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INVARIANT SUBSPACES FOR AN OPERATOR
ON L*IIy COMPOSED OF A MULTIPLICATION
AND A TRANSLATION

D. P. BLECHER and A. M. DAVIE

Throughout what follows the set [0, 1) is taken to be identified in the usual way
as a topological group with IT, the unit circle in the complex plane. In this paper
we give sufficient conditions for an operator on L*[0,1) composed of a multiplication
operator and a translation to possess an invariant subspace. In fact all that follows
is valid for L7[0,1), 1 < p < co.

More specifically, let « be a fixed number in [0, 1) and let ¢ be a fixed non-zero
continuous function on [0, 1). This implies that @(0) = ¢(17). Define an operator T
on L*0,1) by

Tfx) = o(Ofx + =)  (x €[0,1))

for each f € L?[0, 1). Here addition is modulo 1 of course. Thus if M, is the multi-
plication operator on L?[0, 1)

M f(x) = o(x)f(x) (x€[0,1)),
and if S, is the translation operator

S f(x) = fx + ) x€[0,1)),
T = M,S,.

then we have

This operator is related to a class of operators introduced by Bishop as can-
didates for operators possibly not possessing invariant subspaces. Subsequently
almost all of these have been shown by A. M. Davie [2] to have byperinvariant
subspaces.

DEFINITION. An irrational number / is called a Liouville number if for each
natural number n there exist integérs p and ¢ with ¢ > 2 such that

Il —plgl < q~".
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One can show [3] that the set of Liouville numbers is dense in R but has s-di-
mensional Hausdorff (and consequently also Lebesgue) measure zero for all s > 0.
We shall need the following theorem:

THEOREM (Wermer [5], [1]). Let X be a Banach space and suppose R is an
invertible operator on X satisfying the following two conditions:
() the spectrum of R contains more than one point, and
[o ]
(ii) Y log||R"}|/(1 + n?) < co.

Rz =00

Then R possesses a non-trivial hyperinvariant subspace.

The result we give below asserts that the operator 7 defined above possesses
an invariant subspace provided that « is not a Liouville number and provided that
¢ is sufficiently smooth. For a bounded function g:[0,1) — C the modulus of con-
tinuity w, of g is defined to be

@g(6) = sup{ig(x) — g(x)} : {x — x| < 3},

for & > 0. This is an increasing function of 6 > 0. Note that w, is not quite the
usual modulus of continuity [6] since the subtraction above on [0, 1) is modulo 1:
however if g(1 =) = g(0) then w, is bounded above and below by a constant multiple
of the usual modulus of continuity.

Suppose g is a fixed non-vanishing complex vaiued function on [0, 1), with
£(0) = g(17), such that g and g~! are bounded. Let w, be the modulus of conti-
ruity of g. Notice that if [x - x’; < ¢ then

lg()] < 1g(xN; + @y (1),
and consequently
[logig(x)] — loglg(x');! = og(lg(x)'/le(x M| <
< log(L + lg=1i,0,(1) < g7 ww, ().

Thus it is clear that the modulus of continuity of logig| is dominated by a constant
multiple of the modulus of continuity of Ig!.

THEOREM. Let 0 €[0,1). Let ¢ be a fixed non-vanishing continuous complex
valued function [0,1) (with @(0) = @(17) ). The operator T on L0, 1) defined by

Tfx) = o()f(x + ) (xe]0,1)),

where the addition is modulo 1, possesses an invariant subspace provided that o is
not a Liouville number and provided that the modulus of continuity w of @, or even of
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log |¢), satisfies

1

S(w(z)/z) dt < co.

0

If, in addition, T is not a scalar multiple of the identity then T possesses a hyperinva-
riant subspace.

Proof. If o is rational then we do not need the smoothness condition for ¢: if
o = plq, for some p, g € N, then T7is a multiplication operator. If 77is not a scalar
multiple of the identity then T'¢ has a hyperinvariant subspace, which will also be a
hyperinvariant subspace of T. If T7 is a scalar multiple of the identity, but T is
not, then the spectrum of 7 is a finite set with more than one point; then the range of
a non-trivial spectral projection gives a hyperinvariant subspace.

Assume henceforth then that « is irrational, and put y = log|e|. By the remark
immediately before the statement of the theorem we may as well assume the inte-
gral condition holds for the modulus of continuity @ of . If » is a non-negative
integer and we put

n~1
@y =TI (S:9)
k=0

hen we have T" = M, o S and so |77 = |[@,lle. Similarly | 77" = || o7/,
Thus as # —» co

1
logi|T*|ijn == sup{ (n‘l "2—: Si(l//))(\) 1x €0, l)} - Sn//dt
K0

by the uniform ergodic theorem (see [4], 1.1), if not by more elementary considera-
tions. We may conclude from this that #(T), the spectral radius of 7, satisfics

T = cxp(inﬁ dt) .
3

1f M is the unitary multiplication operator on L0, 1) given by

Mf(x) = ef(x)  (x€[0, 1)),
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for f € L*[0, 1), then it is easy to see that
T — e*e)] = " *M(T — A)M !

for any A € C. This shows that the spectrum of T is invariant under rotation by ¢**,
and so certainly contains more than one point. Indeed it is easy to see that the spec-
trum o(7T) is the circle of radius #(T), centred at 0, but we shall not explicitly need
this fact. Normalize the operator T by setting

R = r(T)"'T.

