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THE ORDER BIDUAL OF LATTICE ORDERED
ALGEBRAS. I

C. B. HULISMANS

1. INTRODUCTION

Recall that for any (associative, but not necessarily commutative) algebra 4
a multiplication can be introduced in the algebraic bidual A** of A (the so-called
Arens multiplication [2, 3]).{ This is accomplished in three steps: given a, b € 4,

feA¥ and F, G € A**, we define f-ae A*, G-feA*¥ and F-G € A** by the
equations

(1) (f - a)(b) = f(ab)
) (G- f)a) = G(f - a)
) (F-G)(f) = F(Gf).

It is straightforward to show that A** is an associative algebra with respect to the
Arens multiplication as defined in (3), but even if the initial multiplication in 4 is
commutative, the Arens multiplication in A** need not be.

As usual, 4 can be embedded canonically in A** as follows: for each a € 4,
the element a”' € A** is defined by a”’(f) = f(a) for all f € A*. The mappings: A —
— A** defined by o(a) = a'’ for all @ € A is an injective algebra homomorphism, so
if 4 and a(A4) are identified, 4 is embedded in A% as a subalgebra. The following
properties of the Arens multiplication are easily deduced: .

(i) the Arens multiplication in A** extends the original multiplication in 4 (i.e.,
a"’.b" = (aby’ for all a, b € A). .

(ii) if A has a unit element e, then ¢’ is the unit element of A%, ‘

(iii) if A is commutative, then &' -f = f-a for all ae A4, f=.A* (indeed,
& f)b) = d"(f - b) = (f - b)a) = f(ba) = flab) = (f - a)(b) for all b & A).

Now, let A4 be a (real) Riesz algebra (or lattice ordered algebra) i.e., 4 is a
Riesz space (also called a vector lattice) which is simultaneously an associative
(not necessarily commutative) algebra such that @, b € A+ (where A+ stands for the
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positive cone of 4) implies «b € A*. The first order dual of A4 is denoted by 4’ and
the second order dual by A", It is shown in [6, Theorem 4.1] that the order bidual 4"
§s again a Riesz algebra with respect to the Arens multiplication.

The band of all order bounded, order continuous linear functionals on A’
is denoted by (A");, and its disjoint complement in A"’ by (4");, the band of all order
bounded, singular linear functionals on A’, so (4"), = {(4);}¢. It is well-known
that (under the assumption that every point set has a non-measurable cardinal) the
Dedekind complete Riesz space A’ has the property that every g-order continuous
lirear functional on A’ is order continuous (see e.g. {12, Corollary 87.10]).

Observe that

A" = (A1), O (A);,

an order direct sum, as 4" is Dedekind complete (for terminology on Riesz spaces
and Riesz algebras not explained in this paper we refer to [1}, [9], [12]). It is shown in
[6, Theorem 4.1] that (A4'); is a Riesz algebra with respect to the Arens multiplication
as well and even more is true as will be explained in the next paragraph.

From now on, 4 denotes an J-algebra (i.e., A is a Riesz algebra which
sotisfies the exira requirement that a A & = 0 implies

{ac) A b= (ca) N b=0

for all ¢ € 4%) such that 4’ scparates the points of A, so f(¢) = 0 for all fe A’
implies @ = 0. Notice that the latter condition implies that A4 is Archimedean.
Indeed, if @, beA* and O<na<g<bh (n=1, 2,...), then 0 < nfla) < f(b)
(n=1,2,...) for all f € (A’)*, so fla) = 0 for all f € (4’)* and hence a = 0. This
shows that A is automatically commutative and associative (see e.g. [7, Theorem
2.1]). The main result of [6] states that in this case (4);, is a (Dedekind complete
and thus Archimedean) f~algebra with respect to the Arens multiplication ([6, Theo-
rem 4.4]). It follows immediately that the Arens product in (4’); is Arens regular
(for details on this notion we refer to [4, Sections 9 and 28].

At that time (1984) we were not able to prove the more general result that the
whole order bidual 4’ is also an f-algebra with respect to the Arens multiplication
apart from some special cases to be mentioned now.

