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SUBBROWNIAN OPERATORS

SCOTT McCULLOUGH

0. INTRODUCTION

Let H denote a complex Hilbert space and #(H) the continuous linear oper-
ators on H. J. Agler defines an operator J € #(H) to be a Brownian shift if, with

respect to an orthogonal decomposition of H, J has the form (;/ 5) where V is

an isometry, U is unitary and V*E = 0. Operators that are obtained by restricting

a Brownian shift to an invariant subspace are characterized by the following
theorem.

THeoreM A. (Agler [1]). Let T € Z(H). T satisfies I — 2T*T + T*2Tt = 0
if and only if T has an extension to a Brownian shift.

In this paper, Theorem A is generalized to a larger class of operators. Let H?
denote the classical Hardy space of analytic functions on the unit disk with square
integrable boundary values. Let S € #(H?) denote the unilateral shift. By S, we
mean S ® I, where I is the identity operator on an « dimensional Hilbert space,
0 < o < oo. An operator B € #(H) is said to be a Brownian operator if H has

|4 F
] , Wwhere
0 S U)

U is unitary, V is an isometry, F*V =0, F*F + (8, @ U*YS¥ @ U) = 2I and
FF> + VV* = L

a decomposition H = H; & H, with respect to which B = (

THEOREM B. Let T € P(H). T has en extension to a Brownian operator if and
only if both I —2T%T + T**T? < 0 end | T|? < 2.

There are several other theorems in the spirit of Theorem B. Fer example,
an operator T satisfying T —37%2T + 37*T2*— 79 = {§ is known as a 3-sym-
roaetric operator. These operators have a canonical mode] — due to Helton [9] — as
multiplication by 7 on a Sobolev space of functions on the interval [a, ] = o(T).
As evidence of the power of this model, Helton connects 3-symmetric operators
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to classical conjugate point theory and shows, under a technical hypothesis,
that 3-symmetric operators extend to Jordan operators of the form J = A4 + O,
where A is selfadjoint (see also [6]). A 2-isometry, an operator satisfying I — 2T+7+
+ T*2T?* =0, has a model as multiplication by e¥ on a Sobolev space of functions
analytic in D. It is remarkable that a natural disconjugacy theorem exists for first
order differential operators (acting on functions analytic in D). Agler [1] establishes
this theorem and uses it to prove Theorem A.

The proof of Theorem B uses the machinery of complete positivity and
replaces conjugate point theory with Weiner-Hopf factorization. This proof likely
generalizes to give an extension result for “higher order” Brownian shifts (see
Section four).

1. PRELIMINARIES

In this section, we present portions of Agler’s hereditary machinery which will
be used in the sequel. All of the results may be found in [2]. A polynomial in two
non-commuting variables x and y of the form p(x, y) = Y p,.,x"y" is a hereditary
polynomial. The set of hereditary polynomials is denoted 2. Often, we will identify Z
with C[z, w] by the formula p(z, w) =Y, p,,w"z". Further, a polynomial in the single
variable x (or y) can be viewed as a hereditary polynomial in the obvious way.
If & is a unital C*-algebra if a € 2 and if p = ¥,p,,)"x" € P, define

p(a’ a:::) = anma‘:-'"?a” -

An operator T € #(H) is said to extend (or have an extension) to an operator
J € Z(K) if T is unitarily equivalent to J restricted to an invariant subspace. The
following theorem is part of the Arveson Extension Theorem.

THEOREM 1.1 (Agler). Let & be a unital C*-algebra. Let a € o and T € & (H).
There exists a Hilbert space K and a unital vepresentation :r. — F(K) suck
that T extends wn(a) if and only if for every positive integer M and every M p™ € P
(1 < uv< M) with (p“{a.a™)) = 0 it follows that (p*(T, T*)) = 0.

Fix an operator T = Z(H) and an open set G < C containing o(7). Let H(G),
H(G x G) denote the spaces of functions holomorphic on G and G X G respectively.
The hereditary functional calculus (the map & — L(H) given by p — p(T, T%)) can
be extended to H(GXG) via the Riesz-Dunford functional calculus by defining,

for f e H(GXG),
AT, TH = — f SSf(z, W) ( — T%) 2z — T)~" dz dw
° T
vy

(where 7 is a suitable chosen Jordan arc in G surrounding ¢(7)).
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Leyma 1.2, (Lemma 1.16 in [2]). If f; € H(G) and f € H(G X G), and g € H(G X G)
is defined by g(z, w) = f,(v)g(z, W)f,(2), then g(T, T*) = L(T)*e(T, THHA(T).

