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COMPACT COMPOSITION OPERATORS ON SOME
WEIGHTED HARDY SPACES

NINA ZORBOSKA

1. INTRODUCTION

Let f = {/;,,},, o be a sequence of positive numbers such that f,, = 1 and

3 e

/l;gi’i — 1 when n - co. The set H*(3) of complex formal power series f(z) =
n :
o© . o R . . ) B

= % a,2" with ¥ ,*f, < oo is a Hilbert space of functions analytic in the unit
n=—0 =0

disc D with the inner product

(f c:)/: = 3 anll"n3

i O

here f(z) = i a,c"and g(z) = 2 b ailed study of spaces H*(f) is given
n A n=:J
in [14].

The function ¢ in A*() that maps the unit disc into itself mducps a compo-
sition operator C,, on H*(f}) deiined by C,f = f ©. Tie study of composition oper-
ators began with the work of Nordgren {9 and Schwartz [10] on classical Hardy space
H?* (space H2(B) with B, =1 for ali ).

One of the questions that wus open for m'my years was characterizing the
compact composition operators on the space = "there were many partial results
(sec for example [10], [12), {2} and [3]) and finaily the problem was solved in 1987
by J. Shapiro. He estimated the cssential norm of composition onerators on spaces
I(0) with f§, = (» + 1)* and a < 12, using versions of Nevanlinna counting func-
tion (see [12]). When @ > 1/2, the situaticn is more clemeiitary: the function ¢ in such
() induces a compact composition operator if and orly if the supnorm of ¢
is strictly smaller than 1 which is, furthermore, equivalent to C, being in every
Schatten p-class, p > 0, of H2(f) (see [16]).
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The spectrum of compact composition operators on H* was described by
Caughran and Schwartz in [2} which also contains the fact that if C, is compact
then ¢ has a fixed point in D.

In this article we consider compact composition operators on some gencral
classes of spaces H*(B). We investigate spectra of such C, and fixed points of the
inducing functions.

These results are a part of the author’s Ph. D. thesis written at the Univer-
sity of Toronto under the supervision of Professor Peter Rosenthal.

2. THE DENJOY-WOLFF POINT OF A FUNCTION THAT INDUCES A
COMPACT COMPOSITION OPERATOR

¥f ¢ is a function analytic in the unit disc D and mapping D into itself. then

there is a special “fixed point’” for ¢ in D. The theorem that shows the exact pro-
perties of that point, which we are going to call the Denjoy-Wolff theorem, actually
contains the results obtained by Denjoy [4] and Wolff [15] and a part of the Julia-Ca-
rathéodory theorem [8, p. 57].

THEOREM. (Denjoy-Wolft). Suppose ¢ is nof a disc automor phism, ¢ is ana-
Iytic in D and maps D into D. Let o'%(z) = z and ") = 0™(o(2)) for n = 1.
Then there exists a point « in D such that the sequence of [iteraf(’s of o, -{(p"’)},";‘f 0,
converges to the constant function 2 uniformly on compact subsets of D. Moreover.
lz] = 1, then lime(ra) = o end Vim ¢'(ra), exists and is in (0, 1).

7—1 r—1"

We say that a is the Denjoy-Wolff point of ¢.

We already mentioned that if C, is compact on HZ, then the Denjoy-Wolft
point of ¢ must be in D. But this is not true in all spaces H%(f). Shapiro gave u
example in [11] of a function that induces a compact composition operator on somic
“small’® spaces H*(f) and has the point 1 as its Denjoy-Wolff point. The interesting
fact is that in these spaces disc automorphisms that are not rotations induce un-
bounded composition operators. This connection continues to be important in some
cther H¥P) spaces. {i.e., in the case when the sequence B is bounded), as we shail
sge below. But first vie would like to state an interesting property of compact com-
position operators on the small /72(f) spaces mentioned above.

