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- INTEGRATION WITH RESPECT TO A COMMUTATIVE
SUBSPACE LATTICE

ELTAS G. KATSOULIS

1. INTRODUCTION

The concept of the integral of triangular truncation with respect to a nest (a
totally ordered complete set of closed subspaces) was introduced by M. S. Brodskii

[1] as an extension of the upper-triangular representation of an operator on a finite-
-dimensional space. This concept has proved to be very fruitful in the study of
non-self adjoint operators and operator algebras having a nest of invariant sub-
spaces, and was developed by many authors (see [4], [S], [7]).

‘The set of all operators for which the “triangular’ integrals are well-defined
(see Section 2 for definitions) was first characterized by Erdos-Longstaff [5], while
Macaev [12] characterized the “universally truncatable’ operators, i.e. those for
which the ““triangular’® integrals with respect to every nest exist.

In addition to its use in the structure theory of nest algebras, this concept
has found applications in the theory of integral equations [7] and in mathematical
systems theory [6]. These applications have precmpted Porter and De Santis [13],
[14] to explore a more general notion of integration with respect to suitable families
of projections that are not totally ordered, and to develop a theory of factoriza-
tion of operators with respect to such finité families.

In this paper we define a notion of integration of operators with respect to a
commutative subspace lattice (CSL), which generalizes the integral of triangular
truncation with respect to a nest, while retaining several of its properties. This
allows us to reformulate, in a more transparent way, a conjecture of Hopenwasser
and Larson [8], [10] regarding the radical of a CSL-algebra. The problem of factori-
zation of operators with respect to a CSL will be considered in a subsequent paper.

2. THE NOTION OF INTEGRATION IN A C.S.L.

Lets# be a Hilbert space and B(o#) the algebra of all bounded operators on 5.
A ccmmutative subspace lattice (C.S.L.) . is a lattice of commuting projections in
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J¥, containing 0 and the identity 1, which is closed in the strong operator topolegy.
By Alg# we denote the (weakly closed, unital) subalgebra of B(#), consisting of
all operators A leaving the range of each projection P in % invariant, i.e. AP = PAP
for all Pin 2. A nest algebra is an algebra of the form Alg.4", where .4 is a totally
ordered C.S.L., i.e. a nest.

Let & be a finite sublattice of &, containing 0 and 1. If P € 7, we define
Ez(P) =swp{Q=F;: Q< P},
PZ =supiQ< F; QpP}
(observe that £,(P) = PZ in case F is a nest),
Ax(P) = P— EZ(P).

Given any function f: ¥ — B(#), we form the sum

S(f, 7, {QP}) = Zf(QP)A;:(P)
PeF

where Qp € %, E-(P) < Qp < P. Observe that the set of all finite sublattices is
directed by set inclusion, because if F,, 5, are finite sublattices of &, then the
lattice &, generated by &, and F, is finite (this is due to the fact that & is com-
mutative). So if the norm limit of the net {S(f. #, {Qp})}. indexed by the finite
sublattices of &, exists and is independent of the choice of {QP}. we say taat f
is integrable and write

Sf(’P)d(P) = R SUL 7, Q)

For A & B(#), we define the “triagular’ integrals of A as:

L(A) = |- Hlim L 4(4) = - I-lim Y ES(PYAL(P),
PeyF
G(A) = |j-|-lim Z5(4) = |- -lim Y, A5(P)Ad (P)
Pesw
(the diagonal integral of A),
UA) = | -[-lim U (4) = |- -lim Y, PAL(P)
PEw

if the limit ekists.
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These definitions generalize the triangular integrals with respect to a nest [5],
However, they are only formal analogues of these, in that the finite sums % ;(4),
Z z(4) are not “block upper triangulac™, since # is not totaliy ordered.

3. THE FUNCTION 4,

We explore the properties of the function Az, where F is a finite sublattice
of a CS.L.

