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SPECTRAL ANALYSIS OF CERTAIN OPERATOR
FUNCTIONS

SHMUEL KANTOROVITZ and RHONDA J. HUGHES

1. INTRODUCTION

An elementary characterization of the range of the adjoint of a bounded
linear operator in Banach space turns out to have interesting applications in spec-
tral theory. In Section 1, the said characterization is given as Lemma 1.1, and various
applications are presented. Examples are given in Section 2. We then turn in Sec-
tion 3 to the discussion of the semisimplicity manifold of an arbitrary (possibly
unbounded) operator with real spectrum in a reflexive Banach space. This concept
was introduced in [4] for bounded operators, and was extended in [5], [6] to gener-
ators of groups of operators and in [8] to the general case. Here Lemma 1.1 is the
basic tool for the construction of the semisimplicity manifold Z, which is maximal
with the property that the given operator has on it a “spectral integral representa-
tion. The same tool can be used to obtain such representations for families of
operators, such as one-parameter groups or cosine operator families. This is done
in detail for the latter case in Section 4. The semisimplicity mznifold Z for a given
cosine family C(.) is constructed, and it is shown that there exists a spectral measure
E on Z such that

8

C(t)x = \cos(ts)E(ds)x (teR, x € Z).

=73

The analysis of “local’’ cosine families of (unbounded) symmetric operators in Hil-
bert space is undertaken in Section 5, using an adaptation of the method used recent-
ly by Frohlich [2] to deal with local semigroups. The main result in this section as-
serts the existence of a globally defined selfadjoint extension of C(r) of the form
cosh(tf/ A+) + cos(tf 4-), defined by means of the operational calculus for a
suitable selfadjoint operator A.
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1. A GENERAL PRINCIPLE AND SOME SPECIAL CASES

Let X, Y be normed linear spaces, and let X* ¥¥ be their respective dual
spaces. We denote by {x, x*) the dual pairing of x € X and x* € X*, and by
B(X, Y) the space of all bounded linear operators from X to Y. If T = B{X, Y),
then 7% € B(Y*, X*) is defined by the relation {Tx, y*> = (x, T%*) forall x e X
and y* € Y* The following elementary characterization of the range of T* in X*
is the fundamental tool of this paper.

L1, LemMma. Let T e B(X, Y)Y and x¥ € X*. Then x* = T*y* for some y" € ¥*
with 'v*i < M if and only if

(N Kx, X5 < M Tx) for all x in a dease subset of X.

Proof. Of course, Condition (1) for all x in a dense subset of X is equivalent
to the same condition valid for alf x € X. Now, if x¥ = T%y¥ with !3¥ g M,
then for all xe X

G A = G TR = KT %) < AT ) < MiTs.
Conversely, if (1) i1s valid (for all x), define ¢: 7X — C by
2) o(Tx) =<x, x¥) (v elX).
If Ty = T, for some xy, x, € X, then by (1)
Worgs ¥ — Xy, X)) = 1o — %, %), & M T(x; —x5)1 = 0,

so that indeed {x;, ¥¥) = (x,, x¥), and @ is well-defined. 1t then follows imome-
diately that ¢ is a lincar functional on TX, with norm < A7 (by(1)). The Hela-

-Banach theorem implies that ¢ has an extension v* € Y¥ with [ yv¥ = o, < M.
In particular,

(r Ty = (T, p%) = o(T) = (x, 3%

for all x € X, so that x* = T%y*, QE.D

With our applications in view, we consider now some special cases.

Let (S, Z, 6) be a o-finite positive measure space, and let 2 be a locully com-
pact HausdorfT space. We take X = LS, Z, o) and identify X* with L>(S, Z, o).
We choose Y = Cy(Q), the space of all complex continuous functions on 2 vanish-
ing at infinity, with the supremum norm |[\-i,,, and we identify Y* with A(Q),
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the space of all complex regular Borel measures on Q with the total variaticn
norm. Lemma 1.1 specializes as follows:

1.2. COROLLARY. Let T be a bounded linear opevator from LS, Z, 6) to Cc(2)
and let 0 € [.2(S. X, 6). Then ¢ = T*u (as elements of L*(S, X, 0) ) for some u € M($)

with il <M if and only if !Sﬁpdal < M Tf e for a dense set of f in L\(S, Z, 6).

i
N

Next, choose X = A4, a commutative complex Banach algebra, and ¥ = C,(4),
where 4 is the regular maximal ideal space of A (with the Gelfand topology). 4 is
a locally compact Hausdorff space, and we identify Y* with 37(4) as before. Let
T: A — Cy(4) be the Gelfand transform 7x = 1. Then we have:

1.3. COROLLARY. Let T%: M(A) — A* be the adjoint of the Gelfand transform,
and let x* € A*. Then x* = T*u for some ypc M(A) with ull < M if and only if

IKx, x¥) < M3 o

Jor all X in a dense subset of A.