(a) if A has a multiplicative unit element e, then A" = (4'); is an falgebra
with respect to the Arens multiplication ([6, Corollary 4.5]).

(b) also, if 4 does not have a unit element it may happen that 4" is an f-al-
gebra with respect to the Arens multiplication. Actually, it was shown in [5, Exam-
ple 5] that this holds true for 4 = £ with the coordinatewise multiplication. It was
conjectured in the same paper that A’ is an f~algebra with respect to the Arens mul-
tiplication and also that

F-G=G-F=0
for all Fe 4", G €{4"),.
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(c) Recently, E. Scheffold showed ([11, Theorem 2.2]) that for every Banach-f-
-algebra A (so in particular for 4 = £) the second order dual 4" is again a Banach-
-f-algebra with respect to the Arens multiplication.

It is the main goal of the present paper to demonstrate that, more generally,
the order bidual A" of every f-algebra with point separating order dual A’,
is again a (Dedekind complete, hence Archimedean, commutative and Arens regu-
lar) f-algebra with respect to the Arens multiplication and that the other conjec-
ture mentioned in (b) above is also true. However, the proofs are quite different
from [11], mainly because we do not have a norm at our disposal.

-

2: THE MAIN RESULT

Throughout this section 4 denotes an f-algebra with point separating order
dual A’ (so A is Archimedean and commutative). The proof of the main theorem
is divided in several steps. ’

Lemma 2.1,

(ba—na)*t < il’)‘“’a n=12...)
n
Jor all a, b e A*.
Proof.

(na—ba A na) A (ba—ba A nay=0 (m=12,...).

Multiplying the left hand term with—]’—b we get
n

R

(ba—b(»l-ba A a)) Aba—banng=0 wm=1,2,...),
and thus

(b(—l‘ba A a)—ba) viba A na—ba) =0 (m=1,2,...).

n
Hence,
ba = b(-~l~ba A a) vibannag (=12 ...
n
This yields

0< ba—ba A na = (b(-l

+
-ba A a)——ba A na) <
n

< b(—Lba A a) < —1--b2a (n=1,2,..).
n “n
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The resuit follows by observing that
ba—ba A na = ba v ina—na = (ba—na)* (n =172 ...
The following proposition is crucial for the proof of the main theorer. It
is in some respect a local version of [6, Theorem 3.3].
Prorosition 22, If 0 Fe(A), and 0 < G A", twa G- F=(47).

Proof. By [6, Theorem 4.4.], (4'), is an f-algebra with respect to the Arens
multiplication. Furthermore, 4 is cmbedded as a sub-f-algebra in (A7), by identi-
fying ¢ and &'’ for all g € A (for details conceming' this embedding, see [12, Secticn
1091.1f 0 < a € A, then 0 < a” €(A4');, so we may apply Lemma 2.1 to the positive
elements &'’ and F in the falgebra (4"),. Conscquently,

@ - F—aF)* £ R @ F (n=1,
n

W]
Nr
:

where (4"')* stands for ¢'" - &"’. Hence,

(@ F—n*F)* ;-}-(a“)‘z-F (n=1,2..)

Q

i®
Observe now that

(@' F—n*F)yr +4d" - F A i*F =
=@ -F—mF)vO0O+a  FAnF=
=a'  Fv mF—nF+d - FanfF=
—d F4+mF—mF=4d'-F (=12, ...

Suppose now that fy > £, } 0in A". We have to verify that (G- F)(f) =GF- {316,
in other words, if d € R satisfies

0<d< (G P
%or all 7, then we have to show that d = 0. It follows from 0 < Fe(4")) that
F(f) 10, so there exists a subsequence {_ﬁ,}fﬁ’,l such that 0 F(f) < Wt (e=1,2,...).
Therzfore, we have for all 0 < a € 4 that

(@ - F)f) =@ F—aF)*(f) + {a" F n 2*F)J) <

< (@' F—r2F)*(fy) + a*F(f,) <
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1, e m 1
<@ F) + -y =
n ne

