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ON THE RANGE OF A CLOC}ED OPERATOR

SEN-YEN SHAW

1. INTRODUCTION

Let X be a Banach space and let A be a closed operator with domain D(4).
and range R(4) in X. Assume that 0 is a.limit point of the resolvent set p(4) of
A, and {|M (A - A)~Y = 01) (4 -0, 4 Ep(A)) It is casily seen that lf

(1) » e R(A),
then y satisfies the condition:

(2) (A — A)=1y]| = O(1) (% —0).

1t follows from the mean ergodjc theorem for pseudo-resolvents [6, p. 217]
(or from direct computation) that if y satisfies (2),.then y € R(4). In general, such y
does not necessarily belong to R(4). For instance. let A4 be the multiplication by
the function m(f) = it on the space X = {f € C[0,1]; f(0) = 0}. Then [|A({I—A) 7} =

A
ll—— it)|eo

= sup JA(A® + )~ < 1 for 2 eR\{0}. The function y(t) =t

0<tsl

is not contained in R(A4), but [|(AI — A)‘lyiﬂ = ') -
A oo

The purpose of this paper is to discuss possible situations under which the

<1 for 2 e R\{0}.

two conditions (1) and (2) are equivalent. Lin and Sine [3] have proved that if 7’

is a contraction on L,, or if it is a dual operator, then y € R(T'— I) is equivalent to
n-1 X
Y Ty

j=0

that sup

n>1

< oo. 1In [2], similar results are obtained for generators of (Cy)-semi-

groups. Motivated by ideas from [3], we prove in Section 2 some general theorems,
which, when applied to generators of discrete semigroups and (Cy)-semigroups,
extend some theorems in {2] and {3]. As a third application, results for generators

of cosine operator functions are also obtained.
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2. THE MAIN RESULTS

THEOREM L. Assume that 0 € p(A) and |1 — A)-Y]| = O(1) (% —0). If
(AT — A)~* is weakly compact for some (and hence all) /. in p(A), then (1) and (2)
are equivalent.

Proof. We only have to prove that (2) implies (1). Let 2, € p(4). The weak
compactness of (4o/ — A)~! and (2) imply the existence of a sequence 4, — 0 such
that — (4,7 — A)~14y(4 — A)~'y converges weakly to some z. Hence — A(/,/ —
— A) Yo(hod — A) 1y = A(bod — A) Yy — Ay(Ad — A)~1A(Aed — A)~1y converges
to Ag(4g] — A)~'v. Then we have Az = Ay(iof — A)~y, by the closedness of A.
let x =z— (4] — A)"Yy. Then Ax = Az — AQ I — A) Yy = (il — A) "y —
—AGgl — A)~ 'y = y. %

Since a bounded operator on a reflexive space is weakly compact, the equi-
valence of (1) and (2) holds whenever X is reflexive. This is the case in particular
for the Lebesgue space L,(S, Z, p), 1 < p < oo, where p is a o-finite measure. For
the case p = 1, we need the extra assumption that A(A/ — A)~! is a contraction.

THEOREM 2. If X = L\(S, Z, p) and if |i(A1— A)~Y| < 1 for all small 4 > 0,
then (1) and (2) are equivalent.

Proof. Take a small /. > 0 such that ||A(A/ — 4)~'{i < 1 and such that j/(xf-—
— Ay Yyl < M for all 0 < o < 2. Let LIM be a Banach limit on the space of

a—0
bounded functions on (0, 2/2]. Then we can define a linear functional p on X* = L,
by p(x*) = —LIM{(al — A)~p, x*>. p belongs to X** = L% = ba(S, Z, p),
a0

the space of bounded finitely additive measures ( = charges) < p, and |p|l < M.
We have for x* € X*

[(AAL — A)=**p)(x*) = —LIML(ad — A) 7y, (QOL— A)7T)*x*) =

a0

= —LIMCAGT — A) Yol — A)~1p, x*> =

a—0

= —LIMC(L —- ) (e — A) ™ — (A — A) ]y, x*) =

a—0

= —LIM{(af— A)~Yy, x*) — limda(h — a)=Xad — A)~ly, X+ +
a=0

a—0

+ lim A4 —a) "' — Ay, x*y = p(x¥) + (G~ A)~y, x*.

