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TRANSITIVE OPERATOR ALGEBRAS ON THE #»n-FOLD
DIRECT SUM OF A CYCLIC BANACH SPACE

HURIYE ONDER (ARIKAN) and MEHMET ORHON

1. INTRODUCTION

Let X be a Banach space and L(X) denote the (bounded linear) operators
on X. Let K be a compact Hausdorff space and C(K) denote the complex valued
continuous functions on K. By IT: C(K) — L(X) we denote a bounded, unital algebra
homomorphism. X is said to be cyclic with respect to ITI(C(K)) if there is a vector

X, € X such that X = JI(C(K))x,. A subalgebra o of L(X) is called transitive if the
only common invariant (closed linear) subspaces of the operators in & are {0}
and X. X" will denote the n-fold direct sum X @ ... @ X (n-copies) of X. When
TeLX)by T™ e L(X") wemean T @ ... @ T (n-copies). For a subset & of L(X),
let ¥ = {T™: Te &}. In this paper we will prove the following result.

THEOREM 1. Let X be a Banach space and K be a compact Hausdorff space.
Suppose IT1: C(K) — L(X) is a bounded unital algebra homomorphism with respect
to which X is cyclic. Let & be a transitive subalgebra of L(X"). If the weak operator
closure of o contains II(C(K))Y™ then & is dense in L(X") with respect to the weak
operator topology.

Several cases of Theorem 1 are well known. When X is a Hilbert space and
Il is a *-homomorphism, for n = 1, it is due to Arveson{l; 3.3}; for n > 1 it is
the theorem of Douglas and Pearcy [2; 3.1]. Also when K is the Stone representation
space of a complete Boolean algebra of projections & on X, for n = 1 the result was
proved by Rosenthal and Sourour [8; 8], [9]. Note that in this case one assumes
there is a countably additive spectral measure in L(X) such that the strong operator
closure of the range of the spectral measure is equal to #. This means that K is
hyperstonian and the homomorphism IT is (w*, weak-operator)-continuous [5].

Recently Radulescu and Vasilescu [7] studied the spectral properties of a class
of matrix operators that they called the (A, n)-scalar operators. In particular (without
the restriction that X is cyclic) they showed that if T'e L(X")\CI with 7" = [II(®; )]} k..,
(®;€ C(K), j, k=1,..., n) then T has a non-trivial hyperinvariant subspace [7, 4.8].
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Their result extends the theorem of Hoover [3] for #-normal operators when X is
a Hilbert space and that of Omladic [4] for ‘‘n-spectral” operators when X is reflexive.

In the setting of Hilbert spaces, the equivalence of the theorem of Douglas
and Pearcy [2] and that of Hoover [3] can be shown. Our purpose here is to show
that the theorem of Radulescu and Vasilescu [7] implies the transitivity result stated
in Theorem 1. In Section 2 we represent a cyclic Banach space as a space of conti-
nuous functions on a suitable compact Hausdorff space K. This enables us to repre-
sent a densely defined linear transformation on X" that commutes with the weak
operator closure of II(C(K))™ as a closable “(C(Ky), n)-scalar’ operator (Section 3).
In Scction] 4 we give the proof of Theorem 1 using Ridulescu and Vasilescu's
theorem [7] and Arveson’s lemma [1], [6; 8.8].

Our basic reference for operator theory is [6] and for Banach lattices is [L0].

2. CYCLIC BANACH SPACES

Given a bounded unital algebra homomorphism IT: C(K) — L(X), by pas-
sing to the equivalent norm |||} = sup{||{II()x} : |If)i<1, fe C(K)} (x€ X) on X,
we may assume that IT is a contraction. Since the kernel of IT is a closed ideal, we
may also assume that IT is one-to-one. Then IT is an isometry with the property:
1f1 < lgl implies (/x| < 1I(g)x], for all x € X. When K is totally disconnected
a proof of this is given in [11; VL.1.2]. It is not hard to adapt the given proof to an
arbitrary compact Hausdorff space K. '

Let X have a cyclic vector x, with respect to H(C(K)). Then the order structure
induced on II(C(K))x, from C(K), (the real-valued continuous functions on K)

renders X, = II(C(K),)%, a real Banach lattice with topological order unit (quasi-
-interior element) x, such that II(C(X),)x, is contained in the order ideal generated
by x, [11; IV.1.3]. Since X, niX, = {0} and X = X, + iX,, we may regard X as
a complex Banach lattice with topological order unit x, as defined in [10; IL.11].