1 rr
= ;1._;((64 R F(f) + 1) (n=1,2,...).
This yields

Y@ F)f) =Y a(F-f) =¥ (F-f)a@) <oo

n -1 =l n-:1

k
forall aed*. Put g, = Y, F-f, (k=1,2,...). Theng, e(A)* (k=1,2,...)
n -1

and sup g (@) < oo for all a € A+. Define g,: A+ — R by gy(a) = supg,(a) for
k n

o]
all a e A+ (i.e., & = Z F-f, on A+) . It is easily verified that g, is additive on
w1

A+ and thus (by a standard procedure, see ¢.g. [12, Lemma 83.1]) g, extends uniquely
to a positive linear functional on A, denoted by g, again (actually, 0 < g,7 g
in 4’). 1t follows from '

k
0N Flice (=12
o1
and 0 € G € A" that

k k
0< Y GF-f) =¥ (G F)f) < Glg) (k=1,2,...).

rod n 1
But then 0 <d < (G- FXf)(n=1,2,...) gives
0<hkd<Glgy (h=1,2,...).

Consequently, d = 0, which completes the proof.

Before we pass on to the next proposition, we first refresh the memory. Recall
that for any F e A" the null ideal of F (or absolute kernel of F) is defined by

Ne = {fe A" F(f}) = 0}

(throughout this paper ideal means order ideal). Obviously, N is an ideal in A’
and if £ e€(A);, then N, is a band. The carrier C, of any Fe A" is by definition
the disjoint complement N§ of N, in A’, so C;; is a band as well. Notice that A" =
= N @ Cp forall F£eA”,as A" is Dedekind complete (see [12, Theorem 90.9 (i)]).
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Consequently, if Fe(4'), then 4" = N; & C,. Moreover, if 0 < Fe (4", and
0 < Ge A", then
Crpc =Cy 0 Cq,

as is shown in {12, Theorem 90.7(ii)]. Finally, it is worthwhile to observe that N is
order dense in A’ (i.e.. Cp = N§ = {0}) for all Fe(4'), (by [8, Theorem 50.4)).

For any @ € A, the mapping n,: 4 — A4, defined by n(b) = ab = ha for ull
b € A4, is an orthomorphism of 4, i.e., =, € Orth(4). Notice that

fra ==(l)
forall a € 4, f € A', where =, denotes the adjoint of x,. Indeed,
(f ~a)(b) = flab) = f(z,(b)) = (naf)(b)

for all b € A. It is common knowledge that =, € Orth (4') ([12, Theorem 142.10
()]), so =, leaves invariant all uniformly closed ideals of 4’ (for the latter result
we refer to [10, Theorem 15.2] or {1, Exercise 8.9]). All the preparations have been
irade now for the next proposition.

ProposiTioN 2.3. Co.p = Cp for all 0 < F, G € A”.

F-oof. The null ideal N of F is uniformly closed, so nj(N;) ¢ N, for any
a € A. Hence, 7,(f) = f-« € N for all 0 < f & N, in other words

F(f -a) = (F-f)a) = 0

forallae A7 and all 0 < f € N;. This shows that F-f = 0forall 0 < f= N, and
consequently
(G- F)(f) = G(F-f) = G(0) =0

for all 0 < f € Ny. Hence, Nr = Ng.r. By taking disjoint complements we find
Cs.r = Cp and we are done.

It is shown in [6, Lemma 4.2] that for any F € (4"),, the mapping v, : A" — 4’
defined by
v(f) = F-f
for all fe A’, satifies v, € Orth(4’). This result be needed in the proof of the next
froposition.
PROPOSITION 2.4. Co.p © C; for all 0 < Fe(4),,0 < GeA".
Proof. The orthomorphism vy € Orth(4”) leaves invariant all uniformly

closed ideals of A’, so in particular vi(N;) = N;. Hence,

2(f) = F-f € Ng
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for all 0 < fe Ng, ie,
GF-)=(G-F)f)=0

for all 0 € fe N,. This shows that N; <« Ng.r and thus Ce.r < Cg, which is
the desired result.