A special case of particular interest is the group algebra 4 = LYG) of a locally
compact abelian group G (with respect to Haar measure dr). 4 is identified with
the dual group I' of G, and the Gelfand transform reduces to the Fourier transform

) = ) = S(" Wi G en

G

where (7. y) denotes the value of the character y at 7. It follows immediately from
Fubini’s theorem that for p € M(I'),

T#u(t) = g(r, Nuldy) (1€ G

r

that is, T* is the Fourier-Stieltjes transform. The special case of Corollary 1.3 for
the present situation gives the well-known Schoenberg-Eberlein characterization
of Fourier-Stieltjes transforms:

1.4. CorROLLARY. A bounded continuous functions ¢ on G is the Fourier-
-Stieltjes transform of some y € M(I') with |, < M if and only if

Is fodt < Mifl

| G

Jor all f in a dense subset of LXG).
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An interesting gencral consequence of Lemma 1.1 is the following:

1.5. COROLLARY. For any T € B(X, V), the restriction of T* to the closed M-ball
i Y has weak*-closed range.

Proof. Let {x#} be a net in X¥ such that x% — x* weak®, and x¥ = T%)¥
with [y¥{ < M. Taking the limit in the inequalities I{x, xJ> < M Tx, we ob-
tain {x, x*) < M{{Txll, and therefore, by Lemma 1.1, x* = T%p* for some
y¥ e Y* with Ip™ g M.

In the setting of Corollary 1.2, if 0, = T*u, with i < M for afl #, and
if ¢,— ¢ poimtwise a.e., then i, = T, 1 < IT* 'pll < IT*iM, so that
@, -> ¢ weak®, by the Lebesgue dominated convergence theorem. Hence ¢ = T
for some p € M(Q) with i/} < M. and in case T* is one-to-one, u is the w*-limit
of u, . This is true in particular in the setting of Corollary 1.4. Thus, if the continu-
ous function ¢ on G is the pointwise limit of ji,,, where u, € M(I') and ", < M,
then ¢ = g for p € M(I') with "] € M. and p = w¥lim g, .

L

We state this generalized version of the “continuity theorem™ as

1.6. COROLLARY. Let T be a bounded linear operator from LM S, Z, a) 1o Cy(2).
Let @, = T, with p,i < M (n=1,2,...) and ¢, ~ @ pointwise a.e. Then
@ = Ty jor some p € M(Q) with ip' < M. If T% is one-to-one, then p = w-lim y,,.
A special case of Corollary 1.2 gives a necessary and sufficient condition for

a bounded complex sequence to be the moments sequence of a measure on @ = [0,1]
or [—1, 1]. Indeed, consider the operator T:£* — C[0, 1] (or C[—1, 11) defined by

- 4 g v = o0
s E ‘:nli ¢ = "_:1}0 Fll’
f:=4)
(The series is majorized by Y, &, = [i&ll; < oc, and so defines 2 continuous func-

tion indeed.)
Let fa, b} be either [0, 11 or {[—1,1]. A simple calculation shows that
T+: M(la, b)) ~ £ is given by

T = {S:m(az)}” (u = M(a, B)).
n=:0

Therefore we have the foilowing special case of Corollary 1.2.

1.7. COROLLARY. ¢ = {(,9,,} €4 is the moments sequence of some n € M([a, b))
with \|p|| < M if and only if

|Y oy < Mmaxiy) &)
fa,b] "

Jor any finite set of conplex numbers ;.
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The corresponding version for the trigonometric :moments problem follows
by an analogous specialization of Corollary 1.2.

2. EXAMPLES

2.1. INTEGRAL OPERATORS. Let X: R2 — C be a bounded function such that
(1) K(-, 1) € C(R) for each t e R;

(ii) K(s, -) is measurable on R, for each s € R;
b

(iii) lim SK(S, r)dt = 0, for each a, b € R.
|sj—c0

For fel!(R), set (Tyf)s) = gK(s, 1) f{t)dr. It follows easily ;“rom Lebesgue’s
R ‘
dominated convergence theorem that T f'is continuous on R. Since

ITxfleo < sUpiKi-lfily
p

and T, fTT———>O by (iii) when f is the characteristic function of any interval, it follows

that T, f vanishes at infinity for any f € LY(R) (because the said characteristic func-
tions are fundamental in L(R)). Hence Ty € B(LY(R), C,(R)). By Fubini’s theorem,
for u € M(R),

(TEW@) = SK(S, Hu(ds) (fora.a.teR).
R

We then have the following special case of Corollary 1.2.
2.2. COROLLARY. Let K:R? — C be a bounded function satisfying (i) — (iii),

and let ¢ € L2(R). Then ¢(t) = SK(S, t) p(ds) (a.a. t € R) for some p e M(R) with