Let Cw(K) denote the set of continuous functions f:K — CU {oc} (one
point compactification of the complex numbers) such that

i) f~Y{co} is a nowhere dense set and .

ii) (ref)*, (imf)*, (ref)~, (imf)~ have continuous extensions to all of K

with range in R y {co} (one point compactification of the real numbers).

Here re f and im f denote the real and imaginary parts of the finite part of a conti-
nuous function fon K into C U {oo}, i.e. e f = re(f|f~*C) and im f= im(f 1/~ *C). By
Cw(K), we denote the set of functions in C(K) with ranges in RU {oo} Cw(K),
coincides with the set of numerical continuous functions on K given in [10; p. 168]
where a continuous numerical function is defined as a continuous map K — R =
= [~—o0, oo] (two point compactification of the real numbers [10; p. 109]) that
is ﬁnite.except possibly on a nowhere dense set.
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1t follows from above and [10; I11.4.5] that there exists a compact Hausdor{f
space Ky (with K as a quotient) such that X, is lattice isomorphic to a vector
sublattice X, of Coo(Ky),. Moreover X, contains C(Ky), as a dense order ideal with
respect to the topology transfered from X, . By x — X we will denote the representa-
tion of X in X, (with £y = 1). In fact C(Ky), is lattice isomorphic to the order ideal
generated by x, and Ky is obtained from the Kakutani-Krein theorem when the
order ideal generated by x, is represented as an AM-lattice with order unit [10;
11.7.2 Corollary). Then f'— (II(f)x,)" for all f € C(K), describes the embedding of
C(K), in C(Ky),. Thus X is lattice isomorphic to the complex vector sublattice
X = X, + iX, of Cu(Ky) such that X contains C(Ky) as a dense order ideal.

Given a Banach lattice E, the ideal center Z(E) of £ is the set of all operators
T € L(E) such that for some 2 > 0 (e.g. 2 = ||T|]), |Tx] < Ax for all x e E, [12].
As above, let x — £ denote the lattice isomorphism between X and X. Then the
map T — (Tx,)" from Z(X) onto C(K,) shows that Z(X) is isometric, lattice and
algebra isomorphic to C(Ky). Z(X) acts on X as multiplication by the functions in
C(Kx) [12].

We summarize the above discussion in the following essentially known lemma.

LemMA 2. If X is a cyclic Banach space with respect to II(C(K)) with a cyclic
vector X,, then there exists a compact Hausdorff space Ky unique up to an homeomor-
phismt such that:

() With respect to an equivalent norm X is a complex Banach lattice with
topological order unit x, and II(C(K))x, is contained in the ideal generated by x
[11; 1Vv.1.3].

(2) X is lattice isomorphic to a complex vector sublattice X of Co(Ky) and X
contains C(Ky) as a dense order ideal with respect to the topology transfered from X
[10; 111.4.5].

(3) The ideal center Z{(X) is isometric, lattice and algebra isomorphic to C(Ky)
naj. ’

@) Z(X) is the closure of II(C(K)) in the weak operator topology in L(X).

Proof. We only need to prove (4). Each operator in Z(X) leaves every closed
order ideal invariant and the converse of this is also true (e.g. [12; 5.2]). Hence Z(X)
is weak operator closed. By (3) and the above discussion II(C(K)) is contained in
Z(X). Let Te Z(X),. Since x, is a cyclic vector, there is a sequence {f,} in C(K), such
that II(f,)x, — Tx, in norm. Let f'= (Tx,)" with fe C(Ky). By (3) the norm of [
i C(Ky) is equal to ||T)l. Then |f, A T} —f1 < |f,—f] in C(Ky) implies
MICF A | Txo— Txoll < || TI(f,)xg — TX,ll. The sequence {f, a ||T|} is bounded
above by ||T||in C(Ky). Therefore there exists a sequence {g,,} in C(K) such that
lI(g,)li< |iT]| and II(g,)xo — Tx, in norm. Since X is cyclic and {[|[II(g,)|} is
bounded, it follows that II(g,) — T in the strong operator topology.
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3. GRAPH TRANSFORMATIONS

Lemma 2 enables us to reduce to the case when IT: C(K) — L(X) is an iso-
metric unital algebra homomorphism such that II(C(K)) is weak operator closed.
Moreover we consider X as a vector sublattice of C(K) on which II(C(K)) = Z(X)
acts as multiplication by the functions in C(K). Therefore in the lemmas that follow
we consider X as a C(K)-module with respect to pointwise operations and omit
writing the homomorphism I7.

