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A DIFFEOMORPHISM OF AN IRRATIONAL ROTATION
C*-ALGEBRA BY A NON-GENERIC ROTATION

KAZUNORI KODAKA

1. INTRODUCTION

‘Recently Elliott [2] proved the following. Any diffcomorphism ofirrational rota-
tion C*-algebras by generic rotations is composed of threc diffeomorphisms induced
by a smooth unitary element, an element in the integral special group of degree 2
and an element in the two dimensional torus.

In the present paper we will show.that there are an irrational rotation C*-al-
gebra by a non-generic rotation and a diffeomorphism of it which does not satlsfy
the result of Elliott [2].

2, MAIN RESULT

Lect A4, be an irrational rotation C*-algebra by ¢ and let v and v be unitary
clements in A, with uv = ™%y, Then they generate 4,. Let AP be a dense *-sub-
algebra of all smooth etements with respect to the canonical action of the two
dimensional torus.

DEFINITION. Let o be an automorphism of 4,. We say that it is a diffeomor-
phism of Ay if a(A) = A.

For any s, t €R let o, be the diffecomorphism of A4, defined by (1) =
= ety and %5 (V) = e?™p. Let SL(2, Z) be the group of all 2 X2 matrices over Z

.with determinant 1. For any g = [j {1;] e SL(2, Z), let a, be the diffcomorphism
of Ay defined by a,(1) = v and oy (r) = ube?.

" DEFINITION. Let 0 be an irrational number. 0 is generic if there are r > 1 and
C > 0 such that ;e'-"‘""’ -1'> —C~’ for any integer n#0 that is, not a Liouville

i
number.
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Let 7 be the unique tracial state on 4, and for any automorphism a of 4, let T
be a tracial state on the crossed product 4, X Z and 7, be the homomorphism of
Ko(44 X, Z) into R induced by 7.

LeMMA. 1. With the above notations let « = Ad(w)exgot s, . Then « is inner if
and only if @, = id on K (4,) and 7 (Ko(deX, Z)) = Z + Z0.

Proof. It is trivial that x4, = id on K;(4g) and 7,(K,(4yX,Z)) = Z + ZOif a
is inner. We suppose that a,, = id on K,(4,)and 7 . (Ko(44 X, Z)) = Z + Z6.Then
since o, = id on K(4g), g = I,. Thus a = Ad(w)ea,, ,,. Hence we can see by Pims-
ner [6, Theorem 3] that

T, (Ko(dg X, Z)) = Z + 70 + Zs + Zt.

Since T.(Ko(4y%X, Z)) = Z + Z0, we obtain that s, t € Z + Z0. Thus there are
so mek, /, mand ne€ Z such that s =k + 10 and t =m + nf. Let z = u"v='.
Then

zuz® = ye-luly—" =

— e‘l’!il()“ —_ eﬂni(lc+10)u = e2lzisu ’

and
zuz* = o~y = 2Ry = eFilmEn),, o elrir,

Hence «(, ) = Ad(z). Therefore we can see that « is inner. Q.E.D.

Let T be the one dimensional torus and C(T) be the abelian C*-algebra of all
continuous functions on T. We identify it with the set of all contiruous functions
on R with period 1. Let x be an automorphism of A, defined by a(1) = f(v)u and
a(z) = v where f'is a unitary element in C(T). Let §, and 8, be the canonical deri-
vations induced by the canonical action of T2. We note that AP = (M) D(37-03)

mn>0
where D(07'<0%) is the domain of 97':8% for any m, n > 0. Furthermore it is well
known that 47 = { ¥ ¢,..#"v" | {c,..} € S(Z*)} where S(ZF) s the set of all rapidly

muneZ
decreasing functions on Z2.

LeMMA 2. Let o be an automorphism of Ay defined by a(u) = f(v)u and a(r) = v
where fis a unitary element in C(T). If f € C(T), « is a diffeomorphism of A,.