Lemma 3.1. (Davidson [2]). Let % be a C.S.L. end F « finite subiattice of &,
Then, for P, Q in F we have :

a) If P £ Q, Az(P) and Az(Q) are orthogonal,

b) Ax(P) # 0 if and only if P has a unique immediate predecessor in F,

C) Z A_;(S) = P, a”d,

Ss P
When & is a nest, any finite partition & = {0 = Py < P,, ..., P, = 1}
is a sublattice and 4 (P,) = P, — P,_,. If F, is a refinement to a partition ¥; 2 &,
then for each Ar-;l('P), PeZF,, there is a Az(Q), Q0 =%, such that A;l(P) <
< A5(Q). The following lemma generalises this to arbitrary C.S.L.'s,

DerFINITION. Let ,970. = {E;. F;;i €I} be a finitc subsetof a CS.L. &. We
say that #, is a partition of & if
a) E; = F; for all i e/,

b) ¥, (E;— F;) = | (in particular the {E; — F;}ier are mutually orthogonal).
iel
With this definition, we have

LeMMA 3.2. Let o = {E;, F; ;i €1} be a finite partition of & and F a finite
sublattice containing F,. Then for each P € F there exists i € I such that Az(P)<
< E;—F;.

Proof. Let PeZF such that Az(P)#0. Then Y (E;— F) =1 implies
Y AAHPNE; — F)) = Az(P) # 0. Each term A(PYE;— F;) is a projection and
thus, there exists an i, €[ such that 4;(P)(E; — F;) = 0.

Since 4;(P) # 0, 45(P) = P—R where R=sup{0e ¥, Q <P} <P
Notice that 0 < AH(P)(E; — F;) = (PR") (E; Fi) < PF;;. Tavs P > PF,;, and
since PF,-(h € Z ., we have PF,-O < R, hence '

@ ) PF;. > PR".
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Similarly 0 < (PR*)(E; Fi)) < (PE;)R* so PE; > R, hence

@ P<E.
Thus 45(P) = PR* < E,-@(PRl) < E,-O(PF,%O) < Ej, — Fi, (the first inequality
holds by (2) and the second by (1)).

COROLLARY 3.3. I F,, F are finite sublatiices of & such that 7, = 7, then:
a) for cach P e 7, there is a Py e F, such that A-(P) < 4 ;O(P(,),

o

b) for each Py e 7, there exist Py, Py, ..., P, in F, such that
B
L 45(P;) = A;,i(Po)-
iT1 '

In what follows, we will develop a theory of integration using only property (c)
(Lemma 3.1). Thus if there exists a different projection valued function, say %_:: F ~
— ", satisfyving this property. the results of the following paragraphs would yield
distinct “integrals™ with respect to this function. The next proposition shows
that this cannot happen and lends support to the conjecture of Hopenwasser that
the radical of a C.S.L. algebra can be characterized in terms of the diagonal inte-
gral (see Section 4).

ProrositioN 3.4. Let F be a finite sublattice of a C.S.L. L. If W1 .7 — ¢
is a projection valued function, such that for every P € 7

¥ (S) = P

s<pP
then NH(P) = Az(P), for eveirr P F.

Proof. The proof follows by induction. If P € F and E_(P) = 0, then, it is
obvious that _(P) = P = 4:(P).
Suppose that for every S < P in Z, the proposition holds. Then W (P) =
= P Y WH(S) = P— Y, 4:(S) = 4;(P).
S P

S P

4. THE RADICAL OF A C.S.L. ALGEBRA
If &7 is a Banach algebra, then we define:

Rad(«7) = {Kern : z is an irreducible representation of &/} =
= {oz € s/ : uf} is quasinilpotent for every f € &} =

= {x € o7 : f= is quasinilpotent for every 8 € EAN
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Ringrose’s characterization [16] of the radical of a nest algebra motivates the
following definition.

DeriniTION. (Hopenwasser [8], Hopenwasser and Larson [10]). If & is a C.S.L.
we define as J the set of all 4in Alg.% such that for every ¢ > 0, there exist a par-
tition {E;, F;; i eI} of &, such that

E; — F)A(E;— F)ll<e foralliel

Unfortunately there is no known characterization of the radical of a C.S.L.
algebra analogous to Ringrose characterization for nest algebras.

THeoOREM 4.1. (Hopenwasser [8]). For every C.S.L. the setJy is a closed two
sided ideal of Alg. ¥, contained in Rad Alg &.

We say that Alg.¥ satisfies the radical condition if J, = Rad Alg #. Ring-
rose [16] has shown that nest algebras satisfy the radical condition and Hopen-
wasser [8] proves the conjecture in a variety of cases, including finite C.S.L.’s.