PROPOSITION 2.5. N&°p = A’ Jorall 0 < Fe(4);,0< Ge(4);.
Proof. Combining Propositions 2.3 and 2.4 we find
Co.r = Cp 0 Cg.
As observed above (we emphasize that we use here, as in the proof of Proposnmn
2.4, that 0 < Fe(4),
Cp N C; = Crpg-
1t follows from F A G =0 that C n C; =Cy = {0}. Hence, CG r = {0}
xmplymg that
CS,F = N = .
The next proposition is an essential ingredient in the proof of the main result.
ProrpositioN 2.6. If F (A, and G €(A"),, then G- F = Q.

Proof. We may assume without lose of generality that F > 0 and G > 0. By
Proposition 2.2., G- F €(A’), and thus Ng.r is a band in 4, i.e., Ng.f = ]\ pl By
Proposition 2.3, N(‘;h.jp = A’. These two equalities yield Ng.r = A’, so G- F = (.

The Archimedean f-algebra 4 is commutative, so by property (iii) of the intro-
duction

a'f=f-a

for all ae 4, f € A’. An immediate consequence is that G-a"’ = g’ -G for all
a€A, GeA”’. Indeed,

(G-a")(f) =G@" f) =G(f - a) = (G f)a) =
=a"(G-f) = (@ G)f)
for all fe A",
PropoOSITION 2.7. F- G =0 for all Fe A", G € (4')].

Proof. Since a'’ €(A4")], for all a € 4, it follows from the above observation
and Proposition 2.6 that

G'a”=a”'G=
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for all ¢ € A. Hence,

(@ -G)f) =(G-fHa) =0
for all a € 4, f e A’, showing that.G - f' = 0 for all /'€ A". Consequently,
(F-G)(f)=FG-f)=F0)=0

for all /€ 4'. i.e., F- G = 0 and we.are through.

We have gathered now all prerequisites for the proof of the main theorcm,
which generalizes both [6, Theorem 4.4] and {11, Theorem 2.2]. It gives a positive
answer to the first conjecture made in {5].

THEOREM 2.8. If A is an f-algébra with point separating order dual A’, then the
order bidual A" is a Dedekind complete (hence Archimedean and commutative) f-ai-
gebra with respect to the Arens multiplication. All such f-algebras are therefore Areis
regular.

Proof. It was shown already in [6, Theorem 4.1] that A" is a (Dedekind cor:-
piete) lattice ordered algebra with respect to the Arens multiplication. It remains
therefore to verify that if F, G, H € (4"')* and F A G = 0, then

F-HAG=H-FaAnG=0.

Decompose F. G and H according to the order direct sum decompositicn 4" =
= (A'), @ (A"). so '

F=F, +F,, G=G,+G, H=H +H,

with 0 < F,, G, H, €(4'), and 0 < F,, G,. H, € (4"){. 1t follows from Proro-
sitions 2.6 and 2.7 that

F'H=F1°H3+F1'H2+F2'HI+F2'H2=FE'H].
Hence, ' '

Fo-HAG=F,-H A (G, +G,) =
=F-H AnG 4+ F,-H AG,

(ihe iatter equality follows from G, A G, = 0). But 0 < Fy- 1, € (4");,, as (4}
is an algebra and thus 0 < G, € (4'), yields Fy - H; A G, = 0. Moreover, it follows
fomO< Fy< F,0< G, <Gand FAG=0 that F, A G; =0 as well. Con-
scouently. £, H, a G; = Obecause 0 < Fi, G;, Hy €(A), and (4'); is an j algebra
by [6, Thecrem 4.4]. We have shown therefore that F- H A G = Q. Similarly, it is
proved that # - F A G = 0 and the proof is complete.
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The next corollary shows that the second conjecture of [5] is also true.

COROLLARY 2.9. F-G =G-F =0 for all Fe A", Ge(A"),, ie., right and
left Arens mudltiplication with singular functionals are trivial.

Proof. This is a direct consequence of Proposition 2.7 and the fact that the
Archimedean f-algebra A4’' is commutative,

.Compare the next corollary with Proposition 2.2,
COROLLARY 2.10. F- G e(A'), forall F, G € A”.

Proof. Decompose F = F, + F,, G = G, + .G, according to the order direct
som A" = (A'), ® (4'),. Then

F-G=F-G +F- G+ F,'G + Fp- Gy = F -Gy

by Corollary 2.9. Hence, F- G = F,- G, e (4'),.