The spaces that we are going to be working with will be the H*(f) spaces with

e 1 . . . \
seguences 2 such that h) —[)0— < oc. In this case functions in H*{) have absolutely
r 0 f
convergent Taylor series on ¢D, and there exists a constant ¢ such that if f'e H3*(f).
then 'Ifllw < ¢-Jifils. This follows easily from the Cauchy-Schwarz inequality
for the series involved in the # norm of f.
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@ 1
There is one more reason why we will consider sequences f§ such that ) o <oo.

o
2

w=0 Pn

Let f be any sequence, w € D and

k(2) = i 1 0'z".

n=0 ﬁ;‘:

Then k5 € H*() and kf are point evaluations for H*(f§), i.e. for f € H(), we have

(fs ki)p = flw).

If » € ¢D, then k € H*(B) if and only if y L < o0.
n=0 ;3
Now we are ready to proceed with the following proposition. The idea of the
proof is taken from the proof of the Theorem 2.1 in [11].

® 1
PrOPOSITION 1. Let the sequence B be such that 'y, —— < oo, and let the func-
£=0 Pp

tion ¢ in H¥(P) induce a compact composition operator on H*(B). Then ¢ has exactly
one fixed point in D.

Proof. The functions in H(f) are continuous on D, and therefore can be eva-
luated on the boundary without any excuses. Let o be the Denjoy-Wolff point of
¢ and

HXB) = {f:f < H*B) and f(o) = 0}.

If a sequence {f,}%.o of functions in HZ(f) converges to f in the f-norm, then
S € HX(P), because (f,, kﬁ),, conveges to (f, kf,f),, when a € D and also when o € dD.
So, H3(B) is a closed subspace of H3(f). If f € HZ(f}) then, because « is a fixed point
of ¢, we have

fle@)) = fl) = 0;

i.e., H}(B) is an invariant subspace for C,. Let T be the restriction of C, to H(p).
Then Tis a compact operator too, and the spectral radius r(T) is equal to the maxi-
mum of {{2]: 2 € Iy(T)} where IT,(T) is the point spectrum of T. Let the function
J # 0 from HX(f}) be such that Tf = Af for some 2 € C. Then there exists a point
z, & D such that f(z,) # 0. Also

2f(z) = (T"f N(zy) = f¢"(2p)).
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As n—oc, 0Wzy) — % e,

Ffzg) = fl) = 0.

So [l <1land n(T) < L.
On the other hand

HT) = lim [T" 1»

der0Q

and we have | T"[| - 0 as n »oc. Let )(z) = z and ey(z) = 1. Then ¢, — - xe, € H¥(f)
and so o

WI(ey — %eg)y; = 0 when 1 — oo.
But

!iT“.('el - uey)i, = ™ — %eyliy
and, because there exists a constant ¢ such that

5ol g ) 0.
fol —— Aeyie K CLep -— Xey >

we have

oY) — =, =0 whenn — oo, forallz eD.

Now if z; is another fixed point of ¢ in D, we have

Pz 2 = m =0
'iw 6., Zl = 2. . . %

We say that the space H*(f) is disc-automorphisin_ invarignt if disc automor-
phisms induce bounded composition operators on H*(B).

The following result was obtained in [11] in a more gencral context and by a
slightly different approach.

_ o @ ]
COROLLARY 1. Let the space H(}) be dise-autoinorphism invariant and Z < oo,
) . A 0 Py
If the operator C, is compact on H*B), then ¢ has a fixed point in D, and the
suprenm of @ is strictly smailer than 1.

Proof. Suppose that ¢ has a Denjoy-Wolff point « in ¢D. Composing » with
a disc-automorphism ¢ such that (2} = z and (¢(0)) = 0, we get a new function
¢, = - with two fixed noints in D. But C,, is a compact composition operator
on H*(f}) and that is a contradiction to Proposition 1.
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The supremum norm of ¢ must be strictly smaller than 1, because otherwise
composing ¢ with suitable rotations we shall get a function with a fixed pomt on
ap. , . :