Lemma 1.3, (Lemma 1.17 in [2)). If f, f, € H(G X G) and if f, converges to f uni-
formly on compact subsets of GXG, then f(T, T*) — f(T, T*) in operator norm.

Lemmas 1.2 and 1.3 will be used freely and without comment- in the sequel.

2. THE EXTENSION

In this section we prove Theorem B. For ease of exposition, let # denote the
class of operators T such that —J 4+ 2T%T—T*T2 > 0 and 2-—=T*T > 0.
Define E: H? - H® ® H? by the formula Eh=1® (h + h(0) (/2 —1)). Altet-
natively, £ = 1 ® (2 — SS*)¥2. For the remainder of this section and the next, K
will denote the Hilbert space (H? ® H?) @ H*and J € #(K) will denote the operator

[(I)/ ‘i] , where V' = S ® I. Direct computations show

2-—J’3‘J="1 0] =0
00

I — [—J*JE = 0 0 =0
0 I—SS*

In particular, Je &#.

To prove Theorem B we intend, for each fixed T'e #, to verify the hypothesis
of Theorem 1.1 with @ = J. Consequently, we will work extensively with linear com-
binations of the operators J*"J" e #(K). To facilitate computations define oper-
ators G, ,,: H2 — H?* via the following formulas:

n-1
Gn,m = 2 VK_MES*(”—I‘_'()

k--m

k=n

m-1 o
Hn,m = ( Z VF‘-"E‘S#UH—YL -k)) = Gi,fl,n

min{m,n}—2

Sm-t-lgtn-i-l 4 28 (m—n) if mynz1
X = o

nm

Sm —n)y if m=0orn=10
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where
3 : >
Sth) = S ' if k>0
S==F if k < 0.
Using the relations E*E =2 — §8* and E*V =0, it follows that
JEmgm VR Gy )
H X,

B, n,m

For a hereditary polynomial, p(x, 3) = Y p,.x"V", define G(p) = ¥ punGppi. Simi-
larly, define H(p), X(p). Then
(0,7 = [P(Vv V%) G(")] .
H(p) X(p)

LemMMmA 2.1, Let he . If i(J, J*) = 0, then h = 0.

Proqf. The relations X, , — X,_y o = S"718¥ -1 forn, m > 2 and X, =
= 28*7N Xy, = 28" % for m,mm > 1 imply {X,,, |1 <n,m< N}is a linearly
mdependent set in Z(H*). Further, as X, , = §*" and X, ,, = S", we have X, o =

= (1,20X,,11 and X, ,, = (1/2)X, ,,.,. The assumption A(J, J*) = 0 implies 0 =
N
= Y, AN Using the above relations, compute

Ry -0

z ”z el nm + E ( h@m + h]l m+1)‘x,1,m+1 +

Fa3,60 -

N

1
\‘. ( 2 l’n’@ +hn+],1) Xn‘}'l,l'

=1
The linear independence of {X, ,.'1 < 1, m < N} yields

B, =0 formm>=2

i .
—7— By m + ity miy =0 for all m

By + hypa=0 forall n

b e
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However A(J, J*) = 0 also implies A(V, V*) = 0. Since

N N
]?(V» V*) = E (Ilo.m + ‘hl,m+1)V*m + X (’111,0 + hn+1,l)V"’

m=0 ni=sl

it follows that

h@.m + hl,m+l =0
hyo + hyssa =0

Consequently h_., = 0 for all i, m.

ra

Define the order of a hereditary polynomial & € 2, denoted O(h), to be the
smallest N such that /,,, = 0if m > Noran > N. Let My denote the N x N matrices
with complex entries.

LeMMA 2.2. Fix N. Let i* € 2. If O(H*) < N for all k and if H(J, J*) = 0 in
operator norm, then ht, — 0 for every n, m.

Proof. Lemma 2.1 says that {J*"'J"]O <m, n< N} is a linearly independent

N

set of operators in .#(K). Thus the formula (A} ... o' =‘ Y, Ay, "7 defines
m,n=0

a norm on My.,;, which is boundedly equivalent with any other norm on My,;.

Hence, h*(J. J*) — O implies A%, — O for each m, n. %

N
If Q=) = Y ©.z°is an M X M matrix valued analytic polynomial we may view
a=0

O(z) as an Mx M matrix of hereditary polynomials (¢*") by letting ¢**(x) =

N .
= YV g’ where Q, = (¢2)a'—,. For an M x M matrix of hereditary polynomials
a0

P = (p*) let G(P) = (G(p*)))..; For any operator 4, define P(4) = (p**(4)).