R
lpll € M if and only if

ISfc/) dt' < M|Tfllw for all fin a dense subset of L(R).
;

Note that 2.2 is valid in particular when K is a bounded separately continuous
kernel satisfying Condition (ii1). If k2R — C is a bounded continuous function
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t
such that (Jh) = S/;(u)du is also bounded on R, then ths hernel K(s, ¢) =

0
= k(st) satisfies the above conditions.
The Fourier kerne! K{(s. 1) = ¢~ and the cosine kerne! K(s, 1) == cos{sf) e7e

of this tvpe. Denote fis) = Scos(sf)f(i)dy. Then fermrally (for later application):
R

2.3. COROLLARY. A bounded contimous function © or R iv the cosine-Stieltizs
r

transforin ((p(l.) = Kcos(sr),u(ds)/) of some p € MRYwith 'v < Miif \fodt

. v
R

-

< M. f « for all {in a dense subset of LR
2.4. CoxvoriTiON KERNELS. Suppose & € C(R) {bounded continuous comniex

20

function on R), and the improper Riemann integral S k(u)du converges. Set Kis, 1) =
-0
[ [
== k(t — 5). ThenSK(s, t)dt = S k(uydu — 0 as s — oo, und therefore K satis-

@ @5

fies all the conditions of Corollary 2.2. Dencting convolution as usual (A +p{s) =
= S k(t -~ s)u(ds)) and I?(u) = [(—u), we have the following:
R

2.5. CoroLLary. Let k € C (R) have coavergent improper Riemam fitegrel
on R, und let ¢ € C{R). Then ¢ = k = g for soime n e M(R) with "y < M i

| S fodi <M Tsf o

!

)

R

Jor all {in a dense subset of L\(R).

©o
Moreover, ifs kdu converges absolutely and &k # 0 on R, then the vepireseim

— 00
tation o = k= y is unique {indeed, if ksp =0, then kp = 0, heace p =0, gind s0
io=0).
.. . sinu sinu \? .
The Dirichlet and Fglér kernels - and ( ) are classical kernels
u

i
atisfying the conditions of Corollary 2.5, so that we have criteria for represen-
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tation of functions as Dirichlet or Fejér integrals of measures. The Poisson kernel

k(u) = . & (for € > 0 fixed) is in C,(R)n LY(R) (|Ik,

&+
= ¢e~%" # Q. Therefore, by Corollary 2.5, a bounded continuous function ¢ on
R is the Poisson integral of a measure 1 € M(R) with [jufl < M, that is

L =1 and k() =

* o(0) = ‘«S»v»i—wu(ds) (te®)
T )&t + (t— )

if and only if

| }
jgﬁp di' < M|iflle forall fin a dense subset of L}(R).
; l

R

~ i
Here f.(s) = - S - »(f: - f(t)dt is the Poisson transform of /, and the repre-
T &+ (t— s)

sentation (») is unique (M may depend on ).

3. APPLICATIONS TO SPECTRAL THEORY: SINGLE OPERATOR

Let T be an operator with real spectrum with domain D(T) in a reflexive
Banach space X. Let R(4, T) = (Ml —T)~.

3.1, DerwtTion. The semisimplicity manifold Z for T is the set of all vecters
x € X satisfying the following two conditions:
) limR(; T)x = 0;

A—=0
and
(”) g \ <OO,

where
. i ) . ] |
Lxil = sup 55 Sf(!) 1;— [R(t —1i; T)-—R(# + 1; Ti].\'drv!,

ST 2w S

R

and the supremum is taken over all fin (2 dense subset of}) LYR) with | fi', < 1;
here we dencte ‘

f(s) = : S B flnydt, seR
1+ (s—1¢)? ‘
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The integrals in the definition of !|x ;' make sense because of (i). Z is a linear
manifold. Define as usual the restriction 71 Z to be the operator T with domain

D(T'Z) = {xeD(T); x, TxeZ}.

3.2. DernuTion. Denote by T(Z) the algebra of all linear transformations of ¥
with domain Z and range in Z. Let #(R) be the Borel g-algebra of R. A spectial
nteasure on Z is an algebra homomorphism

E: #(R) = T(Z)

such that E(.)x is a {regular) g-additive vector measure for each v € Z.