ProrosiTioN 4.2. Let & be a C.S.L. and A € Alg . Then the following are
equivalent :

a) A elgy,

b) A belongs to the norm closure of \_J{RadAlg.7 ; F is a finite sublattice
of &£},

¢) G(A) exists and equals zero.

lPiO()f a) = ¢) Let ¢ > 0. By Theorem 4.1 there exists a finite partition S, =
= {E;, F;;iel} of &, such that, |(E;— F)A(E,-— F)|| < e for all i e L.

Let /0 be the finite sublattice of ., generated by &,. If & = &, is a finite
sublattice, Lemma 3.2 implies that for each P € # there is a j € I such that 4;:(P)<
< E;— F;, and hence

|d7(P)AA5(P) || = || 4=(P)E; — FNAE; — F))d&P)l| < e

Observing that the 4(P)’s are mutually orthogonal we have

125(ADI = sup. 145(P)A4=(P)|; < e.

¢) => a) Obvious by definition of J,.

b) = ¢) Given ¢ > 0, (b) implies that there exist a finite sublattice # of % and
a B eRadAlg# such that |4 — B|| <& Thus |4:(PY4— B)4;(P)]| < ¢ for
all P e #. But since finite C.S.L’s satisfy the radical condition:

AA{P)BAz(P)=0 forall Pe 7.
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Therefore
LA z(PYAA(P)! < &

hence &(A) exists and equals Q.
¢ = b) It can be proved by similar arguments.

REMARKS. a) The proof of b) = ¢) does not use the fact that 4 bciongs to
Alg &. In fact this condition is essentially used in the proof of b) = a).
b) The Hopenwasser's conjecture is equivalent to the following.

“For A €eAlg ¥, A cRadAlg? = 7(A) exists and equals 0.

Using Lemma 3.1, one can prove the following.

ProrosiTioN 4.3, Lot # be g C.S.L. and A < B(#). If Z£{A) exists, then
L(A) belongs to J.

Nortk. Similarly, ore can prove that for every A € B(#), if #(A4) exists then
W(A) € Alg & and that if 2{4) exists then Z(4) € ¥’

DerNiTioN. An atom A for a C.S.L. & is a non zero projection of the form
Ad=4P)=P—sup{Qc¥ ;0 <P}, forsomeP inZ.

It can be shown that 4 is an atom for & if and only if, for any Q = .2, either O con-

tains 4 or is orthogonal to it. Hopenwasser in [9] gives the followirg criterion.

THECREM 4.4. Let & be a CS.L. and K € Alg ¥, compact. Then KeJd, if
and only if A(P)KA(P) = O for cvery Pin &.

It is also important that a reformulation of the proof of the previous theorem
shows that for every C.S.L. %, the ideal J - and the Rad Alg & contain the same com-
pact operators.

5. THE DIAGONAL INTEGRAL

The main results of this section are that the diagonal integral exists for every
compact operator and that this coincides with the “diagonal part™ of that operator.

For I < p < +oo. C, will denote the von Neumann-Schatten class of all
compact operators A on ¥, such that the eigenvalues of (4*4)2, repeated according
to multiplicity, are p-summable. It is well known that, for 1 € p < +o0 znd
! 1

-+ -=1, the formula (A4, B} = tr(B4), A € C,, B < C, establishes a duality
p q

between C, and C,. In particular, the Hilbert-Schmidt class C; is a Hilbert spuce.
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ProrositioN 5.1. Let 1 < p < +o00. Then the net {Q’,;} indexed by the finite
sublattices F of & is a monotonically decreasing net of idempotents on the Banach
space C,. Furthermore for each such F, %z :C,— C, is the dual mapping of
Ggz:Cp—C, (1lp+ 1]g =1). In particular, 2z is a selﬁzdjomt projection on C,.

Proof. Suppose F, and F, to be finite sublattices of %, such that #; = Z,.
Using Corollary 3.3, one can prove that

(@52 )4) = (@5 25 ) = Dy (4)
and in particular
DHA) = D5(A).