Fix F e A" for the inoment and consider the mapping ny: A" = A" defined
by
n(G)=F-G=G" F
forall G e A", '

COROLLARY 2.11. n, € Orth(A4”") for all Fe A”.

Proof. Obviously, np = n 4+ — 7, so we may confine ourselves to consi-
dering the case F > 0. We have to show that G A H =0 in A" implies n;(G) A

A H = 0. This, however, is immediate from the fact that 4" is an falgebra
with respect to the Artens multiplication.

Let us consider now the case that 4 is a Banach-f-algebra, that is, 4 is an
Jf-algebra equipped with a Riesz (or lattice) norm such that |lab]| < |lal|- ||b] for
all a, b € A*+. It follows from |la|| = || |aj || for all a € 4, that |jab|| < |la||- ||5]]
for all a, b € A, so A is certainly a Banach algebra. Moreover, A’ = A*, the norm
dual of A, as A is a Banach lattice ([12, Theorem 102.3(iii)]). Hence, the order
dual of 4 separates the points of 4 by the Hahn-Banach theorem, so 4 is Archi-
medean.

The following inequalities are used by E. Scheffold in [11] to show that 4" is
4 Banach-f-algebra with respect to the Arens multiplication for all Banach-f-al-
gebras A. We obtain them as a consequence of Coroliary 2.11.

COROLLARY 2.12. Let A be a Banach-f-aigebra. Then

() 0 < F-G < n(F)G < ||FIG

(i) 0 < G- F < r(F)G < |FIG
Jor all 0 < F,G € 4" (where r(F)denotes the spectral radius of F and || F|| the oper-
aior norm).
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Proof. Since A" = A** is-a Banach lattice (see e.g. [12, Theorem 102.3(iii)],
we have Orth(4") = Z(4"'), the center of A" ({12, Corollary 144.3(ii)]). By Corol-
lary 2.11, ny, € Z(A"), so there exists 4 > O such that 0 < n; < AL In fact,

r(zg) = [mpll = inf{} > 0:0 < np < A},

a result which can be found in e.g. [12, Section 144]. This shows that 0 < 7y <
< r(np)l 1t is well-known that A4’ is a Banach algebra with respect to the Arens
multiplication ({4, Section 9.13)]), so

T G)=F"G (n=12...)
implies '
(m# @) < LA Gl (r=1,2,...)
for all G € A”. 1t follows that ||n%|| < [F* (@ = 1,2, ...) and hence

1 .
r(rg) = lim [jn% " < lim || F]

=20 8-+00

2
n

= r(F).

Consequently, 0 € ny < r(F)L. This shows that
0<n(G)=F-G=G-F<rF)G

for all 0 < G € A", It remains to observe that »(F) < [[F}} and we are done.

Let, for the moment, 4 be an arbitrary Archimedean Sf-algebra. Denote By
N(A) the set of all nilpotent elements in 4, i.e.,

N(4) = {aeA:d* =0 for some k € N}

.(where k is a priori depending on a). It is shown in [10, Proposition 10.2] and pafﬂy
in [12, Theorem 142.5] that N(A4) is a band in A satisfying

NA)={aed:a®=0} =
={acA:ab = ba =0 for all b € 4},

50 N(A) is a zero-sub-f-algebra of 4 (by which we mean that the multiplication in
N(4) is trivial). Moreover, it is shown that ab € N(4)® for all a, » € 4 and hence
N(4)% is a semiprime sub-f-algebra of A4 (recall that an falgebra is said to be semi-
prime whenever the only nilpotent is 0). Finally, if 4 has the principal projection
property (which is certainly true if 4 is Dedekind complete), then N(4) is a pro-
jection band, i.e.,

A = N(A) @ N(4)".
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It is staightforward from the last description of N(A4) abovz that any Archimedean
Jalgebra 4 with unit element is semiprime (N(A4) = {0}). So far the generalities con-
cerning the band of nilpotents.