. ProPoOSITION 2.3. Fix N, M. Let p“ (1 <it, v < M) be M? hereditary poly-
romials with O{(p*} < N. Define P(z,w) = (p“(z.w)) and R(e") = P(e", e~%). If

N
there exists an analytic M > M matrix valued polyromiel Q(z) = ¥y Q,z° such that
a 9

Q(ext)S:kQ(et(?) — R(ei") then Q(V)LG(Q) - G(P)
Proof. We must show that
M

Y UFYGE") = GE) (1< w0 < M),

w 1
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¥y
It suffices to compute both sides and compare. ¢*“(V)* = Y ¢.*V** and

a==3
k-1 N-1 N
6@ =¥ @ Y, VESH6-1-9) = 'y s Y grrpSHe-1-),
k=1 §:=0 =0 k=541

Using the relation V#E = 0, changing the order of summation and making the
substitutions b = s —a, ¢ = k —a gives

M M N-1 s

Z qwu(V) G(awz) = 2 Z Z Z Vs— 'Vu WLES (k-1-5) —

w1 w=1 §=0 g=0 k=541

M N~-1N-b N
= Z Z Z 2 Vba:g"q;fvESi:(k—l—a_b)=

M N-1N-b-1 N-a —_— . 5
= Z 3 2 X V‘g’q;'”q;“.ﬁcES’-'(c‘l' ) —
wo=l b:=0 a-:0 c--b41
M N-¢ )
= 2 }J Vb(i ) q‘.r”q:;:)ES*“-ﬂ-"’.
=0 €==H--~ we=l a=0
Now since Q0*(e)Q(e") = R(e¥),
M N-c "
)J z qllU Z*C e rc
w=1 a-

where R{e™) = L Re™ and R, = (r2”). Thus

24 Z g (VY¥G(@g™) = Z Z VepsES#e-1-5),

Bb=0 ¢ «b--1

The relation E*V = 0 implies G,,, = 0 if n—m < 1. Therefore,

N k-1 o
G(pcw) = 2 ( Z P ) 2 VIESHE~1-1) =
[ R

- 1=

N-1 N V}’ ES* —1-1)
3 pnn ) HESIEY =
=0 & %‘E'l (n«;._‘k

— -y V[,,éwES:::(k_I—-l)
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where, in the last equality, onz uses R(e") = P(e?, ¢~"). Comparing the above
equality with (2.4) proves the’ proposition. %

The next theorem is a special case of Theorem 3.2 in [12].

THEOREM 2.5. Let F, be M XM matrices for —N <n <N. Define F(e") =

N N -
Y, Fe™. If F(e¥) > 0, then there ex.st Q,, M> M matrices (0 <n < N),
n-—N

such that Q(z) = g 0,z" is invertible for each o 2 1 and Q(e)*Q(e®?) = F(e¥).
n=0
In applications F(ei®) > 0; in which case there is » matrix valued function
Q-Y(z) analytic in a neighborhood of D such that Q-}(z)¢(:) = I In particular,
for any isometry W, Q(W)*Q(W) = P(W) and QW) = Q(")~1.
The next lemma is specialized from and contained in the proof of Theorem
2.3 in [2] (see (2.13)).

THEOREM 2.6. (Agler). Let g e P (i <u, v < M) and fix O<t< 1 If
(g"(S*, S)) > 0, then there exists functions fi(z) (1 <a < M, | > 1) efined and
analytic on tD such that

g w) = Y, Ji) (t — z0)fi()
1 =1

with the series converging uniformly on compact subsets of tD xtD.

For each positive integer M, let I,; denote the M x Af identity matrix. It £ €
e F(H), I,; ® A is the M X M operator matrix with diagonal entries A and off dia-
gonal entries 0. For a C*-algebra «, let M,(«) denote the C*-algebra of nxn
matrices with entries from »~. The natural s-isomorphism M (M, (=)) — M, (M, (<))
is known as the canonical shuffle (see [10]). For c¢cxample, the canonical shuffle
Mo(My(2)) — My(My(«)) is given by the formula

(011 ala) (bn blz) (an bu) (012 bl?_‘) )

Aoy Qp/) \dy by cn du) \e dy
G G2 dn dyy dyy by %y Do)
Co1 Con dy dyg Ay dm Cor dog E