This shows that [Q y} is a decreasing net of idempotents.
The final statement follows from the calculation-

(Z#(A), BY = tr(BZ () = tx(B X, A5 P)AAH(P)) =
€F

= 2 w4 (P)BAS(PIA) = trA( X A5(P)1BAS(P)) = (A, T5(B))

where AcC,, BeC,.

REMARK. Using similar arguments as in the prévious proof one can prove
that {’1/;;}; is a decreasing net of idempotents on the Banach space C,, where
i1 < p < +o00o. In particular these idempotents are selfadjoint on Cs.

TeeoReM 5.2, If 1 < p < +oo then for each finite sublattice F of 2,
Dg:C,— C, is a contractive projection and the net {2 7} converges in the strong
operator topology to a contractive projection

Z:C,—C,.

Proof. (i) We claim that [[{Zz]!l,, < [[i2',, where [i[-]i[, denotes the
norm of an operator on C,..

Indeed, if 4 € C,, and ||4',, = 1, then

(25D, = 1Z(A) T (A, = |2 HA T (A, <
< N2 A*Z A D, < 1220l A e 12 2(A))5,
s0 that dividing:

125(ADlap < 11250, = ['25] 5 < 125,

/
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(ii) Inductively, for an arbitrary sublattice, we obtain:

sl

e

o < | Zzi2<1 for all neN.
An interpolation theorem (sce [4], Theorem 2.4) now shows that
25, <1 for 2L p< +oc.

By duality (Propesition 5.1) the result follows forall1 < p < +oo.

(iif) Thus the net {2} > is a monctonically decreasing net of contractive pro-
jections on the reflexive Banach space C, (1 < p < +o0). A theorem of Lorch
(see [4], Theorem 2.1) now shows that there exists a contraction Z: C, = C, such
that, forall 4 C,,

1o

i ,25(4) — SA);, = 0.

But if &, is any finite sublattice of & and A4 € C, then:

NP (A) = M T (D5 (1) = Tim T(d) = 9(4)

& E 2
and hence
G(G(A) = #ilimZ (A)) = hm T(Z (A)) = Z(A).

So % is a projection.

ProvrositioN 5.3. The diagonal integral & is a contractive projectivi on the
Banach space of compact operators.

Proof. It is clear thai for any finite sublattice # = & and any A € B(#)
[Z(A)] < AL

Let K be a compact operator. Given ¢ > 0, choose a finite rank operator K,
such that "K— K| <& By Theorem 5.2 {Z(K)} converges in the Hilbert-
-Schmidt norm '-!,. Hence there exists a sublattice F, such that whenever
Fy, Fa2Fy

25 (K) — 25 (K)"s < gf3.
We then have:

125 (K)— 25 (K< %o (K— K + [ 25 (K) — 2 (K| + 195 (K — K<

S2LK—K |+ (25 (K)— D5 (K)]e < 263 + &3 =e.
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The proposition follows from the fact that the set of compact operators is
a Banach space in the operator norm.

ReMARK. The crucial element in the precedings proofs is that the net {Qy}; is
monotonic, a consequence of our results on refinement (Corollary 3.3). Given this
fact, the proofs are analogous to the ones given in [4], for the nest case. T

By contrast, our proof of the following theorem is quite different from the
one in [5], which relies on compactness of a nest, in the strong operator topology.
It is not the case that an arbitrary C.S.L. is compact. (See Wagner [17].) )

For any A € B(s#), the sum 6(4) = Y, 4(P)AA(P) exists as a strong operator
Pey

limit. This “diagonal part’ of the operator 4 might be thought to be the ‘“natural”
value for the diagonal integral 2(4). However, easy examples show that this need
not to be the case, even in nests: the diagonal integral may not exist, or it may exist
and not equal 8(4). The situation is better for compact operators:

THEOREM 5.4. If K€ B(SF) is a compact operator then

2(K) = Y, A(P)KA(P).
Pey

Pioof. It is easy to see that the sum Y] A(P)KA(P) converges in the oper-

Pe
ator norm, since K is compact.

Observe that since the A(P)’s are atoms of &£, A(P)Q =0 or A(P)Q = A(P)

for every Q € Z. Let {P;, iel} be the set of all clements of % which give
non-zero atoms. Then:

0RO = X APIKAPIC = 5, QAPIKAP) = 05(K).