3.3. LoCAL SPECTRAL THEOREM. Let T be an operator with real spectium,
with domain D(T) in « veflexive Banach space X, and let Z be its semisimplicity
manifold. Then there exists ¢ spectral measure E on Z such that

(i) for each & € #(R), E(0) commutes with every U € B(X) which commutes
with T';

(i) D(TEZ) = {x e”Z ; SSE(dS).\’ “exists’” and belongs o Z};

R
and

(i) Tx = SsE(ds)x Jor ol x € D(TEZ).
3
b
Note that the ‘‘existence’ of S sE(ds)x means that the integrals Ssl;'(ds)x
R a

converge (strongly) in X (toSsE(ds)x) as a » —oo and b — co.
Proof. For each x € Z and x* € X*, consider the bounded continucus function
1 \ . .
o) =-  -a2¥R@E—i; T)—R( +1; DNix
27

(it is Bounded because R{4; T)x — 0 as 2 — oo, for each x € Z). Then, for all f € L}(R),

Vroowar, < st i

R
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By our next to last example, it follows that there exists a unique (regular) measure
p(-lx, x*%) e M(R) with

Mo toe, X)) < e e
such that

1 1
1 R Y, C :3{, c¥).
(1) o) n Sl + (t~s)2#(ds' <
R

1t then follows as usual from the reflexivity of X, that there exists a2 unique linear
transformation E(8): Z — X (for each é € Z(R)) such that

u(d]x, x¥) = x*E(@0)x (x € Z, x* € X%)
and

E@)x

< lxlll (@ =BR), xe Z).

For each x € Z, E(-)x is an X-valued countably additive function on #(R), so that
we may rewrite (1) in the form

@) [R{t—i; T) —R(t +i; T)lx = g[-___k_,__“ ! —-—}E(ds)x.

{—1-—8 t+i—s
i

Define F(2)x =S »—1—E(ds)x for xe Z and z € C\R. F(-)x is a well-defined
z—38

R

analytic function in C\R, and vanishes for z — co. Consider G(z)x = F(z)x —
-~ R(z; T)x for z e C\R and » € Z fixed. G(-)x is analytic and G(z)x - 0 for
z — o0 (since x € Z). We may rewrite the relation (2) in the form:

?) Gt + ijx = Gz —x  (VreR).

Fix x € Z and x* e X%, and consider the complex analytic function
&(z) = x*G(2)x + x*GE)x (ze C*).

d(z) - 0 for z — co. On the line z = ¢ + i, it follows from (3) that

&t + i) = 2Re x*G(¢t + Dx.
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Therefore, given ¢ > O arbitrary, choose K, > 0 such that #(z)! < ¢ for = with
Imz > 1 and 'zl = K > K,. Then the real harmonic function Im @(z) has absolute
value less than ¢ on the contour

F={tr+i;—K<r<K}uizeCiz—i = K, Imz > 1},

and therefore {Im @(z) < ¢ for all = within the contour (by the maximum-minimur
principles for harmonic functions). Since K 1is arbitrary (K > K,), and then & > 0
is arbitrary as well, we conclude that Im @(z) = 0 in the half-plane Imz > 1. There-
fore @(z) = 0 in this half-plane. Since @ is analytic in Imz > 0 it follows that
@ =0in C*. ’ ‘

Using the same argument with the function

Y(z) = x*G(2)x — x*GG)i‘

and the real harmonic function Re¥(z), we obtain similarly that ¥ =0 in C*.

Therefore x*G(z)x = (1)2)(¥(z) + ¥P(z)) =0 in C*, for each v € Z and v* € X*.
This means that

R{z: Tx = K

of

R

-

b Eds)x (xeZ)

for all z € C+ (and similarly for z € C~). This is relation (5) in our paper [8]. from
which we deduce there Theorem 3.3.

The “‘maximal-uniquenecss’™ property (2.4 in [8}) follows trivially from the
Fubini theorem and the uniqueness property of the Stieltjes transform. In par-
“’cular, the present definition of Z must coincide with that of [8].

4. APPLICATIONS TO SPECTRAL THECRY : COSINE OPERATOR FUNCTIONS

Let C(-): R — B(X) be o strongly continuous cosine operator function, tha!
is C(0) = I and ‘
Cit + 8) + Clt—5) = 2C(YC(s) (s, 1 €R).

4.1. DermNTioN. The semisimplicity manifold 7 for C(-) isthe cetof 2l x € X
Tor which C(-)x is bounded, and

Gy i=sup : Sf(l)C(r).\‘dt i< 00,

R
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where the supremum is taken over all f € LYR) with {|f1< 1, and f is the cosine
transform of f:

f(s) = Scos(st)j'(t)dt (f € L\(R)).

R

We shall assume that the Banach space X is reflexive. For each x € Z and
x* € X*, we consider the bounded continuous function on R

o(f) = x*C(0)x.

| - .
tearly )Sﬁp dri < llx*HHxl flleo for all fe L3(R), and therefore (cf. Corollary
i

2.3), there exists a measure p(- |x, x*) e M(R) with |iu(- | x, x#)|| < |l|x]j] iIx*)]
such that

pt) = ¥*C(0)x = Scos(t.s)u(de 5 x%)
R

for all t e R, x € Z and x* € X*. Using the even-ness of the cosine, we rewrite this
relation as

m *C()x = Scos(ls) #ds| x, x¥)
Q

where o € M([0, oo)) and [lx(- | x, x*)!| < 2| ]x* .

o0
The cosine transform o — Scos(ts)oz(ds) acting on M([0, o)) is one-to-one.