What is happening with the Denjoy-Wolff point of ¢ if C, is compact on the
“pig spaces’” H2(f) such that H®* = H?(f}}? Note, that by Proposition in [16], this
is the case when the sequence f is bounded. Then we can use the following result
([3], Corollary 4.4): if the Denjoy-Wolff point « of ¢ is in ¢D and ¢’(x) < 1, then
every eigenvalue of C,, on H? has infinite multiplicity. But then every eigenvalue of
C, on H*(f) is also going to have infinite multiplicity, and so C, cannot be compact
on H*(f) since 1 is always an eigenvalue for C,. We still do not know what happens
ifaisin ¢D and ¢'(x) = 1. We can avoid this problem if we impose more restrictions
on the space f7*(f}). We have the following:

Prorosition 2. Suppose that the space H*(B) is disc-automorphism invariant
and H* < H*(B). If the operator C,, is compact on H*(f) then the Denjoy-Walff poznt
e of @ is in D. :

Proof. By the previous discussion. we already know that if C, is compact and
o« €D, then ¢'(x) > 1; i.e., by the Denjoy-Wolfi theorem, ¢'(@) = 1. Let  be a
disc-automorphism such that () = « and () < 1. Then (> @)(x) =2 and

W-0) () = Y'(e@) @' () = Y'(x) ¢'(2) < 1

and so « is the Denjoy-Wolff point of i~¢. But the operator C,., is compact on
H*(B) because C,, is compact and C,, is bounded. This contradicts the previous dis-
cussion since (i .¢)(2) < 1. So, we must have x € D. : Z

Besides the cases Z -—- < oo and 8 bounded (i.e., H* ¢ H*(f)) there are still

=0} n

a lot of cases of spaces H*(f) for which we do not know if the compactness of C,

on H*(B) implies that the Denjoy-Wolff point of ¢ is in D, even if wef suppose that
H*f) is disc-automorphism invariant. It would be helpful to know. the answer
because then, as we shall see below, we would be able to describe the spectrum of
such compact composition operators.

3. SPECTRUM OF COMPACT COMPOSITION OPERATORS

If C, is a compact composition operator on H? and « is its Denjoy-Wolff
point, Caughran and Schwartz have proved in [2] that « is in D and the spectrum
of C, is the set {0,1} € {(p' (W) :k =1, 2,...}.
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ProprosiTION 3. Suppose that the function o induces @ compact compositici
operator on the space H*(f5), and the Denjoy- Wolff point x of ¢ is in D. Then ¢ ”2,“\’(6})
(the spectrum of C, on H*(B)) is the set (0,1} ¢ {(¢’(@))* :n = 1,2,...}.

Proof. Let

el |
ka(z) = Z —[}E a’z"
LR L

e
be the point evaluation at =, and for k > 1, let k8 = - < k,. Then
z d &

ko) = 2 alp —1) .,,.ﬁiis_:k_-i:_l)_ -tz
RN n

is a function in H*(p) and for fin H*(B) we have that ([, k,) = f%{x). Thus
(fy CHRD) = (Cof k) = (f= )B) =
= SO @' @Y + ... + @) =
= (£ O@Y4E + ... + (f, @RS,

The functions k,, k& ..., k") are a basis for a finite dimensional space invariant
for C and with respect to this basis the restriction of C; has an upper triangulac
matrix representation with diagonal (¢'(z))°. 0 < s < k. Because the operator c;
is compact, we have that the points (¢'(2))*, s > 0 are eigenvalues for the operator C,,.

From the other side, if £ in H3(f) is such that there exists 2 in C with f-¢ =
= Jf, then flop(®)) = f(z) = 7f(2) and either 2 =1 and f = const, or f{z} =0.
If o is a zero of f of order s, taking the (s + 1) derivative on the both sides of the
equation f-@ = Af and evaluating at 2, we get that

SOV @Y = M),
ie., that 1 = (o'(®)**% Thus
6o (C?) = 0, 1} U {@W @y k=1,2,...}. %

There is a special interesting case when we can also describe the spzctrum of
some compact composition operators.
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For example, let the space H2(B) be given by f, = exp(ir®) for somea in [1/2, 1),
and p < 1/2 be such that the function ¢,(z) =1 —p + pz induces a compact
composition operator on H*(f) spaces are spaces of quasi-analytic functions on D
(see [1]). We will show that ‘TH?(/s)(C«’,L) (the spectrum of G,,” on H(P)) is {0,1} U
U{(p1))" :n=1,2,...}, while by Corollary 4.8 in [3], the spectrum of C,, on
H*is {z:]2'<p~?}, and every point of its interior is an eigenvalue of infinite muiti-
plicity (3], p.97). First we shall prove that {0.1} U {(¢(1))" ;n=1,2, ...} c
c 0""'(’”(C"’u)' Let fi(z) =0 —2),n=0,1,2, ... . Then