We now return to the case considered throughout this paper, viz. 4 is an f-al-
gebra with point separating order dual A’. We shall study the band N(4"’) of all nil-
potents in the f-algebra A’ in more detail. Note first that N(4"") is a projection
band in A", because A" is Dedekind complete. By Corollary 2.9,

G =G-G=0

for all G € (A4’);, which shows that (4"); < N(A”). In the next proposition we shall
derive a necessary and sufficient condition for equality.

ProPOSITION 2.13. The following statements are eguivalent.
(i) (4" = N(4")
(i) (A"), is semiprime.

Proof. (i) = (ii). 1t follows from the hypothesis that
(A = {(A)}¢ = N(A")*,

so (A4'), is semiprime, according to the remarks above.

(i) = (i). Choose 0 < Fe(A4'); and decompose F = F; + F, with 0 <
< F, e N(A”) and 0 < F, € N(A")4. 1t follows from 0 < F, < F that F, €(4"),
as well. On the other hand, F, € N(4") vields F§ = 0. By hypothesis, (4'); is
semiprime, so F; = 0. This proves that F = F, € N(A"')Y. We have shown therefore
that (4", = N(A")9, so (A), > N(A’'). Combined with the inclusion (4", <
< N(A"') (which always holds), we find (A4')] = N(A"), as desired.

Necessary and sufficient conditions that (4}, be semiprime are derived in [6,
Sections 6 and 7).

REMARK 2.14. We claim that A" = (A);, if A"’ is semiprime with respect to
the Arens multiplication. Indeed, if G €(A){, then G* = 0, so G = 0, as the only
nilpotent in A" is 0. Hence, (4'); = {0}, i.e., 4" = (4’),,. This result is shown by
E. Scheffold for the class of Banach-f-algebras in [11, Theorem 2.11]. Hence, if A"
has a unit element (which implies that 4'‘ is semiprime), then A" = (4'), as
well. In particular, it 4 has a unit element ¢ (so €' is the unit element of A", accord-
ing to property (ii) in the introduction), then A" = (4").. The last result is shown
in [6, Corollary 3.4], so the initial remark above is a considerable improvement
upon this result.

We end this section with some observations concerning the mapping v as
introduced in the paragraph preceding Proposition 2.4. It was noticed there that the
mapping v, : A" — A’ defined by v, (f) = F-j for all fe A" is an orthomorphism

6— 1359
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of A" whenever F e(4’),. Of course, this mapping v, can be defined for zli
F e A4"” and vy is linear and order bounded (since vy = v . — Voo the difference

F’f’
of two positive mappings). It turns out a posteriori that vy € Orth(4’) for all
FedA

LemMmA 2.15. vp € Orth(A’) for all Fe A".

Proof. 1t is shown in the proof of Proposition 2.7 that G- f = 0 for all f€ 4',
G e{A’){. Take FeA” arbitrary and decompose F = F, + F, jwith F, &
€(A'),, F, €(4);. By [6, Lemma 4.2], v € Orth(4'). Moreover,
1

vl)=(h+ F) f=F-f+ F f=Ff=v(f)

for all '€ A’. where we use that F, € (4');. Hence, vp = vp € Orth(4').
1
Consider now the mapping v: A” — Orth(4'), defined by vw(F) = v, for

all FeA"”. Clearly, v is linear and positive. Using the formulas
frab={(fa)'b (u beAd;fecAd)
(F-fyra=F-(fra) (ueAd, feA FeAd"),
a straightforward calculation shows that
(F-G)f=F (G f) (feAd; F,Ged")

Hence, v, ; = vpvs. i€, vis an algebra homomorphism. It is easily deduced now

that vis a Riesz homomorphism as well. To this end, it suffices to show that FA G =0
in A" implies ¥W(F) A v(G) = 0. Since A" is an falgebra, we have F- G =0
and thus

wW(F- G) = w(F)- ¥G) = 0.

But Orth(A4") is an Archimedean jralgebra with unit element, so Orth(A") is semi-
prime. Consequently, wW(F) A ¥(G) =0 (see e.g. [12, Theorem 142.3(i)1), which
proves the claim.