Hence o(K) € &£’
(i) Assume first that K€ Alg.#. Now

AO)K — S(K)DA(Q) =0 forall Qe
and therefore K — 3(K) belongs to J, by Theorem 4.4 .and so

D(K—(K)) = 0 = D(K) = 2(5(K)) = 6(K)

since &(K) € Z'.
(ii) Now let K be an arbitrary compact operator. Since Z(K) exists and be-
longs to &', part (i) gives:

2(K) = 2(2(K)) = 5(2(K))-
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Given ¢ > 0, there exists a finite set I, < I, such that:

L2(K)— Y, A(PY)Z(K)A(P) | < £]2

v ied '
for all finite subsets I & [, such that 7 = I,.

Let F, = % be a finite sublattice, such that
@ 12(K)— 95(K)] < ¢/2
whkenever & = &, is a finite sublattice of #. Then
2) WY APHLK) — ZKNMP) <2, 2],
icf

Fix an I < I finite such that 7 2 I,. Then (2} is valid in particular for the finite
sublattice . generated by F, and {P.. E(P;); i €I}. Observe that for i €l,

4(P;) = 4; (P;), since F, contains the immediate predecessor E(P;) of P,
in Z. So

2 A(PE)Q.;?.J(K,)A(PE) = Z A;;’ (Pi)gf (K_)A.? (Ps) =
i€’ ‘ -3 : :

@) =Y 45 P)( Y 45 (KA Q)45 (P) = Y, 45 (P)KA5 (P) =
€ Qes, ier
i€l
Therefore:

g (K)— Y, APIKAPY]| < "2(K)— ¥, A(PY(K)APY| +
’ ’ i€l

ef
+ | S APHDU) = T KNAPY, + |5 APND 7 (K)— KYAP) . <

<= + 2 +0
2 2
by (1), (2) and (3).
Since the above ineguality holds for an arbitrary 7 = 7,. the theorem has

been proved.
6. THE DOMAIN OF THE THREE INTEGRALS
Erdos and Longstafl in [5] characterized the domain. of the three integrals in

the case of a nest. Many of their results carry over to 2 general C.S.L., but there are
significant differences. L
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Our first result is a decomposition of an operator with respect to a C.S.L.
algebra. In the nest-algebra case this generalizes to the decomposition of a matrix
into strictly upper triangular, a diagonal and a strict)y lower triangular part.

DerFiNiTION. Let & be a C.S.L. We define as #Z(F), the set of all operators
A € B(#) such that

AQ = Q%4Q forall Qe 7.

Using a well known proposition of Longstaff (see [3], Theorem 23.3), one can prove
that A(F) is exactly the annihilator of the rank one operators, that belong to
Alg F (if we see them as a subset of the trace class operators).

THEOREM 6.1. Let & be a C.S.L. and 4 € B(3#). If any two of L(A), %(A),
D(A) exist then so does the third and

UA) = L(4) + D(A).
In this case A decomposes as a sum A = A; + A, + Az, where
Ay = £(4) Dbelongs to Jy
Ay = 9(A) belongs 10 &L’
and
AF = (A — U(A))*
belongs 1o the norm closure of the \J{R(F) ; F finite sublattice of £}.

Proof. The first assertion is immediate since for every finite sublattice # of &7:

| U(A) = L5(A) + 25(4).
1f all integrals exist then:

A = L(A) + D(A) + (4 — UA)).

We only need to prove that A, = 4 — %(A) has the desired property. Given
£ >0, let F = ¥ be a finite sublattice, such that,

f[As— Y, Padu Pyl <

Pex

For Q € #, we have that, if PL0Q # 0 then O & P and so P < Q7. Hence

(A= A0 = (3, 45(P)A*PL)Q = ¥, QTA(PIA*PLO=07(A— Us(A)*Q
EF

PegF

which shows that 4 — ¥ z(A4) belongs to Z(F). Thus, the theorem has been proved.
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REMARKS. (i) One might hope that, as in the nest algebra case, 45 would beiong
to J (sce [5]). This is certainly true if 4™ belongs to Alg %, but not in general:

ExampLe. Let & = {0, P, 0, 1} where PO = Oand P + Q = 1. Here E(P) =
= EQ) = 0, so
AP)=P P_=0

4Q=0 Q0_=P

T4 Agj

we have that Z(d) = 0, G(d) = PAP + 0AQ and %(4) = 9(4)

Thus, if

0 4f
(A — U4 = 3}
(4 450
which, certainly, does not belong to Alg.%.
(i) It is easy to see that the norm closure of | J{#(F): # finite sublattice
of Lﬂ} is contained in Z(%), but equality fails, even in nests.