0
Indeed, if « belongs to its kernel, then for all # > 0,

00 i oo o0 : oo .
0= - '-y ety cos(ts)a(dsydt =\ . - g e * %cos(ts)dta(ds) =
Vru Vau ]
—00 (4] {0 <o
[s) X f(\? -
=2 S e~ o(ds) = 2 S e “uido)
(1) [}

{wherc ¢ = 5% and ¢,(3%) = a(d) for each § € 4([0, oo))). By the uniqueness property
of the Laplace transform, it follows that o, = € and therefore o = 0.
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Now the uniqueness of the representation (1) and the refiexivity of X provide
as usual linear transformations E():Z - X for 6 €4([0, co)) such that
a(d x, x¥) = x*E(d)x and [E@)xl < 2'x" for all xeZ a*eX® and
0 € A([0, co)). E(-)xis then a strongly countably additive regular vector measure on
([0, 00)), for each x € Z, and we may rewrite (1) as

2 Cl)x = Scos(ts)E(ds):s (teR; xeZ)

Taking t = 0, we see that E([0. co)) = I Z. If B € B(X) commutes with C{) for
all t € R, then for each x € Z, C(t)(Bx) = BC(t)x is a J"OLMe.x furction of ¢, und
for f e L}(R),

: S.f(r)co)Bxdr =B Sfmcwxdt < B e
:':R ' ¥ A '

50 that ’B\' < "B "Ix". Therefore BZ < Z. an¢ B is bounded as an operater
in (Z, -7, with norm < !'Bi.
T'll\mg in particular B = C@) for u = R fixed. we hay

3) CZ < 7
and
CCunx < LCE  x (weR, xeZ)

Note that -'' > |-/ on Z. so that (Z. ! ."l) is a normed space. Indeed,
if 1f,,} c LYR)i is an approximate identity for AA\R) at 0, then f, — 1 uniform’y on

R and\ /,{t)C(t)xd? — C(0)x = x in the norm of X. Passing to the limit as #—oco

14
in the inequalities

Sj,,(z)C(t)vdt LT Ui (for x € Z).
i
2 i
we obtain x| < Iyl
Moreover, (Z ” ) is complese. Indeed, et {x,} € Z be . -Cauchy. 1t
is then [|-!-Cauchy, and thercfore x, —» x in X. Let K = supilx, —x_ . Then

for each f e L(R),

@ iigf(z)cm(x,, )t | ’< iy = 5003 1o < K2

K
R
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8o that {]C(1)(x, — x,)|| € K for all 2, m. In particular, letting m — oo, we have
ICO(x, — )| < K for all n and t. Also, for each n, f(HC()(x,—x,) —~
— f(NC{)(x, — x) as m — oo. It then follows frcm Lebesgue’s dominated conver-
gence theorem that for cach n = 1, 2, ... and fe L}(R) ‘

rocoe, — s o (oo, — o
R R
in X-norm.

Given ¢ > 0, choose n; such that [lx,—x,” <e for n, m > n,. Then,
for n > n,, letting m — oo in the inequalities

” : ¢ "o g s

"i[ Sf(r)c(r)(xn —xrn)dt | s;}f'\.n—‘xm! | I’,“oo < 8:1]”007
! |

hd i

i

we obtain '

le(!)C(I)(x,,—x)dI i; < ¢8| /e for all fe LYR). Thus |ix,— x|l < &
1 1l

"R
for n>n,. In particular x, —xeZ, so that x = x,— (x,—x) €Z, and

fige .
1, — x| 0.

Returning to the integral representation (2), if B € B(X) commutes with C(-),

we saw that B7Z < Z, so that.

o0

Scos(rs)E(ds)Bx = Scos(ts)BE(_ds):: (teR, xe2),
Q

4]

and the uniqueness implies that

BE@®)x = E(0)Bx (x € Z,d € 4([0, c0)).
In particular, for each # € R
5) CE(d)x = E(O)Clu)x (x € Z, & € 4([0, co).

For xe€Z and r, u €R,

Scos(ls)E(ds)C(u).\' = C(O)Cu)x = ; Ct + wx + —; SOt —w)x =

= S [ ; cos(t + u)s + ; cos(t — u)s]E(ds)x = Scos(is)cos(us)E(ds)x.
¢ e .