Proof. 1t is sufficient to show thata(x)e AP forany xe AP. Letx = Y, ¢,u""
nnc?

where {c,..} € S(Z2). Then

#() = X (@)Y = 3, Canf ) . .. S0
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Let y, = Y cf(0)f(¥0) ... f(e¥™ 10"~ DN p)™ " where k is a positive integer. Clearly

ml,|\nl <k
vk € D(5)) fcl>r] =1, 2 and ||y, — «(x)|| > 0 as k — co. Since {c,.} € S(Z*) and
i f(t)} =1 for any t € T, {8,()x)}, is a Cauchy sequence for j = 1, 2. Hence since
d; is closed, a(x) € D(d;) for j = 1, 2. Similarly we can see that a(x) € D(J7263) for
any m, ne Z. Therefore a(x)e ﬁoD(é"'oég). Q.E.D.
mun>»

For any automorphism o of 4, we denote by I'(«) its Connes spectrum.

LeEMMA 3. Let o be as in Lemma 2, Then I'(e) == T if and only if there is no
unitary element R in C(T) satisfying the functional equation

[f@O" = R(OR(t + 0)-*

for any integer n+0.

Proof. We will show that I'(x) g T if and only if there are a non zero integer n
and a unitary element R € C(T) such that [f(#)]" = R(t)R(z + 6)* forany r € T.
It is clear that I'(x) : T if and only if there arc a non zero integer /2 and a unitary
clement w € 4y such that o” = Ad(w). Then since (1) = f(v)"u and «"(v) = ¢,
wuw* = f(v)" and wow* = v. Hence there is a unitary element R e C(T) such that
w = R(v) since wv = vw. And since wuw* = f(v)"u, R(v)uR(v)* = f(v)"u. Then
R(v)R(e*v)* = f(v)". Therefore we obtain that

/O = ROR(t + 0)~*

for any t € T. Conversely suppose there are a non zero integer n and a unitary ele
ment R € C(T) such that [f(#)]* = R()R(+ + 0)~. Then let w = R(v). By trivial
computation a” = Ad(w). Q.E.D.

LeMMA 4. Let o be the automorphism of Ay defined by a(u) = ¢y and a(v) =
1

= v where g is a selfadjoint element in C(T). If S g(t)Ydt = 0 and there (s no self-

0
adjoint element ke C(T) satisfying

g(t) = k(t) — k(t - 0)
for any t € T, then I'(t) =
Proof. We will show that if I'(«) 5 T, there is a selfadjoint clement & in C(T)
such that g(t) = k(1) — k(t + 6) for any r € T. By Lemma 3 we may suppose that

there are a non zero integer n and a unitary element R e C(T) such that

e = R(HR(t + 0)-1.
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Now we consider g as a real valued continuous function on R with period 1 and R
as a complex valued continuous function on R with period 1 and 'R(r), = 1 for
any ¢t € R. Then there is a real valued continuous function k& on R such that R(r) =
= 2"k for any ¢ € R. Thus

c_l’nrlg(t) = e'ru(k(t) k(r+01)

for any re R. Hence

ng(t)y = k() — k(@ + 0) + m(1)

for any t € R where m is a Z-valued function on R. Since g and k are continuous, so
is m. Thus it is a constant integer. And since R(t +.1) = R(t), e ikt+D) = ikt
Thus k(z + 1) — k(t) = i(t) for any te R where [ is a Z-valued function on R.

Since k is continuous, so is /. Hence it is a constant integer. Let k(1) = k(t)—Ir
for any t € R. Then for any t € R

Rt 1) =kt + 1) =t + D) =k(t)+ 1 = It = = k(t) — It = k(t).
Therefore & is a continuous function on R with period 1. Furthermore for any f eR
k() =K@t + 0) = k(t) = It - (k(t + 0) — Kt + 0)) =

= k(1) — k(t + 0) + 10 = ng(r) — m + 0.

