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A STRONG TRANSITIVE ALGEBRA PROPERTY
OF OPERATORS

MOHAMAD A. ANSARI and STEFAN RICHTER

1. INTRODUCTION

An algebra of operators on a Hilbert space is called transitive if it has no
nontrivial invariant subspaces. The transitive algebra problem is the question of
whether every transitive operator algebra must be strongly dense in the algebra
of all operators. There are a number of partial solutions to this problem [1}, [3],
{41. [5), [71, {93, {10}, [U1} and [12] and in this paper we shall make a contribution
to this list.

As in [I] we shall say that an operator T € #(#°) has the transitive algebra
property (TAP) if every transitive operator algebra % containing T is strongly
dense in Z(s#). It was shown by Arveson [5] that the unilateral shift S has the
TAP. In the present paper we shall study finite rank perturbations of S.

DeriNiTION. ([3]). An operator T € P(#°) has the strong transitive algebra
property (strong-TAP), if both the operators 7 and § + T have the TAP.

A study of the strong-TAP was begun in [3). In Section 2 we prove that every

n
finite rank operator of the form Y. [: ® g:. where f; € H? is arbitrary and g, is a
i-a1

rational function with poles off the closed unit disc, has the strong-TAP. This
generalizes the results of [3]. We conclude this séction with the conjecture that every
finite rank operator has the strong transitive algebra property.

Some of the results of Section 2 are valid for finite rank perturbations of oper-
ators other than the unilateral shift. In these situations, one would like to know
when does the operator ALJV have the TAP for some (all) non-zero invariant sub-
space(s) of A. In Section 3 we show that if 4 is a strictly cyclic operator which
generates a semi-simple weakly closed algebra 77°(A4), then A A4 has the TAP
for every non-zero invariant subspace of A4.
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In Section 4 we obtain a partial solution of the well-known reductive algebra
problem [11, Chapter 9]. Indeed, we prove that if a unital weakly closed reductive
operator algebra ¥~ (i.e. Lat ¥° = Lat %) contains the operator S + ¢ ® 1, where
@ is a single Blaschke factor, then ¥ is a von Neumann algebra.

We conclude by presenting an open question that arises from our work.

2. FINITE RANK PERTURBATIONS OF THE SHIFT '

Throughout this paper, H# denotes a complek sépéfable Hilbert space with
a fixed orthonorma! basis | ,},;1 and § denotes the unilateral shift (Se; = ¢;.,).
LEMMA 2.1. Let 7 be a collection of ron-zero operators on A and let .7 = \| 4.

A€-7

If T € P(H) such that .& € Lat(T) and if T .# has the TAP, then L) is the only
strongly (weakly ) closed transitive operator algebra which contains <7 y {T}.

Proof. The lemma follows from Theorem 2.1 of [I]. Indeed, every operator

‘ L . : Ay A . . .
A €./ has the matrix form (0“ 0“‘) with respect to the decomposition

s

H = JD 1 Tt follows from the hypothesis that

(+) ) \ {AM,//,+ Amaﬁ/l Z(gn glz) EJJ} = ¢

The condition (+) and the assumption that T . # has the TAP imply the hypothesis
of Theorem 2.1 of [1], hence the lemma folloue from this theorem. 2]

CoROLLARY 2.2. If A € L(H), p is a polynomial such that p(A) # 0. and
Alran p(A)~ has the TAP, then A has the TAP.

For Thecorem 7 3 and the discussion in Section 3 it will be convenient to say

that an operator 4 € Z(#) has the property (P) if A .# has the TAP, whenever
«/€lat A, .# #(0).
' The following operators have the property (P): injective compact operators,
unilateral shifts of finite multiplicity [11, Chapter 8}, and the Dirichlet shift [12].
Furthermore, in .the next section we show that strictly cyclic operators 7 which
generate a semi-simple weakly closed algebra #°(7") have the property (P).