Lemma 2.7, Fix N, M. Let p“ (1 < u, v < L) be hered:rary polynomials
with O(p™) < N. If (p*°(J, J®) = ¢ > 0, then there exists Q(z) = Z Q=" inver-
k=0
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tible in a neighkorhood of D and there exists g € P (1 <u, v < M) with O{zg™) < N
and (g*(S%, SHM._, > 0 such that

A 0 0 M
P, T%) = QUYL ® @ —J*IN0U A
W) = 2T B ¢ - )+([0 (5", S)])

Alternately,

o . M , . 0 0
V)ZIL(J’ J:,: — qa..(J):,c(z — J:kj)qm(J; J:_: + { ‘ ] .
! =2 1o g%(5%, S)

- Dt 7 ik 27 )%
PV VY G(p )]) Applying the canonical

Proof. P(J, J*) = ( [ .
/ H(p*)  X(p*)

shuffle, we find P(J, J*) is unitarily equivalent to the operator

=1

PPV, V) GP)

(%) . ] >e>0.
H(P) X(P)

In particalar P(V, V*)> <. Hence R(e¥) =: P(e%, e=%) > 0. By Theorem 2.5, there

N —
exists O(z) = Yy @,z such that O(r) is invertible in a neighborhood cf D and

a0
Q@ QE*) = R(e"). Using the relation 2 —J3J = &(I) g] (and the cenonical
shuffie) it follows that Q(Jj°[f, & (2-—J%J)J0(J) is unitarily equivalent o

[‘Q(‘V):""Q(V) QW')::G(Q)]
N . . L]
GO Q) GO G(O)

By Proposttion 2.4, it follows that P(J. J*) — Q())*[I,, ® (2 — J3JJJO(J) is unitarily
eouivalent to

ro 0
Lo X(P)— G(Q)*G(Q)} ’

Sirce X(P)— G(Q)*G(Q) is = (matrix valued) linear combination of {S*S%* |0 g
< mi. m €< N there exists ¢" €% (1 <w, v < M) such that (g(S%, S)) = X(P) —
-— (@Y G(O). Unsthuffing, we find

) . ) 0 0 M
P, Iy = Oy & (2 —J5J J) + .
(G 3% = QUYL ® 2 — DI ([0 s, S)Dw
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The fact that Q% exists and is analytic in a neighborhood of D implies Q(V)~t =
= @~YV). From () it follows

0 < [ 0] [Q(V)*Q(V) G(P)HQ(V)‘I 0] _

0 I G(P)* X(P) 0 I
_ { I Q(V)*-lcm]
G(P)*Q(V)~! xwpy ]

Thus, using Proposition 2.4 and the Cholesky algorithin obtzins

(g"(S*, 8)) = X(P) — G(Q)*G{Q) > ©.
This completes the proof. A
~The following lemma can be found in [I1].
Lemma 2.8. If T € &, then T*T —1 = 0.

THEOREM 2.9. Fix M, N. Let p™ e? (1 <u, v <M) with O(p"™) < N. If
P, J%) = (p"(J, J*) = 0, then P(T, T*) = 0 for every T€ F.

Proof. We begin with an M X M matrix of hereditary polynomials P = (p*)
such that O(p™) < N and P(J, J*) > 0. By a standard approximation technigue
£ 0
(replacing Pby P+ | ¢ and letting = tend to 0) we may assume that
0
P(J,J% z2e>0. Let g*, Qbe as in Lemma 2.7. Fix O <r<1 and let ¢t =
= (1 + r)/2. Since (g""(S*, S))=0, Theorem 2.¢ produces functions f7(z) defined
and analytic on tD such that

gz, w) = ¥ f107) (1 — 2)f (=)
=1

where the series converges uniformly on compact subsets of tD X ¢D. Define
gri(z, w) = g"(rz, rw) and fi(z) = f{(rz). Ther

(2.10) &'z w) =Y, fr@my (i —rizw)fi(z)
{1

with /% defined and analytic on (¢/r)D and where the series converges uniformly on
compact subsets of (¢/r)D x (¢/r)D.
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Let

Ao o
Sm(’.’g “»’;") = z qau(ﬁ,) (2 — zw)qm 2)

a-=1

((s"(z, w) = Q(®)*(J); ® (2 —zw)0(2)). Define (for each 0 < r < 1) hereditary
polynomials

(211 Bz, w) = sz, w) — g¥(z, w) + wg¥(z, w)z,
o) <N + 1, since O(g¥") < N. Define auxiliary hereditary polynomials 5,(x. ) =

=xy—1, by(x, 1)j= —1 + 2xy — x»2 and k(x, 3) = r¥bo(x, ») + (1 - #)by(x. ).
Then, using (2.10) and rearranging, (2.11) becomes

(2.12) Bz w) = 5z, w) + 3 TRk i)
J=1

(with the series converging uniformly on compact subsets of (2'7)D x (¢'r)D).