(Cp 1)@ = fulo(2) = i1 — + uz) = (u—p=)' = (L —2)" = (W)

So, for n =0, 1, 2, ... the functions f, are eigenvectors of C#’,E con'esponding_ to
the eigenvalues p". But @;(1) = p and so we got the needed inclusion. Note that up
to now we did not use any of the restrictions imposed on the space H*(ff) and that
the functions f, belong to every H2(f). So the set (0.1} U {(p, ()" ; n =1,2,...}
is a subset of the spectrum of Cq,u on all A*(f8) spaces on which C",,‘4 is bounded.

Next, we will show that there are no other eigenvalues of C,)M on the given
H*(f3) space except the ones given above. For suppose that fe H(f) and f« ¢, =
= Af for some 42 € C, 2 # 1. The functions in H*(ff) are continuous on D and we
can evaluate them on the boundary. So (f+ ¢ )(1) = f(1); ie., f(1) = Af(1), and,
since A # 1, we get f(1) = 0.

The functions in H23(f) are such that every derivative has an absolutely conver-
gent power series in D, every function that is nonzero can have only finitely many

zeroes in D and every zero in D has finite order (see [1] and [14], p. §103). Suppose
that 1 is a zero of the function f of order k; i.e., f1¥3(1) = 0 for s < k (where f15? denotes
the derivative of order s of f) and f¥*+')(1) # 0. Then, by taking the (k + 1) deri-
vative on the both sides of the equation f= ¢, = if and by evaluating at the point
z =1, we get

flk+11(1)~((/),',(1)){"” — }h.fik—kll(l);

ie., A= (g, (1))+L

Because the operator C.,,u is compact on H*(f), every nonzero point in its
spectrum has to be an eigenvalue. So, finaliy, we get that

(o) = {01} U {(ouL))" ;72 = 1,2, ...},

Tn some parts of the proof of the last statement, we actually proved some more
general results; we give them as remarks.

3 ~ 1359
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REMARK 1. If the function ¢ is not *“of the type ¢, but still induces a compact
composition operator on one of the quasi-analytic H%(f) spaces discussed above
and the Denjoy-Wolff point of ¢ is 1, then

gﬂ’e(m(ctn) < EO’]} U {((,0,(1))” = 17 29 RN @

Nt

REMARK 2. If the functions in H%(f) are continuous on D, and ¢ is not &
disc automorphism, then H};ﬂ(m(q,) (the point spectrum of C, on H3(f})) is subset

of Dand A = 1 is the only eigenvalue of C, on ¢D. (If « is the Denjoy-Wolff point
of @; f € H¥B) such that f= ¢ = if, then either 4 = 1, or f{2) = 0. But for zye D
with f(zy) # 0

iz} = f0"Nze)) = flz)  for n — oo,

and if f{z) = 0, then 1] < 1.)

The cases mentioned above suggest the following conjecture: if C, is a com-
pact compeosition operator on H(f) and o is the Denjoy-Wolfl point of ¢, then

7€) = O S (@ = 1,2

From the above discussion we know that if the Denjoy-Wolff point of ¢ (¢
not a disc actomorphism} is in D, or if the functions in H2*(f) are continuous
on D, then every eigenvalue of C,, different than 1 has absolute valuc strictiv
gmaller than 1. Is that true for all other points in the interior of the spectrum of
C, in these two cases? We know that in A%, If the Denjoy-Wolff point of ¢ is in
D, then the spectral radius of C, is equal to 1 tsee [3]), but that is all that is known
2bout this problem.

We thank the referee for several suggestions, including the removal of an addi-
tional hypothesis in our original version of Proposition 3.
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