4 - 1259
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By uniqueness and by (5), for each d € #([0, c0)) etc.,
‘ ~
(%) C()E(d)x = E(©6)C(u)x = \cos(us)l(;(s)E(ds).\',
a

where I is ihe characteristic function of J.
In particular, C(-}E(d)x is a bounded function,

(7) | ICE@)x)] < JEQ@)x] < 2lx',
and for each f e L'(R),

[eo]
1"

1 S SWCWE@)xdu : = ; S fw) S cos(us)I5(s)E(ds)x du: =
R b :I‘ R ) '

el

- ”S.f’('s)l,;(s)ﬂdsn <2 X1 T

(recall that [X*E( x| = |2(- jx, x*)] < 2'x' 'x%)).
Hence
(8) [VE@)x < 27X (8 € 4([0, 00)), x € Z),

that is, E(3)Z = Z (for each 8) and E(d) is a bounded operator in the Banach space
(Z, 1.1y (with norm < 2).
Returning to (6), since E(8)x € Z for x € Z, we have by (2)

Scos(us)E(ds)E(ci)x = S cos(us)s(s) E(ds)x,
0 ]
and by uniqueness,

©) E0)E@)x = SIU(S)L;(S)E(ds)x — E@n)x
9

for all 0, 0 € 2([0, c0)) and x € Z.
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- We conclude that E is a spectral measure on Z (cf. Definition 3.2). Collecting
the main facts established above, we have:

.4.2. THEOREM. Let C(-) be a cosine operator function on the reflexive Banach
space X, and let Z be its vemisiiﬂpliciry manifold. Then there exists a spectral measure
E on Z with the following properties:

(1) E commutes with every B eB(X ) whzch commules wrh C(-); »

() E is uniformly bounded as an operator function on the Banach space
, |-, and

€)) ClH)x = SACOS.(“TS)E(dS)X (teR,xe€ 2),
) .

where the mtegr al is a st/ ong integral in X.

43. MAX]MAL-UNIQUENESS The pair (Z E) aSSOCIated with C( ) is ma\’lmal-
-unique in the following sense. 1f Z’ is any subset of X with the property that, for
each x € Z’, there exists a regular strongly countably additive vector measure E'(-)x
on J([O o0)) such that (3) is vahd w1th E',then Z2' < Z and E'()x = E()x for
all xeZ'.-

Proof. The vector measure E’(-)x is necessarily bounded (cf. [1, p. 319]).
[>2]

Let ||E'(S)x)| < M, (x € Z', & €4([0, c0))). ' Then IS e(E'(dt)x t < Mol

Il
0
for each bounded Borel function ¢. Yn particular, (3) for E’ implies that C(t)x is a
bounded function on R for each x €Z’'. Also, by Fubini’s theorem, for each f & Ll(R)
and‘xeZ’, :

IESf(t)C(t)xdtig = ”(f(t)Scos(ts)E’(ds)xdt” =
(A ! ] !
R R ,

- ’f g GE@s)x | < AMF ]l
1 y ) l

0

so that 'lx}}| < 4M,, and therefore Z' < Z.

The uniqueness property of the cosine transform now implies that E'(:)x =
= E(-)x for all x e Z".
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4.4. It follows easily from (8), the closed graph theorem and the uniform bound-

edness theorem that the foliowing statements (i)—(iii) are equivalent:
) Z=x;

(i) C(-) is uniformly bounded and the norms [|-| and - i are equivalent;

(iii) E(-) is a spectral measure in the usual sense on X.

When (i) (and therefore (i) and (iii)) is satisfied, the operators C(t) ure scz-
lar-type spectral operators with spectrum in [0, c0), with “common’’ integral repre-
sentation

oo

Cc@t) = Scos(ts)E(ds) = cos(tS) (¢t € R),

@ B
where Sx =SSE(ds)x=lim]SsE(ds)x is the scalar-type spectral operator with
[H] [

resolution of the identity £(-) and with domain D(S) consisting of all vectors x € X
for which the above limit exists in X

4.5. Set Z, = {x £ Z: s*is E{(-)x-integrable on [0, oco)}. For each 7 =R, iet

—%: ({ —cos{ts)y t#0

(p,(S) =
s* t=0.
o iay qs
Then 0 € ¢ (s) = §° [vSl(n(’/sz‘v)?)‘] < s*and @ (s) — s as ¢t — 0. By the Dominated
ts

Convergence Theorem (see version for vector measures in [1; p. 328]), we huve
for x €Z,

—?“- [I—C()]x = S ——120« (1 —cos(ts))E (ds)x——o) S s2E(ds)x,
t* Z =
o 0

where the limit exists in X. Therefore Z, = D(A) where D(A) denotes the dorrain
of the infinitesimai generator A of the cosine operator function C(-), and

—Adx = SsﬁE(ds)x (x €Z,).
iy
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5. FAMILIES OF UNBOUNDED OPERATORS

In this section, we demonstrate versions of Theorem 4.2 for certain cosine
families of wnbounded operators in Hilbert space. The spectral representation of
one-parameter groups and semigroups of unbounded operators was studied by
Nussbaum [10], Frohlich [2], and Klein-Landau [9] in Hilbert space, and by Kan-
‘torovitz-Hughes [7] in Banach space.