ExampLe. Let {¢, ; k € N} be an orthonormal basis for a separable Hilbert
space .#" and let us denote by X the back-ward shift (Xe, =0, and Xe, = ¢,_4,
neN). If & ={P,,neN}, where P, = e, ; k < n], then X(P,) < P,_;. 50
X eR(A).

On the other hand, the norm closure of { {#(F) ; # < A" finite subnest}
coincides with Rad Alg.1", in the nest algebra case. Since X is not quasinilpotent, we
have the desired counterexample.

The following theorem is a partial converse of Theorem 6.1. Note that the
full converse holds in the nest case (see [5]).

THEOREM 6.2. Let A = B(#) and A = A, + Ay + A, such that:

Ay €y, A€ Z’
and

A¥ e U{R(F); F = & finite sublattice}.

Then the triangular integrals of A all exist.

Proof. Let A == A, + Ay + A; as above and 4, € A(F,) where Fy <= &
finite sublattice. It is easily seen that 4, € Z{F) wheic F is any finite sublattice
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of &, containing F,. So if F 2 %,
(LA = ¥ Ax(PYATER(P) =
= Y, A5(PYEZ(P)TATES(P) = Y, d5(P)P(Es(P)ZATE(P).

We claim that P(E;(P))”Z <Ez(P). Indeed, let Q = F, Q  P. Then PQ < P
so that PO < Ez(P). Thus:

P(Eg(P). =P-sup{Q;Q € F, Q # P} =sup{PQ;Q # P} < Ex(P).
Therefore 4 2(P)P(Ez(P))Z = 0 for all P € F and hence L z(4,)* = 0 = L 4{(4,).

So
F(A) = Lz(A) for all F 2 7.

But since 4, €/, given ¢ > 0 we can find a finite sublattice &, 2 #, such that:

fZz(AMN <e for all & o &F,.
So:

14; — LA = |41 — LA = || 2:(4)] < e.
This proves that #(A) exists and equals A,. Using similar arguments, oze
can prove that Z(A4) exists and equals A4,. This completes the proof.

REMARK. It is obvious that the intersection of the domain of the three inte-
grals with Alg.? is fully characterized by the above theorem. In fact it is the set
Jo + &'

The following proposition guarantees that the domain of the three integrais
contains a remarkable class of compact operators.

ProrpositioN 6.3. Let & be a CS8.L. Then the triangular integrals of every
Hilbert-Schmidt operator exist in the Hilbert-Schmidt norm.

Proof. Obvious by Proposition 5.1 and the remarks following it.
The next theorem characterizes the domain of the diagonal integral.

THEORUM 6.4, Let & be a C.S.L. and A  B(F). Then the following are equi-
valent :

a) The diagonal integral of A exists.

b) Given e > O, there is a B = B, + Bs + B,, such that:

|B—Ajj <&

§ - 1359
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wihere :

B, e\ J{RadAlg7 ; 7 < . finite sublattice},

B} e\ J{#(7F), F = &, finite sublattice},

B, ¥,
Proof. a) = b). Let us suppose that the diagonal integral of A4 € B(3)
€xists.

Given ¢ > 0, there is a finite sublattice & of & such that “Z(A) — Z(4) <.
Let B = B, + B, + B;, where

By = %;(4). By=A— #4) and B;= Z(A).
Then simple calculations show that:

[A— Bl = {24 — 2D <.
But:

Z.(4) e RadAlg F

(A — U (A)* € 2(F) (it can be proved as in Theorem 6.1) and Z(4) € &".
b) = a) Let B =K, + B, + B; where

B, elU{RadAlgF ; F < &£ finite sublattice},

Bf el M {R(5);F = &, finite sublattice],
and

By e .

We will show that the diagonal integral of B exists.

Indecd, using Theorem 4.1 and the remarks following it, one can find a
finite sublattice 7, of & such that:

Z5(B) =0, for all # = F,; finite sublattices.