THEOREM 2.3. Let A € £(#) have the property (P) and let B e L(A) be
algebraic. Let p be the minimal polynomial of B and suppose that p(A) # 0. Then

(o )

has the transitive algebra property for every X € LI, H#).
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. Proof. 1t follows froﬁl the assumption that p(T) =(p§)A) g) # 0 for some

Y € (A, #). Thus there exists a non-zero subspace 4 of # such that /" @ 0 =
=ranp(T)~. For xe./" we have T(x®0) = Ax®O0, thus & e€Llat4 and
Tlranp(T) is unitarily equivalent to A[.#". Hence, T ran p(T) has the TAP and
Corollary 2.2 implies that T has the TAP - A

Recall that if 4 € £L(H#) is a completely non- umtary (c p.u.) contraction and
if ¢ is a bounded analytic function on the unit disc,

| @(4) = lim o(r4) (SOT).
rtl

Also, recall that a c.n.u. contraction 4 is called a Cg-operator if there exists an inner
function ¢ such that ¢(4) = 0.
. DOf N : " S X
THEOREM 2.4. If A € () is a Cy-operator and if T = 0 A) eL(H @A)
is a completely non-unitary. contraction, then T has the TAP.. 4
Proof. Let ¢ € H*® be an innér function sich that ¢(A4) = 0 It follows from

the Sz. -Nagy —Foias, functional calculus that the operator ¢(A) has the form (OS(, :;)

An argument similar to the one in the proof of Thcorem 2.3 implies that 7' has
the TAP. . . %

The following corollary generalizes results of Section 3-of [3]. To make the
connection to [3], let ", denote the span of the first # vectors in the orthonormal

basis {e,-},-;l of #. Then every finite rank operator of the form A @OcL(H, D))
can be written as

AP0 = )EAei(@e,-,
i -1

where x ® y denotes the rank one operator z — (z, y)x. Hence, Corollary 2.5
contains the results of Section 3 of [3] as a special case.

COROLLARY 2.5. Let S be the unilateral shift acting as multiplication by z
on H*and let n € N. Let {g}". be a set of rational functions with poles off the closed

unit disc and let {f}7., = H* be arbitrary. The finite rank operator F = Y /i®eg,
i=

F #£ 0, has the strong-TAP.
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Proof. Let .# denote the smallest invariant subspace of S which contains the
functions {g,.},f’:l . It is easy to see that dim.# < co. For example, sze [6]. If we let
AT = H*Q .#, then A" < Ker(F). The operator T = S + F has the matrix form

S 7‘ o . . - .
(0 ]‘) with respect to the decomposition H* = /7@ A7+, where 7., is algebraic.

It now follows from Theorem 2.3 that T has the TAP, i.e., F has the strong-TAZ.

)
Corollary 2.5 suggests the following:

CONIECTURE. If F € L(H) is an arbitrary finite rank operator, thea F has the
strong transitive algebra property.

3. THE PROPERTY (P) AND STRICTLY CYCLIC CPERATORS

In this section we show that certain strictly cvclic operators satisfy the assump-
tion of Theorem 2.3.

For T € L(J'), we let W (T) denote the smallest weakiy closed subalzehra
of Z(H) which contains T and the identity operator. Recall that T is called strictiy
cyclic, if there exists a vector x, € #' such that #° = {Ax, 1 4 € ¥(T).

It was shown by Lambert [9], that cvery strictly cyclic operator has the TAP.
However, if T is strictly cyclic and .# € LatT, then T.# does not have to be
strictly cyclic (see the discussion at the end of this section'). In view of Theorern 2.3
it would be interesting to know whether every strictly cyclic operator 7 has the pro-
perty (P). i.e., does T .# have the TAP for every non-zero invariant subspace .7 of 7'?

In the following lemma we consider a special case of this question.

LemMma 3.1, If T e #(#H) is a strictly cvelic operator and i 4 is en invaricit
subspace of T such that .4 & ran(T)~, then T A has the TAP.

Proof. The proof will use a consequence of Arveson’s Lemma {1}, Chapier ],
We first collect a few facts about .# and T.

We assumed that .# & ran(7)~, thus there exists & non-zero vector e,
ey €A 0 (TAH): and ¢, ¢ ran(7T)~. Fix such an e, [} =1, and let x, bz a
strictly cyclic vector for 7.

CLAM 1. If A € W(T) such that Ax, € J%, thei e, is an eigenvector for (A ).