5.1. DEFINITION. A local cosine operator family {C(t)},c g consists of a one-pa-
rameter family of closed linear operators C(f) acting in a given complex Hilbert
space H, such that

(i) for each x in a dense linear manifold D in H, there exists ¢(x) > 0 such
that x € Dom(C(¢)) for all z with !t] < &(x);

(ii) C(t)x is strongly continuous for |¢| < &(x), and C(0)x = x; and

@ii) if Is!, |7], and |t £ 5] are all less than &(x). then C(s)x € Dom(C(t)) and

() C(t + s)x + C{t — s)x = 2C()C(s)x.
| The local cosine family {C(r)} is bounded below if
() (C(0)x, x) > |ix}*
for all x € DomC(t) and 7€ R.
Of course (*+) implies the symmetry property
(%) COx, y) =, Cty) =x, yeDomC(), tcR.

5.2. THEOREM. Let {C(1)}ier be a bounded below local cosine family on
the complex Hilbert space H. Then there exists a unique positive Sselfadjoint
operator A such that

C(H)x = cosh(zA¥*)x
for all x €D and |t] < &(x).

REMARK. The famity {cosh(z4Y%)},cr is a cosine family of selfadjoint cperators
“hat extends the local family C(-).

Proof. Let {3,} be an approximate deita distribution, that is, 3, are non-nega-

tive C>-functions on R with suppd, = [—1/n,1/n] and gé,,(t)dt = 1. For x €D,
R
fix n(x) > 1)e(x), and set

) X, = S(S,,(S)C(s)x ds (n =z n(x)),

R
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where the integral is well-defined as a strong integral because of (i) and (ii). Clearly
x, — x strongly. Set

Dy = {x,;x €D, r > n(x)}.

Then D, is dense in H (because D is dense and x, — x for each x € D). If y < D,
so that y = x, for some x€ D and n > n(x), and if lt| < &'(y) = &(x) -— 1/n (note
that lln 1 /n(x) < &(x)), then Condition (iii) implies that C(s)x € Dom C(¢) for all
s with s’ < 1/n. Also C(t)C(s)x = C(t + s)x/2 + C(t —5)x/2 is strongly conti-
nuous for :s{ < 1/n (because !t + s < g(x)). Since C(t) is closed, it follows from
Theorem 3.3.2 in [3] that

) y € Dom C(t)

and

Clt)y = gé,,(s)C(t)C(s)xds.

o
R

Suppose /1 > 0 is such that it + i’l <sg (y) Using (2 for ¢ and ¢ + h, we obtain
(using (=) four times):

[Ct + ) + C(t —h) —2C(")]y = Sa,,(s)[co + )+ Ot — by — 2C()IC(s)xds =
R

= S SN + h) + C(t—-h)——’)C(t)]vds S6,,(s)C(s)[2C(t)C(h)——ZC(t)}x ds=

R

i

S HOCORCECH) —2C(s)]xds = S 5,?(S)C(t)[C(S +h)+ C(s—h)—2C(s)lxds =

R R

= S[én(u — ) + 8, (u + h) — 28,{(w)]C{t)C(u)x du.
i

For the variables « and ¢ considered, Condition (+) is applicable, showing
that C(1)C(u)x is strongly continuous, and it follows therefore that for i¢; < £'(p):

3) s-limA~2[C(s + h) + C@t — ) —2C(H)]y = S(S,’,’(u)C(t)C(u)xdu.
b=
R

Set D, ={C(t)y;yeD, 0<i<e()}.
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Then D, = D,, and as before, if u € D,, there exists &”(z) > 0 such that
u € DomC(¢t) for |t] < &' '(u). By Condition (#%), '

“) 2h*(C(h) — 1w, w) 20 (h| < £"'(1)).
However
263 C(h) — INu = h~*2C(HC(Hy — 2C(t)y] =
=h=CU + ) + C(t —h) —2C())y
(with y € Dy and |t| < &'(y)). By (3), s-lim 2A~*[C(h) — Iu exists; call it Ayu. A°
h-04-

is defined as a linear transformation with the dense domain D, (= D,), and it follows
from (4) that A4, is positive, that is

(Apu,u) 2 0 (u € D).

Let A be the Friedrichs extension of 4,; A4 is a positive selfadjoint cperator. Denote
by E its resolution of the identity; let £, = £([0, m]) (m =1, 2,...), and 4, =
= EnA. Note that A4, is a bounded positive selfadjoint operator. For y € Dy,
denote (cf. (2)): : '

yult) = E;CQ)y 0 <t <&(y). : R
By (3) and the definition of A4,,

dgym(t)/dt‘z = EmAOC(f)): = Am)"m(t) («t[ < 8'(}’))

Theretore

Yalt) = cosh(t4;*)y,(0) =
= E,cosh(tA2)y,(0) = cosh(r4' /)y, (0).
Whea m — oo, y,(t) = C(t)y strongly (for each [f| < &'(})). In particular, ¥, (0) —y.