We are now in a position to formulate the next theorem, the proof of whichis 4
complete imitation of the corresponding proof for (4’); [6, Theorem 5.2] and is
therefore omitted (observe, by the way, that if 4" has a unit element, then 4" =
= (4')p).

THEOREM 2.16. The following statements are equivalent.

(i) v is onto,
(i1) A" has a unit element with respect to the Arens multiplication,
(i) v is bijective (so Orth(4") and A" are f-algebra isomorphic).
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The mapping p: A" — Orth(A’") defined by p(F) =z for all Fe A" (for
the meaning of n;, see the paragraph preceding Corollary 2.11) is an algebra and
Riesz homomorphism and p(4"”’) is both a Riesz subspace and an algebra ideal in
Orth(A’"). Furthermore, p is injective if and only if A" is semiprime and necessary
and sufficient for A"’ to have a unit element is that p be bijective (so A"’ and
Orth(4’") are f-~algebra isomorphic). For details on this mapping p we refer to
e.g. [7, Section 2] and [10, Section 12]. It follows therefore from |Theorem 2.16 that
Orth(A4’), A" and Orth(A’") are isomorphic as falgebras, whenever 4’’ has a unit
element.

In precisely the same way as is shown in Remark 5.3 of [6], it is deduced that
in general the kernel ker|v of v satisfies ker v = N(A"'), the band of all nilpotents
in A”'. Hence, v is injective if and only if A’ is semiprime with respect to the Arens
multiplication (and hence A" = (4’), according to Remark 2.14). We state this result
as a theorem.

THEOREM 2.17. The following statements are equivalent.
® v is 1-1.

(ii) A" is semiprime with respect to the Arens multiplication.

One final remark. In the case that A"’ has a unit element E, the f-algebra
Orth(4) can be embedded injectively as a sub-f-algebra in 4’’. More precisely, the map-
ping &: Orth(4) — 4" defined by ®(n) = n''(E) for all = € Orth(4) (here n’’ de-
notes the second adjoint of 7, so n’”’ € Orth(4")) is an injective algebra and Riesz
homomorphism. For details of the proof we refer the reader to [6, Theorem 5.4].

REFERENCES

. ALiprANTIS, C. D.; BURKINSHAW, O., Positive operators, Academic Press, Orlando, 1985.
. ARENS, R., Operations induced in function classes, Monatsh. Math., 55(1951), 1—19.
. Arens, R., The adjoint of a bilinear operation, Proc. Amer. Math. Soc., 2(1951), 839—848.

. BonsaLL, F. F.; DUNCAN, )., Complete normed algebras, Ergebnisse Math., 80, Springer, Berlin,
1973.

5. Hunpsmans, C. B., The second order dual of f-algebras, in Algebra and Order, Proc. first int.
symp. ordered algebraic structures, S. Wolfenstein (ed.), Heldermann Verlag, Berlin,
1986, pp. 217—221.

6. Hunsmans, C. B.; DE PAGTER, B., The order bidual of lattice ordered algebras, J, Funct.
Anal., 59(1984), 41—64.

7. Hunsmans, C. B.; DE PAGTER, B., Averaging operators and positive contractive projections,
J. Math, Anal. Appl., 113(1986), 163—184.

8. LuxeMBURG, W. A. J., Notes on Banach function spaces. XV A, Indag. Math., 27(1965),
415—429.

9. LUXEMBURG, W. A. J.; ZAANEN, A. C., Riesz spaces. I, North-Holland, Amsterdam, 1971.

B W N =



290 C. B. HUIJSMANS

10. DE PAGTER, B., f-algcbras and orthomorphisms, Thesis, Leiden, 1981.

11. ScrerfoLp, E., Der Bidual van f-Banach-verbandsalgebren, preprint
Hochschule Darinstadt, 1987.

12. Zaanen, A. C., Riesz spaces. I, North-Holland, Amsterdam, 1983.

1103, Technische

C. B. HUIISMANS
Department of Mathematics,
University of Leiden,

Niels Bohrweg 1, 2333 CA Leiden,
The Netherlasds.

Received June 6, 1988; reviszd December 1, 1988.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 400
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [445.039 677.480]
>> setpagedevice