Also, there is a finite sublattice 5. such that,
Z3(By) =0,

for every F 2 F, finite sublattice

(see the proof of Theorem 6.2).
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So, if & is an arbitrary sublattice containing the finite sublattice &, gene-
rated by %, and &,, we have:

D#(B)— By = D5(B)) + D+(By) = 0.

So the diagonal integral of B exists and equals B;.
The proof now follows, using similar arguments as in the proof of Proposi-
tion 5.3.

7. SOME APPLICATIONS

A well known theorem of Ringrose [15] states that any compact operator K
has a maximal nest # of invariant subspaces and, moreover, the “diagonal elements”
A(N)KA(N) (N €47} of K are one dimensional operators, corresponding precisely
to the non-zero cigenvalues of K. This was generalized by Erdos-Longstaff [5] for
arbitrary nests. We generalize it to arbitrary CSL’s. Our proof, even in the nest
case, is more direct than that of [5].

DerinrTION (see [11]). A collection & of operators acting on a Hilbert space 5#°
is called simultaneously triangulatizable (abbreviated S.T.) if there is a maximal nest,
each of whose members is invariant under all the operators in & ; such a nest will
be said triangularizing for &.

THEOREM 7.1. ([11]). If A and B are compact then {4, B} is S.T. if and only
if g(A, B): (AB — BA) is quasinilpotent for all polynomials q.

THEOREM 7.2. Let & be a C.S.L. and K a compact operator in Alg . Then
K decomposes uniquely as a sum

K = Kl + Kz
where K; € &' and K, € Rad Alg #. Moreover ¢(K,) = o(K).

Proof. Since K is compact, K; = 2(K) exists. Also, %(K) exists and equals X,
since K € Alg Z. So by Theorem 6.1, K, = £(K) exists and

K=K +K,.

Also 6(K,) = 0 since K, €J, < RadAlg Z.
The uniqueness of the decomposition follows from the fact that if 4 € B(5£)
isin &’ and in Rad Alg %, then 4% € Alg #,s0 A*4 € Rad Alg.#, hence A*4 = 0.
It remains to show that o(K,) = a(X). Observe first that for each 4 € B(o#)
which belongs to the algebra ¢ generated by X and K, we have

AK K — KK) = AKK,— K,K)
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and also, K, belongs to «7. But, sincz K. € RadAlg.% and K, 4 ¢ Alg & it foliows
that A(KK, — K,K) is quasinilpotent. The previous theorem now shows that there
is a maximal nest 4" such that K, K, , K, = Alg.4".

By Ringrose’s theorem, the non-zero diagonal cozfficients « (K), 2 ,(K;) and
@ ,(Ky) are precisely the non zero eigenvalues of K, K, and X;. But

K=K + K,
80 %/ (K) = a (K} + a,(K,) = 2,(K)) since 6(K,) = {0}. This proves the theorem,

The following generalizes a theorem of Brodskiil (see {7], Theorem IL.5.1).

THEOREM 7.3. Let ¥ be o CSL and K a compact operator in Rad Alg %,
Then:
K =2%(R:K) = 21¥(Im K).

Proof. By Theorem 7.1
K=%K)=2(K)+ 2(K) = #(K)

since K is in Rad Alg #.
A short calculation shows that # (K*) = 0 for any finite sublafticc & of Z.
Thus Z(K*) cxists and is zero. Also @{K*) = Z(K)* = 0. Thus:

0 = LK% = WK — F(K*) = U(EK")
and hence:
K= #(K 4 K*) = L(K + K¥).
So the integrals of both 2Re K = K + K¥ and 2ilm K = K — K* exist and equals Kj

Remarg. Note that the converse of Brodskii’s theorem ([7], Theoram 1.6.1)
fails for a general C.S.L., even in finite dimenstons.

ExavpLE. Consider the C.S.L. in C?
F = {@, P, P, Py, 1}

where P, is the projection onto the subspace spanned by the first unit vector e,
and P,, P, are the projections on the subspaces spanned by {e, e,} 2nd {e;. )}
respectively. If K is the selfadjoint operator with matrix
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it can easily be seen that #(K) exists and is zero, and hence K is not the imaginary
part of 2i%(K).
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