Let ¥ be a C(K)-submodule of X; the set of C(K)-module homomorphisms of
V into X will be denoted by Homex (¥, X). We define Carx = {se K : 0 < !x(s)| <
< oo} for x € X (the carrier of x in K) and Car V = | J{Carx : xe V}.

LemMA 3. Suppose Car V is dense in K and T € Homc(V, X). Then there is
a closed nowhere dense set K, in K and ® € C(K\K,) such that Tx = ®x for each
xeVl.

Proof. For each x €V let W, = Carx n {se K :Tx(s) # co}. We choose
Ky = K\\_J{ Wy : x € V}. Define & € C(K\K,) as &(s) = Z:g)) where s € W,
for some x € V. Let s e W, n W, for x, y € V. By Tietze’s extension theorem for a com-
pact neighborhood K(x, y, 5) of sin W, n W, there is an f € C(K) such that f(r)x(t) ==
== y(t) for each t € K(x, y, 5). Let U be an open set containing s whose closure
is In int K(x, y, s). Define a Urysohn function » € C(K) with u(¢)=1 on U and u(t) =0
for z ¢ intK(x, y,5) and 0 < u < 1. We have u(fx —)) €V  Co(K). Let t¢ {s &
€ K : max({x(s)], |y(s)!) = oo} then by the choice of-u and f, we have u(fx -— y)(t)=
= 0. That is u(fx —p) is zero on a dense open subset of K. Thus u(fx —y) = 0
and Tu(fx-—y)=0. In particular 0 = T(u(fx — »))(s) = u(fTx — Ty)s) =
= u(S)(f)Tx(s) — Ty(s)). Then 25 = 'S g0 & s well defined and

x(s) H(s)

P € C(K\K,). Thus Tx(s) = ®(s)x(s) for all s € W,.

Since (Tx)~*{co} is a nowhere dense set, by a similar argument we can show
that 7x = 0 on int (x“{O}). Therefore 7x = $x on a dense open subset of K for
cach x e V. 2]

Consider X" with the norm |x|| = ffxidl where x = (x;,...,x,) with

J=1
X; €X, i=1,...,n Since the cyclic Banach space X is a Banach C(K)-module,
X®1is also a Banach C(K)-module where fx = (fx;, fXs, ...,fx,) for each
X = (X, X3, ..., X,) €X"and f € C(K). In fact this gives the embedding of ITI(C(K);'"
in L(X™).

n
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LEmMMA 4. Let V be a C(K)-submodule of X", and T € Homgx(V, X). Suppose
there is a nowhere dense closed set K, in K and there exists ;, € C(K\Ky) (i = 1,2, . ..

..., n) such that Tx = i ®,x; for each x = (xy,...,x,) €V. Then T is closable.
f-=1

Proof. 1t is sufficient to show that for any sequence {xp}f;,l in ¥, x,—»0 and
Tx,—»y imply y =0. Let 0,, = {s € K:|®,(s)| < m, for each i =1, ...,n} for
each positive integer m. For any s € O,, let F; and F, be two compact neighborhoods
of s such that F, < intF, <« F, = 0,,. Let u € C(K) be a Urysohn function with
u(t) = 1fort € Fyand u(z) = 0 when ¢ intF, and 0 < u < 1. Since F,n K, = O
and u is zero on the open set K\F, o K, u®, € C(K) for each i=1,...,n,
Multiplication by a function in C(K) defines a bounded operator on X. x, =

(x%.....x5)and x, - 0 imply u®;x?—0 for each i=1, ..., n. Since ”(Z diix,”) =
i=1

== uTx, — uy we have uy = 0. Hence y is identically zero on F,. Since

U O, = K\K, and K, is nowhere dense, we must have y = 0. %
nr-cl

LEMMA 5. Let V be a dense C(K)-submodule of X*. If T € Homcu(V, X),
there exists a closed nowhere dense subset Ky in K and functions @; € C(K\K,),

i=1,..., nsuch that Tx = Y, Pix; Jorall x = (xy, ...,x,) € V. Furthermore T
iosl
is closable.

Proof. We will give the proof by induction. For the case n = 1, it is sufficient
to show that Car V is dense in K. Then the desired conclusion follows from Lemma
3 and Lemma 4.

Suppose F = K\Car V and int F = @. Then there is a non-zero u € C(K)
such that the support of # is in int Fand 0 < u < 1. Clearly ux = 0 for all x e V.
Alsou,u® € X, since C(K) = X (Lemma 2). Therefore 0 <|ju?|| = [ju(u — x)|| <|ju— xl|
and V is not dense in X. So Car ¥ must be dense in K.

Assume for some n > 1, whenever ¥ is a dense submodule of X* and
T € Homg(V, X) the representation in the statement of the lemma exists. Then in
particular T is closable by Lemma 4.