1 1
Hence ng(1) = A(t) —k(r + ) + m — 10 for any reR. SmceSg(r )dt == S(k(l) -
¢ 1]

—k(t + 0)dr + m — 10 == 0. Hence we obtain that m — /0 = 0 since k has period
1. Thus m = I = 0. Therefore we see that & is a real valued continuous function on R.
with period 1 and satisfies that : :

ng(t)y = k(t) - k{(t + 0)

for any re R, Q.E.D.

LemmMma S. There are an irrational number 0 and an analytic function g : R — R
1

with period 1 and Sg({)dt = O such that there is no continuwous function k : R — R

0
with period 1 satisfying
a(ty = k() — k(+ + 0)
Jor any t € R.
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Proof. Let {vj %.1 be the sequence of integers - defined by ry=1and vy, =

v, gy, .
=27 +vy +1 Let0=22 v’andnj=2v’.Then
Jjo1 .

w2 ' 2T
-1~-2 "=Z——\ 120—[/70] —2~~=2 J

J

2 2vj+1 2 i1

where [t] denotes the ]aigésf integer not exceeding ¢. Hence we obtain that
—-n: y omin D . —-n.
2.2 gl -1 g 202 T

By the above left hand fnequality 0 is irrational. We define g by

g(t) Z a e‘)mnl

where
. ari .9
I -2, 1 —¢: "’ .
-2 . if n=n,
; . arin 0 J
J [1. —e J { .
o o —onin.g -
a, = 1 - 1 —¢ J .
w2 ifn=-n
J . —2min O
e
0 elsewhere.

H : . . . By 1 .
Clearly .g- is a real valued continuous function and S g(t)dt = 0. Since
Y]

lim sup - log a,, = —log2, we can see thatgxs analytlc We suppose that there is a
Il.

continuous functlons k:R->R with pemod 1 satlsfymg

g(t) = k(t) — k(t + 0)

(I .
for any t € R. Then the Founer series of k is equal to E —l— e L ¢ where

eznmo

& i§ a constant number. Since k is continuous, it is Cesaro summable at't =0. On
the other hand

- ooa, = g 2“"1
Z oring =2 2 i 27;i-n V]

a ]-— et J=1 ] {ql——e
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in 5

By the inequality Ie“n U 1l € 2n-2_nf, we have

27" 1

i~ eemfo\ i

(2]

. S . . . a .
Since Y} - -is not Cesaro summable, neither is Y, 1—"27:":0 . Thus we get a contradic-
j=1 J n --C

tion. Q.E.D.

THEORILM 6. Let 0 and g be as above. Let A, be the irrational rotation C*-algebra
by 0. Let o be the automorphism of A, defined by a(u) = ¢*™8yanda(v) = v. Thena

is a diffeomorphism of A, such that
% # Ad(W)ety %40

or any unitary element we AP, any he SL(2, Z) and any s, te R.

Proof. By Lemma 2 « is a diffeomorphism. We supposc that there are a unitary
clement w € A, some 1 € SL(2, Z) and s, € R such that

x = Ad(W)ed,o%(, 4y -

By the definition of a it is clear that ., = id on K ;(4). Thus Ker(id — «..) = Z[u] ®
@ Z[v]. We can see that a(v)r® = | and au)u® = c*™5¢), Let & be the continuously
differentiable path from 1 to e2*5() on. [0, 1] defined by £(r) = €*™"2® for r &[0, 1].
Then

1 1 1
o §e( e o ew)or = Sz(g(u))dr = t(e(t)) = Sg(r)dr =0
0 1] 1]

Therefore we obtain by Pimsner [6, Theorem 3] that 7 (K (A4,X,Z)) = Z + Z0.
Thus by Lemma 1 « is inner. On the other hand by Lemma 4 I'(z) = T. Thisis a
contradiction. Therefore we obtain the conclusion. Q.E.D.

REMARk. By Elliott [2] 0 in Theorem 6 is non-generic.
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