Also cosh(t4Y?)y,(0) — C(t)y strongly (by the preceding relation). Since
cosh(z4%?) is closed, it follows that

D, = Dom(cosh(tA%))

5) . CQ)y = cosh(t4?)y  (y e Dy, [f| <& ().
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The relation (5) determines 4 uniquely, that is, if A; is a positive slefadjoint operator
such that (5) holds with A4, replacing A4, then 4; = A. Indeed, we then obtain

(cosh(24®)y, ) = (cosh(tAY2)y, 2)

forally € D,. 't} < ¢'(y). and z € H. Fix y and z. Both sides extend analytically to
the strip {r € C ; 'Rer} < ¢'())} and coincide on the segment —&'(y) < t < &'(3);
herce they coincide throughout the strip, and in particular on the imaginary axis.
Thus

{cos(tAYD)y, z) = (cos(tA )y, =)

for all 1 € R, z € H and 3 in the dense subset D, of H. Therefore cos(t4i®) =
= cos(tA?) (t € R), since these are bounded operators. Let

[52]
T()x = (m)"m\e*“zf“’cos(sAl/z)x ds, t>0.

i

Then T(-)is & Cy-semigroup with generator 4. The semigroup Ty(-) defined by means
of A, coincides with T(-) and has generator A4;. Hence 4, = A4 by the uniqueness
of semigroup generators. Returning to (5) and recalling that p = x, with x € D
arbitrary and n > n(x), we have x, € Dom(cosh(t4'/%)) and cosh(tAY?)x, = C(t)x,,
for each fixed ¢ with |1l < &(x) and n large enough. We saw that x, — x strongly
as n —oc. Also by (2)

C()x, = ién(S)C(l)C(s)xds =

R

= ((JJ;'2)S§,,(S)[C(1 + 8) + C{t — s)]x ds — C(t)x

R

strongly as » — co. Since cosh(z4%/?) is closed, it follows that x € Dom(coshiz4%%))
and

®) Cir)x = cosh(t41%)x

for all x € D and it < a(x). Q.E.D.

We consider next a local cosine family C(-) satisfying the weaker condition
(=) instead of (#x) (a local cosine family of symmetric operators).
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5.3. THEOREM. Let {C(1)}ier be a local cosine family of symemetric operators.
Then there exists a selfadjoint operator A such that

C(t)x = cosh(t)f 4+)x + cos(t)/ A™)x

for all x €D and 1] < &(x).

Note again that the right hand side provides a globally defined cosine family
of seifadjoint operators that extends the local family C(-). However 4 is not uni-

quely determined, as can be seen by modifying Frohlich’s example in an obvious
way.

A= are the positive operators f+(4) where f*(r) = max(s, 0) and f~(t) =
= — min(t, 0).

Proof. Xentify H with H® {0} ¢ H® H = H. With 4, as in the proof of

. A . ..
‘Theorem 5.2, consider A, =( 0 )actmg on H. A, has a selfadjoint exten-

— 1o
sion A (cf. [2]) with resolution of the identity E. Set

EI-:; = E([0> "ZD; E:; = E([_ i, 0])9
and

+ AL =EfA (m=12...)

For y € D;, define
—. » [Ty
y:}f(l) = Ei}; ( ( )})

for |t] < &'(y) (cf. preceding proof and (2)).
Then for |¢| < &'(y),

aioiae = By () = ia (V) -
0 0
= ki ()= Ao,

Therefore yi(t) = cosh(tVA_;‘,-,)};*,-,(O) (since Aj; is a bounded positive selfadjoint
operator).
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Consider also the positive selfadjoint operators A+ = E([0, co))A and
A~ = —E((—oco, ODA. Then

Viult) = E;; cosh(t | = AF)FE(0) =
= cosh(t [ = A570) (1] < &(»)).

When m — oo, 3,:(t) — J=(¢t) strongly, where 3 +(z) = E([0, co)) (C(t)y ) etc. Since

cosh(t )/ &= A%) is a closed operator, it follows that 3=(0) € Dom(cosn(t V;!,; A%)),
and

0 FE(f) = cosh(t | =AY =(0).

Let P denote the projection of Honto H = H&® {0}. Theu P commutes with
Ay, hence with A, and sc 4 = PA is a selfadjoint operator on H with resolution of

the identity £ = PE. ldentifying (g ) with y, one sees immediately (using the usual

spectral integrals) that

@ City = cosh(f!/;fi’)y + cos(t) A=)y

for all y € Dy and 't < &'(y). It then follows as at the end of the prec»dmg proof
that (8) is valid for all e D and it < e(y).
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