Let ¥ be a dense submodule of X"+, We will show there is (x, 0, ...,0) e ¥V
for some x # 0. If not, the first component of each element of ¥ is determined by
the remaining n components. Let ¥ = {(x;, x;, ..., x,) : (X, X1, ..., x,) € ¥ for
some x, € X}. Clearly, ¥ is a dense submodule of X". Define a module homomor-
phism T: ¥V — X by T(xy, ..., x,) = x, whenever (x;, Xy, ...,x,)€ V. Let 0 # x € X.
There is a sequence x, = (x§, x}, ..., x?) in ¥V that converges to (x,0,...,0).
Since T is closable by the induction hypothesis, we have x = 0. This is a contradic-
tion.
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Let G; = U{Carx : (x,0, ...,0) € V}. We will show G, is dense in K. Choose
a non-empty open set U such that U < mt(K\G,). Let u € C(K) be a Urysohn
function such that 0 <u <1, u(t)=1 when teU and u(f)=0 when
¢ ¢ int(K'\\Gg). Then (x,0, ..., 0) € Vimplies ux = 0. Therefore the first component
of any element in #V is determined by the remaining n components. Define 2 module
homomorphism T : ¥ — X by T(x, , X, .. ., X,) = ux, whenever (x¢, Xy, ..., X,) & V.
Let x, = (x}, x{, ..., x?) be a sequence in ¥ that converges to (i, 0, ...,0)e X"+,
Since T is closable by the induction hypothesis, we have u* = 0. Again we obtain
2 contradiction.

Similarly G; ={_J{Carx:(0, ..., 0, x,0,...,0) € ¥ for some x € X in the
(i + ﬂ)‘h-coordinatc} is a dense open subset of K for each i = 1,2, ..., n. _

Define V; = {x e X : (0, ...,0,x,0, ...,0) € Vfor some x € X in the (i + 1)*-
-coordinatc} foreachi=0,1,...,n and let T: V' — X be a module homomor-
phism. For each xeV; (i=0,1,...,n), define T(x) =71, ...,0,x,0,...,0
where x is in the ( + 1)®-coordinate. By Lemma 3 there is a nowhere dense closed
subset Ky of K and @, € C(K\K,) such that T,x = ®,xforeachxe V;(i=0,1, ..., n).

For each x =(X,, x;,...,x,) €V, let N(x;) = int{s € K :x,s) = 0} and
O(x) = My (Car(x;) n N(x;)). Let G = (f] G. Then Gn Q(x) is a dense open

i—0 i.0
set in K. For each s e G n Q(x) and foreach i =0, 1, ..., n there are two mu-
tually exclusive possibilities:

(1) s eCarx;. Let y; € V; with s € Cary;. Choose a suitable compact neigh-
borhood F; and an open neighborhood U; of s in G n O(x) such that U; c intF;.
By Tietze’s extension theorem and Urysohn’s lemma choose two functions f;,
#; € C(K) such that f;y; = x; on F, and 0 < u; < 1 with #;,(tf) =1 when t € Uy
and w,(t) =0 when ¢ ¢ int F;. Then u,x; = u,f;y; €V;.

(2) s € N(x)). Choose a compact neighborhood F; and an open neighborhood
U; of s in N(x;) such that U; < int F;. Let u; € C(K) be a Urysohn function such
that 0 < u; < 1, w,(t) = 1 when 7 € U; and u(t) = O when ¢ ¢ int F;. Then u;x; =
=0eV,.

Letu = ugu, ... u, € C(K). u is 1 on the neighborhood r% U; of s and vani-

i=0
shes outside the open set (nj int F, in G n Q(x). Moreover ux; € V; for each i = 0,
1,...,n Then o

uTx = T(ux) = i Ti(ux;) = Y, udx;.
i=o

o

For each i =20,1,....,n, udx;e CK\K)) and uT(x)e C(K\K,). So

Ix == Y &®,x; on the dense open set G n Q(x)\K, when x = (x5, X1, . .-, X,,) € V.
o . .

Lemnma 4 completes the proof.
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CoROLLARY 6. Let T € Home(V, X7 for some dense C{K)-submodule V of X"
Then there is a closed nowhere dense set Ky in K and there are @, € C(K\K,) such

hn
that Tix = P{(Tx) = S Puxe, j=1,...,n, where x=(x,...,x,)€V and
k: 1

P; X" — X is the projection onto the j* coordinate for each j = 1, ..., n. Moreover T
is closable.