Compute
=10 ° ]
0 7—#8S*

If ¢(z) = ¥ 9,27 is any analytic polynomial, then

kAT, TYold) = [0 0 MW} o).

0 I—rSS*lL 0 o(S?)

_ [o 0 ]
0 (I—r:SS9e(s%)]

Thus, if @, ¥ € H{(t/r)D], by choosing sequences of polynomial ¥, = . ¢, — v
converging uniformly on D where 1 < ¢’ < ¢t'r and applying Lemma 1.3, it fol-
lows that

=\ 7 B\ b ¢ _ r@ 0
J g, J = )
(P( )]\r( 5 )Ei](]) I_O w(ss)f(] - r2SS:::)¢(S;:;):l

The above formula and (2.12) vield

\ SR 0
I;{g J, J:_t = oXf J, JL: .
I =0+ B oo essopucso)
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Using the definition of s(z, w) and (2.10) gives

B, I = ¥ gy —rngay + [0 O
Z;{ ¢ s B — al qau B - b qu + R

Since g¥'(S*, §) — g (8%, S) in operator norm, it follows from Lemma 2.7 that
n(J, J¥)y — p*(J, J*) in operator norm. Consequently, by Lemmas 2.1 and 2.2

;1:”.'(]"’ T:?) __)pu?’(T’ T*)
for any Te #. As TeF implies o(T) € D and £r > 1 from (2.12),

BT, T%) = (T, T%) + ¥ fiTYh(T, THHD),
=:1

1

where the series converges in operator norm. Since, for Te #,2—T*T >0,
(s“(T, T*))> 0. Since, for T € &, by(T, T*) and b, (T, T*) are positive semidefinite
(by(T, T*) = 0 by Lemma 2.8), k (7, T*) 2 0. Thus, (i/*(T, T%)) = 0. Whence,

(p*(T, T*)) = 0. Z

Proof of Theorem B.FixTe F. Letp* e ? (1<u, v<M). If (p'(J, J*)) >0,
then (p*(T, T#)) > 0 by Theorem 2.9. Thus, by Theorem 2.1 there exists a Hilbert
space K’ and a unital representation = : Z(K) — #(K’) such that T extends to n(J).
Consequently, the proof of Theorem B will be complete once we establish:

LemMmAa 2.13. If =n: P(K) —» L(K) is a unital representation, then n(J) is a
Brownian operator.

Proof. Let K, ® K, = K be the orthogonal decomposition of K with respect
to which J = (; ?:) . Let P; be the orthogonal projection of K onto K;. Let
P = n(P;) and let P;K' = K]. Since P, + P, = I and = is unital K’ = K] @ K;
Moreover, since V': K; — K is unitary so is V' =: P;a(B)P; : K| — K;. Further,
by the Wold decomposition in [2], the operator Psn(J)P;: K, — K is unitarily equi-
valent to S5 @ U’ for some 0 < f < oo and some unitary operator U’. Let F': K; —
— Kj be P;n(B)P;. Then, since E*E + 1 =2I—8S% 2 = F*F + (S; ®
® U™ (Sf @ U’). Further, since

EE* + VV* 21

I, < W(P,BPB*P, + PLVPIVEP,) = F'F'* + V'V'™,
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o

¥ F’ . .
Consgguently n(J) = ( ) ) is 2 Brownian operator. 7]

0 Spel

3. OPTIMAL EXTENSIONS

In this section, we show that Theorem B is the “best possible™ extensicon
theorem for the class F. As before, & is the class of operators T such that
I-—2T*T + T*T* <0 and ;7,2 < 2. For convenierce, let (.7 denote the Browaian
operators. Of course, (7 < & . To describe the sense in which Theorem B is “pest’
we recall some ideas from J. Agler’s approach to model theory [4]. A subcoilection

4% < ZF is a boundary for .7 if
(i) given B € # and = a unital representation, n(B) e 4,
(ii) given Be P(K)r # and H < K a reducing subspace for B8, BH . 1;
(iily given B; €4 for i € I (some index set), & B, = 4:
iet
(iv) for every T € .¥ there exists a B =4 such that 7 has on extension to B.
In particular, ¢ 7 is a boundary for 7. Given T € & an extension of 7 always exists
by simply choosing any 7, € 7 and noting that T extends to T" =T & 7,. An
operator 7 € F is said to be extremal if whenever T extends to 77 2.7 thers exist
T, € F such that 7/ = T @ T,. Let ¢ denote the extremal operators in &#. If &
is any boundary for 7, then & < 4.