a—0

Hence (A — A)™)"p = p + (il — A)72y.
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L, can be identified, via the Radon-Nikodym theorem, with M(S, Z, p), the
subspace of ba(S, Z, u) which consists of all countably additive measures < u.
Decompose p = p; + p, with p, € M(S, Z, p).and p, a pure charge (cf. [7]). Using
the contraction assumption and the fact that the norm of an element of ba(S, X, u)
is the sum of the norms of its parts we obtain the estimate :

Pall = WAGT — A)=1)**pyl| = || — AAT — A)p, + ps + (/’J—A)"“y +pall =
= = AT — A)7'py + pr + AT — Al + |p.ll,

which gives that p, = AUl — A)~'p;, — (A — A)~ly € D(4) and Ap, = y. %,

It has been known that in some respects the local weak*-compactness of the
dual space X* makes the dual operator 4* nicer than 4. The following theorem is
an example.

" THEOREM 3. Let A be a densely defined closed operator such that 0 e p(4) and
JAAT — A~ = O(1) (2 —0). The two conditions are equivalent :
(I") y* € R(4*);
(2% (A1* — 4*)~*|| = O(1) (1 - 0).

Proof. If (2*) holds, then there exist x* € X* and 4, — 0 such that —(4, 7% —
— A*)~y* 5 x* weakly*. For x € D(A)

{Ax, x*) = lim{4x, — (A,]* — A*)"9*> = im {(—A I — A)'4x, y*) =

n=oo =00

= lim<{x — 4, (0,0 — A)~x, y*> = (x, y*) — lim {x, A,(A,]* — A*)"y*> =

n—oo H-+ 00
= {x, y*).

Hence x* € D(A*) and A*x* = y* . %

3. GENERATORS OF SEMIGROUPS AND COSINE FUNCTIONS

In this section we apply the above theorems to special operators, namely the
generators of discrete semigroups, continuous semigroups, and cosine operator
functions.

Let T be a power bounded operator, ie. |7 < M, n=0,1,2, ... . Set

A =T—1 Then 0 € p(4) and sup (Al — A=) = sup|i(A — 1) (A — T)~Y|| < M.
A>0 A1
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n—-1

Let §, = Z Ti. Ify=Ax =(T- 1)\ then supii S,y =sup: T - - xv €
n>1 n>1
< (M + Dixll < co. Next, suppose that K = supiS,yij < co. Then
) . nxl
. T i f o .\ it
WA — 1)y = ” L AT i' ;z(».-n.».-A—"-l)s,zyfi<
no0 2:=1 i
0 ) K
S KY (@G n—ir )= T ¢ K
n)T'l ) i

for all 2 > 1. Combining these facts with Theorems 2 and 3 we obtain the following
two results of Lin and Sine [3, Theorems 7 and 3].

COROLLARY 4, Let T be a contraction on LI(S Z, ). Then fe Ly is of the form
= (T—"Dg with ge Ly if'and only lfsupllS,,f < o0,

a1

COROLLARY 5. Let T be a power bounded operator on a Banach space X. Then
= T=x% - - x* for some x* € X* if and only if sup’ SFr* < oo.

nx>l

Next, we consider the case that A is the infinitesimal generator of a (C)-semi-
group {T(r) I - 0} of operators. Assume that {|7(t)y < M for all + > 0. Then 4
1s a densely defined closed operator such that ; € p(4) and A(A- -A) ' < M
for all 2 > 0, by the Hille-Yosida theorem. 1t is known that if T(t) is compact for
all 1 > 0, then (4/ — A)~* is compact for all / > 0 (cf. [1, p. 189]). Hence Theo-
rems 1 and 2 justify the equivaience of (1) dnd (2) in the next corollary.

COROLLARY 6. Let A be the generator of a (Cy)-semigroup T(-) with [T(t),. < M
= 0. If T(1) is compact for all 1 > O, or if X = L,(S, £, p) and M =1, then eacli
af the conditions (1), (2) is equivalent to

L

I 0
(3) sup i]ST(s)y(jsi)’ < oo.
>0 n '
Y

Proof. 1t remains to show (1) =>'('3)” and “(3) = (2)"". If ¥ == Ax, then

t

EST(s)yds Il =

‘S T(s)A: \d.st‘ = T(t)'c— X< (M + Dilxh
I

i
!