Given an algebra & < L(X) and a dense &/-invariant linear submanifold ¥ of X
a transformation 7" € Hom _(V, X) is called a graph transformation of & in [6]. In
the general case Corollary 6 implies that the graph transformations of the weak-oper-
ator closure of JI(C(K))") on X" can be represented as closable ““(C(Ky), n)-scalar”

operators [7; 1.2] with respect to an extension IT: C(Ky} — L(X ) of I for a suitable
compact Hausdorff space Kj.

4. PROOF OF THEOREM 1

Suppose IT is as in Section 3 and .7 is weak-operator closed. To show & = L(X")
by Arveson’s lemma [1], it is sufficient to prove that every graph transformation of
# is a scalar multiple of the identity.

’ Let V be any dense < invariant linear manifold in X" and let 7 € Hom (¥, X").
In particular V is a C(K)-submodule of X* and Tis a C(K)-module homomorphism.
Therefore we may assuine 7" has the matrix representation given in Corollary 6.

For each m =1,2, ..., define 0,, = {s e K:{®u(s)l <m, jk=1,...,n}
Let s € 0,, and choose an open set U and compact sets F, and Fsuch thats e U <
cUcintFyc FycintFc Fc O,,. Let u, v € C(K) be Urysohn functions
such that 0 < u < 1, u(t) =1 when t€F,, u(r) =0 when t¢intF; 0<v<1
v(t) =1 when t €U, v(t) = 0 when t ¢ int F,. Since Fn K, = J, we have ud;, €
€ C(K) and uT € L(X") is (C(K), n)-scalar operator. Let Y = vX and Y” = X",
Then

(1) uyp = y for each y € Y,

2) uT(Y"y c Y™, N

(3) I: C(K) — L(Y): TI(f) = I(f)|Y is a bounded unital algebra homo-
morphism, . ‘

@ T = uD)|Y" is a (C(K), n)-scalar operator with respect to I on Y™

Suppose T is not a scalar multiple of the identity. Then by the Ridulescu and
Vasilescu theorem [7; 4.8], T has a proper hyperinvariant subspace Z in Y". For
each S € o, define § € L(Y") by S(3) = vS(y) for each y € Y". Let x € V. Then
TS (vx) = uTw(Svx) = vST(vx) = vST(uvx) = ST(vx). Since V is dense in X", vV
is dense in Y™ Therefore 7 commutes with cach § whenever S € .#. Let 0 # y € Z
and Z, = sZy in X". Z is a proper subspace of Y" and vZ, «¢ Z. So Z, is a proper sub-
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space of X". Since Z, is an invariant subspace of the transitive algebra &7, this is not
possible. Therefore 7* is a scalar multiple of the identity on ¥”.

Now there is a complex number A(s) such that T(x)(r) = A{(s)x(¢) forall x eV
and ¢ € U. 1t is clear that A(s) is independent of our choice of the sets U, F,, F and
the functions w, v that we used to find A(s). Therefore, given two distinct points
51, 85 € 0,,, choose disjoint compact neighborhoods F,, F, of s, s, respectively.
Now choose the functions uy, v, for s, with supports in int Fy, and u,, v, for s, with

supports in int F, to find i(s;) and A(s,) respectively. That is when Y? = ¢, X" and
Y3 ~ 1,X", we suppose that (T)|Y% = is)l, (uT)|Y% = i(sp)l. Now let
Y" = (v, + v,)X". Then the proof in the above paragraph shows ((u, + up)T)|Y"
is a scalar multiple of the identity. Since Y7 and Y? are subspaces of Y” and
ity = uty = 0, we have

((uy + u)T) Yy = (ulT)i Yy = s,
(v, + u,)T) Y4 = (uzT)%Y’_' = As;)1.

Therefore A(s,) = A(s,). That is, there is a constant 2(m) such that Tx(s) = A(m)x(s)
for all x €V and s € 0,,. But O,, = O,,., implies i(m) = A(m + 1). So there is a
constant Z such that Tx(?) = Jx(t)forall x e ¥, t ¢ K, . Since K is a closed nowhere
densc set, T is a scalar multiple of the identity on V. 2]

ReEmark 7. In [5] it was proved that if & is a complete Boolean algebra of
projections on a Banach space Y with finite multiplicity » (i.e. there exist cyclic

subspaces X, ..., X, with pairwise zero intersection such that ¥ =X, +...+X,),
then a weak-operator closed transitive subalgebra %/ of L(Y) containing # is equa]
to L(Y). Does the result remain true if we replace ¥ by a unital bounded algebra
homomorphism IT ; C(K) — L(Y)?
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