THEOREM 3.1, & = (F.

Clearly & < ¢F. Thus, it suffices to show that ¢F < &. For simplicity, we
7

F . . :
will show only that the operator 8 = (l S} acting on (H*@ H} @ H¢ =:K

is in &. To this end, suppose Bextends to a 7€ F n #K') where K’ = K. Wiih
respect to the decomposition of K’ as (H* ® H*) @ H? & (K)+ the cperator 7' bas
the form

vV F X
0 s ¥
0 0 Z

for some operators X, ¥, Z. Compute
19 VEX
T“T=10 2I FsX+ SY

*
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Using the relations 2 > T#T' > 1, it follows that V"X =0 and F*X + SY = (.
Compute
I 0 0
T=T* =09 2f + Q0 F*X + 28Y

£ # #

where O is the projection onto the range of S. Since 2T*T — 1 — T#T? > 0, it
follows that the range of F*X is contained in the range of P, where P =T — Q.
But using the relation F*X + SY =0, we find that PSY = SY = 0. Since S is
injective ¥ = 0. Since FF* + VV* > I, it follows that X' = 0. Hence T = B@ Z

and thus B € & as desired. %

4. FURTHER RESULTS AND PROBLEMS

In a routine way, Theorem A can be recovered as a Corollary of Theorem B.
Moreover, certainly one could establish a version of Theorem A for “higher order™
Brownian shifts. For example, an operator T € #(H) is said to be a 3-isometry if

(+) I — 37T + 375272 — T3 = Q.

Given T e %(H), let By(T)=2—T*T, B(T)=—2 + 3T*T-— T*T%, and
By(T) = 1—27*T + T*7*.1f T is a 3-isometry, then, by iterating (), we obtain

TT" = I + nBy(T) + ﬂ&;—p— By(T).

In particular, B,(T) > 0. Let ¢ be the class of operators satisfying

() Tis a 3- isometry
(i) Bo(T) =
(iii) B(T) = 0

Let U € #(H) be a unitary operator and let ¥, = #(H,) for i = 1,2 be iso-
metries. Let Ey: H — H; and E,: H, — H, be isometries such that VFE; = Q.
Let 6% denote the collection of operators of the form

V, E, 0
0 0 U

A straightforward computation shows 0% < 4.

7 — 1359
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ConNikctTURE 4.1, If T € %, then T has an extension 1o a J € &%,

In another direction, oze could attempt to generalize Theorem A to tuples of

. 'V, E;
operators. Fereach i= 1,2, ..., et J; = ( b

U, is unitary, each V; is an isometry and V*E; = 0. The tuple J = (J;, Jo. ..., J,)
will be called a tuple of Brownian shifts if E;U; = V,E; for each i #j and if

) be Brownian shifts: ie.,

L]
NG EFE; =1 Givenatuple T =(7y, T, ..., T,) with T; € #(H) and a multiindex

i- 1
@ . o
o = (8, %, ...,0;) €N, define T® = IT “... T)". The tuple T is said to

have an extension to a tuple J = (/;, J;, ...,J,,) where J;e #(K) if H < K,
JH e Hand T; =Ji;H for each 7.

If a tuple T =(Ty, 7., ..., T.) satisfiecs both T*T* = \: a (I —ND+ 1
i1
for every @ € N* and ‘S (T3T,— 1) < I, then does T have an extension to an
§=-1

n-tuple of Brownian shifts?

An attempt to prove this by mimicking the proof of Theorem A given (impli-
citly) in Section t{wo fails since the analogue of Theorem 2.5 is false in several
variables.

REMARK +.2. Inan ezriler version of this paper it was asserted that to show,
e V E

forTeF andJ = S'} . (B, I} = 0 implies (p**(T, T™)) 20 it was enough

L

to verify the above statement for hereditarv polynomials p* of the special form
»

P, ) = \ p “x"y? . While this reduction may be valid, the proof given tacitly

i

assumed 7 to be invertible, & coendition vielated by the generic 7€ &

¢
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