\G)) x I'].

There is an identification of G-spaces, (XX H,G) X , G = X x H\G. Thus by
our lemma on induction of categories, (X X H G, ;) is a final object in the cate-
gory %(X, G). It then follows that K*(X, G) = K$[CQ(A7>< T(H\G)) * G].

Next, we have Kasparov’s result.

THEOREM [Kasparov, 12). For G a Lorentz group, SO(n, 1), H the maximal
compact subgroup of G, and Y any G-space, there exists an invertible element

x € KK(Cy(Y X hNg) »x H, Cy(Y) X G)

where § and b are the Lie algebras of G and H respectively.
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From this theorem we deduce that for ¥ a proper G-space, using the identi-
fication

Y <) X,p G = (THNGXY)XCG,
we have by Morita equivalence an invertible element,
1 € KK(Cy(T{H\G) 1Y) % G, Co(YX h\g) X H).

Letting Y = X, it follows that ie,x = 7 4 o. Thus by Kasparov’s theorem, He.x
1s an isomorphism for G a lorentz group. Commutativity in the diagram then im-
plies that for I' a discrete subgroup of a Lorentz group, urx: K*X, Iy »
- K [Cy(X) > I'l is an isomorphism.
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