4]
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t

and hence (3) holds. If (3) holds with K = sup ST (s)yds
0

>0

, then

(-]

- “ A 5 - (5 T(s)yds) dt

[»+]
< Kﬂge—"dt =K
[V]

|GT— )iy = Se—mt)ydt <

for all A > 0. Hence (2) holds.

N

In a similar way we easily derive the next corollary from Theorem 3.

COROLLARY 7. If A is the generator of a uniformly bounded (C¢)-semigroup T(-),

then each of the conditions (1%), (2*) is equivalent to
t

(3*%) sup < oo,
t>0

8 T*(s)y:.'tds ,
0
where the integral is in the sense of W*-Riemann integration.

In the rest we give an application to the generator A of a strongly continuous
cosine operator function {C(¢) ; t € R}. By definition C(-)is continuous in the strong
operator topology and satisfies: C(0) =1, C(s + t) + C(s—1t) = 2C(s)C(1), s,
t€R, and 4 := C"’(0). Assume that ||C(¢)|| < M for all r € R. It is known from
the generation theorem (cf. [4]) thar 4 is a densely defined closed operator such that

Aep(d)and AT — A)! =

ot 8

e~MC(t)xdr for all A > 0. Clearly, | A(AL — A)~Y||<M

for all 1 > 0.

The associated sine function S(-) is defined by S(¢)x := SC(s)xds (x € X).
0
It is uniformly continuous. S(¢) is compact on an interval of positive length if and
only if S(¢) is compact for every ¢t € R, and also iff (A — A)~* is compact for some
(and hence every) 4 in p(4) (see [S]). Now, we can apply Theorems1and 2 to justify
the equivalence of (1) and (2) in the following corollary.

COROLLARY 8. Let A be the generator of a strongly continuous cosine operator
Sunction C(-), with |C()}| < M, t € R. If S(t) is compact for every te R, or if

11-1186
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X = Ly(S, X, p) and M = 1, then each of conditions (1), (2) is equivalent to

t

(@) sup SS(s)'yds < 0.
1>0
0
Proof. 1t remains to show “(1) == (4)” and “(4) = (2)’. If y = Ax, then
t t
”SS(s)yds l= SS(S)A.\'ds = 1C(1)x — x|} < (M + 1)ijx|| and hence (4) hoids.
8
0 §

Finally, we use integration by parts to write

o0 oo [ee) t
(2 — A)~p = 4=t Se"”"C(t)ydr = S e~ *S()ydr = ;.’Se-h( S S(s)yds ) dt,
4] 0 0

O

from which it is easy to see that (4) implies (2). %

COROLLARY 9. If A is the generator of a uniformly bounded, strongly continuous
cosine operator function C(-), then each of the conditions (1*), (2*) is equivalent to

1

SS"‘(s)y*ds < oo0.
0 '

(4*) sup
150

Proof. In vicw of Theorem 3, we only have to show “(1¥) = (4*)* and “(4*) =
= (2%, If y* = A*x", then for all x e X

<x, S S ‘“"(s)y*ds>
0

= |CEOx —x, x> < (M + D]l [x*]],

L

= |<SO S(s)xds, »>l = KA S S(s)xds, x*>

[

t

and hence SS’:’(s)y*ds < (M + Dlx*|| for all ¢ > 0.

Finally, since for all xe X
t

Cxy (BIF — AWy = (G — A)-Tx, y*> = <zSe-”'( SS(s)xds) da, y> -

°
= <x, s

t

e-M ( S S*(s) y*ds) dt>,

0

Ot §
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it follows that for all A > 0

HART — A¥) Y| = U A Se"’ ( S S""‘(s)y*ds) dt
V] 0

|

t

S S*(s)y*ds

0

< sup
>0

That is, (4*) implies (2%).

<
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%

CoNCLUDING REMARK. Krengel and Lin [2] have given direct proofs for the equi-
valence of (1) and (3) in Corollary 6, and the equivalence of (1*) and (3*) in Corol-
lary 7. By similar arguments, one can also work out direct proofs for the equiva-
fence of (1) and (4) in Corollary 8, and the equivalence of (1%) and (4%) in Corollary 9.
An advantage of Theorems 1, 2, and 3 is that they serve to provide a unified treat-

ment for all these similar results (Corollaries 4—9).
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