Proof of Claim 1. First we note that if 8 € #(T). Bx, €., and Bx, L e,
then for every polynomial p we have

0 = (p(T)Bxy, o) = (p(T)xy, B¥ey),

ie., B¥e, =0.
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Now suppose Ax, € # and note- that (4'.#)*e, = Je, + x, where 1 €C,
x €., and x L e¢y. Since x, is a strictly cyclic vector for T, there exists an operator
B € 4(T) such that Bx, = x. We now show that x = 0. Indeed,

x| = ((4]#)%ey — Zey, x) = (4| M)*ey, x) =
= (ey, AX) = (ey, ABx,) = (B¥ey, Axp) =0 (since B*ey; = 0).

Thus (4].)e, = ley.
' If ey and x, are as above, then there exists an operator 4, € ¥ (T) such that
ono = eo.

Craim 2. (e,, Afe,) # 0.

Proof of Claim 2. Since T is strictly cyclic, the set of polynomials in T is norm
dense in % (T). Thus there exist sequences of polynomials {p,} and {g,} such that
p.(T) = p0) + Tq,(T) - A, in norm.

Hence,
@ ‘ 2.0) = (pu(Teg, €5} — (Aoe, ).

To finish the proof of Claim 2 we argue by contradiction, i.e., let
(es, Afey) = (Ayey, €,) = 0. It follows from this assumption and (1) that

P.(0) =0
and
lleo — T (T)xoll < fleo — PuT)Xoll + | PA(O) | Xoll =

= |[AoXo — pu(T)Xoli + {20} ] {|xoil — O.

That s, e, € ran(T)~ which is a contradiction to the choice of e, thus (e,, AF ;) # 0.

We are now ready to prove Lemma 3.1. Let <7 be a transitive subalgebra of
ZL(#) that contains the operator T'\.#. By Lemma 8.15 of [11] we only need to
show that every densely defined graph transformation for &7 has compression spec-
trum. To this end, let R be a graph transformation for &/ with a dense domain
9 = M. (For a definition, see {11, Chapter 8].)

It follows from Claim 2 and the density of & that there exists a vector x, € @
such that (x;, ¢5) # 0 and (x;, Afey) # 0. We set

_ (Rxy. &)
(x 15 (:’0)

5 - 1359
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and we will conclude the proof by showing that (Rx, e,) = A(x, ¢;) for all x € &.
To this end, choose 4, € #(T) such that A;x, = x;.

It follows from Claim 1 that there exists u '€ C such that (4, .#)%e, = pe,.
We will show that u # 0. Indeed, '

w= pleg, &) = ((Alz"'{{)::‘e4}ﬂ &) = (€9, 4164} =
= (&g, A1AeXg) = (Ageq, x;) # 0.

Now let'x €2 and Be #(T) such that Bx, = x. By Claim 1 we have
(Blolt)*e0 = fe, for some B e€C. Thus

(Rx, &) = (RBxq, ¢)) = (1/i)(RBxy, (A, #)%e,) =
= (/) (A;RBxy, €3) = (I')) (Rxy, (B i)ey) =
= (BID(Rxy, e) = MBI (v1, e) = 2(xy, (Bl M) e) =
= Ajji(Bxq, (4] H#)e)) = Xx. ).

For the next theorem it will be convenient to say that T is strongly strictiy
eyclic if T';(T",?‘f)‘ is strictly cyclic for every n > 0. In the special case where T i3
a weighted shift operator, this definition coincides with the one given in [13).

THEOREM 3.2, Let T € L() be strk‘tly eyclic. If either
(@) M) ran(T— )~ = (0), or .
isC

(b M(T" )~ = (0) and T is strongly sericely cyclic,
n. 0
then T {./fi has the TAP for every # € LatT. 47 # (0),i.e., T has the properiy (P).

Proof. (a) Let .#/ €LatT, .# # (0). It follows from the assumption that there
exists 4 € C such that .# < ran(T— 4)~. The operator 7 — 4 is strictly cyclic,
thus by Lemma 3.1 (T — 2).# has the TAP. From this it follows that T ./
kas the TAP. The proof of (b} is similar. 7

We note that condition (a) of the previous theorem is satisfied if and only if
the algebra #(T') is semi-simple, i.e.. the intersection of all maximal ideals in #7(T")
is (0) (see [9] for the details).

To conclude this scction, we make a few remarks about the hypothesis of
Theorem 3.2. There are examples of strictly cyclic weighted shift operators that do
not satisfy the assumptions of Theorem 3.2 (see [8]). However, it 1s quite easy to
give examples of strictly cyclic operators T that satisfy both assumptions (a) and (b)
and have invariant subspaces . # such that T E./Z _is not strictly cyclic, 1.e., the con-
clusion of Theorem 3.2 does not directly follow from Lambert’s theorem ([9]).
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.ExampLr 3.3. Consider the space H; of analytic functions f in the open unit
disc such that f” € H%. A norm on H?is givén by

IR = 3+ 121 f) 1, where f2) = ¥ fm)e".
n Q0 .0

It is easy to check that T :f— zf is a weighted shift operator with the weight se-
quence {(n + 2)/(n + 1)}. Furthermore, it is well known that T is strictly cyclic (see
[13, p. 99]) and T satisfies. both the assumptions (a) and (b) of Theorem 3.2. The
functions in-H? extend to be continuous on the closed unit disc, thus .4 = {f € HE:
:f(1) = 0} is a proper invariant subspace of T. One can show that 4" = (z—1)*H}
is a dense linecar.manifold in .# (see (13, pp. 108—109]). We now define the closable
linear transformation R on " by g — ¢/(z — 1) and we note that R commutes with
T on the dense subset A" of 4. If T ].,ll were strictly cyclic, then it would follow from
[9] that R is bounded. This is clearly 1mpossnble thus it follows that T }Jl cannot
be strictly cyclic. -

4. ARANK ONE PERTURBATION OF THE UNILATERAL SHIFT AND
THE REDUCTIVE ALGEBRA PROBLEM

The reductive algebra problem is the question: must every unital weakly
closed reductive operator algebra ¥ (i.e., Lat?” = Lat¥™*) be a von Neumann
algebra? This question is still open. An affirmative answer to the reductive algebra
problem provides an affirmative answer to the tranmsitive algebra problem, i.e.,
wcry operator has the TAP.

THEOREM 4.1. Let ¥ be a unital weakly closed reductive subalgebra of L(H).

If o(z) = ;-fz-’ [él<landif S+o®1e¥, then ¥ is a von Neumann

algebra.

Proof. We show that the operator 7' =S + o ® 1 is similar to S@® 4,
where A is a finite dimensional completely non-unitary contraction. To this end, let
fz) = £ —z and let g(z) = 1 — &z. The function g is invertible in H*, the algebra
of bounded analytic functions on the unit disc. Hence, the analytic Toepliiz oper—
ator 7, (T, l/l = gy, Y € H*) is invertible and 7,ST;,, = S.

}'m € H? we have:

| T, o®1 ug)(lﬁ) (T ® HY/g) =

7, (YO

@ = Y0 = Yy{0)f = 1 .
g(O))” Y(O)ge = YO = (f ® D)
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Thus, the operators T and S + f ® ! are similar. We conclude by noting that the
operator S + f ® 1 is unitarily equivalent to § @ ¢&, where ¢ is a one dimensional
operator. The fact that | £| < 1 together with Theorem 1 of [2] imply that ¥ is a
von Neumann algebra. %,

5. AN OPEN QUESTION

It follows from Corollary 2.4 that if A € L(#), 4 = ran(d)~, and A‘,/{!
has the TAP, then 4 has the TAP. Furthermore, if A is bounded below, then one
has a converse, because 4 and Ai,/l are similar operators (the similarity is given
by A:#° — ). However, even for strictly cyclic operators, it is not clear whether
the converse holds in general (see Section 3). \

QuesTioN. If A has the TAP, must 4 ran(4)~ have the TAP?

If the answer to this question is affirmative, then one can prové the converse
of Corollary 2.2; and the assumption in Theorem 2.3 4 has the property (P)"
can be replaced by the weaker hypothesis 4 has the TAP"".
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