This is equivalent to scaling ¢ by a constant
For a bounded function g : [0, 1) — C let us write D(g, #) for the discrepancy

:x€[o0, l)}‘

D(g,n) = sup{ (n -1 "il ng)(v\‘) - Sg dt
k.:0

We now appeal to Wermer’s theorem quoted above to deduce that the oper-
ator R has a non-trivial hyperinvariant subspace if

1
o n—1
Y n-1 sup{(n‘1 Y Sa’;’g)(x) - Sgdt :x €0, 1)} < oo
n=1 k=0 ;
for g = ¢ and g = —¢. We may rewrite this condition as
(=) ¥ nD(, n) < oo.
ngl

Now since « is not a Liouville number by elementary number theory (see [2])
here exist X, N € N such that if # is a positive integer greater than N then there exists
P, g €N, with p and g coprime, such that both

ik < g < n'®
and
i« —plgl < ¢7°
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hold. For such n we may write n = rq + s, for some non-negative integers r and
5, with s < g. We obtain

<

nt'S g+ k) - Sl//dt
k=0

(7 = ()™) S W + k)| +

k<=0

n-1
Y Ul + ka)| +

ke=rq

<n?

1

(a)t'S W+ k) — Sw dr
k=0

S+ <

<

< 2/l + | () Wi + ka) — Sw dat
k=0

r-1

<rty,

Jj-0

+ O(n~12),

1
-1
g~ qz Y(x + jgo + ka) — Sl// dr
K=0
(1]

As an integer a runs 1 to ¢, the number ap/q assumes each of the values 0,
1/q, ...,(q — 1)/q in some order (modulo 1 of course). Since |ax — ap/q)| < g7
the following assertion is clear: for each x € [0, 1) there is a partition of [0, 1) into
disjoint intervals I, ..., I,_, each of length ¢~* such that each of the 4 numbers
X, X+ o, ...,x + (g — 1)x may be associated with a unique interval I, ..., I,_,
Tespectively which it lies within a distance of ¢! from.

By the mean value theorem we may for each £ =0,...,(g — 1) choose

&, € I, such that
mrlSw dr = Y(&,).
1
Then
< o(2/9),

lw(x + ko) — mrlgw ai

1y

where o is the modulus of continuity of ¥, and so

oS vee+ ke = (var] <oms Jux v k0 - a{u | < o0
k=0 k=0
[}

Ty
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Thus for any x €[0, 1) we see that

1

r-! r§ g qil v(x + jgo + ko) — Sl//dt
<o

j=o

< w(2/q)

0

and so
D(Y, ) < w(2/g) + O~ <

< oRr~YE) + O(n—Y?),

Consequently (*) is satisfied if

Y n~lw(2n~YE) < co.

n=1

which proves the theorem after an application of the integral test of clementary
undergraduate analysis. #Z]

For s > 0 let A, be the Holder class [6]: the class of those bounded complex
valued functions g on [0, 1) for which therc exists a constant C > 0 such that the
modulus of continuity w of g satisfies

@) < C5° (5 = 0).

COROLLARY. The operator T defined above possesses an invariant subspace if o
is not a Liouville number and if the function @, or even logle!, is in the Hélder class
A, for some s > 0.

Proof. If @ € A, then log || € A;, by the remark above the previous theorem.
Thus if either ¢ or log || is in A4, for some s > 0 and if w is the modulus of centi
nuity of logle] then

1

S(w(t)/t) dt < oco.

0

An application of the theorem above completes the proof. ' 4

REMARK It would be of interest if one could enlarge the sct of numbers « or
the sct of funciions ¢ for which the result holds. It is not difficult to see how the-
result might bg adapted to the case when ¢ is bounded away from zero and permitt-
ed to be discontinuous at, at most a finite number of points. It is probably possible
to usc the method of [2] to extend this result to certain cases when ¢ is permitted to
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assume the value 0 on a set of measure zero. It is easy to see that if ¢ is zero on a
set of positive measure then the associated operator T has an invariant subspace.
The hypothesis on « can be weakened at the cost of stronger hypotheses on ¢.

This is most easily seen using the Fourier series of t; for example, one can prove
the following:

PROPOSITION. Suppose « is irrational and y = log|o| has Fourier series

lp(X) — E ameznimx.

- 00

Then
(a) if i la, (1 + log*|l — e*™ma|-1) < oo then T has a hyperinvariant
subspace; "
b) if g la, |1 — €¥™im| -1 < oo then T is similar to a scalar multiple of
et

a unitary operator.

Proof. Multiplying T by a scalar we may assume that Sl/l = 0,50 gy = 0 Since

¥ is real, a_,, = q,,.
(a) We have

a-1 ' nt .
n-1 E l//(x + ka) = n? Z a, Z e2rim(x-+ka) _
k-.0

m#0 k=0

=pn-t Z am(l — eZnimna')([ _ e?.nima)—le‘lnimx
m#0

S0

ID(p, M)} < 2071 Y la,|min(n, 2|1 — e —Y)

mes1

and

Y D, ) <2 Y la,) Y n-iming, 211 — eine] 1) <
n--1

n1=1 n-1

<« const }‘: la (1 + log*i1l — eQnimal-l) < oo

m=1

by hypothesis, where we have used the inequality

Y, n fmin(n, 1) = Yy n7t + 2 Y, n7% < logh + const. (42 1).
n:.1

n<a n>a
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It then follows as before from Wermer’s theorem that 7" has a hyperinvariant
subspace,
(b) Let

u(x) — z a,,,(l . eﬂnima) —1eznimX;
m+0

the series converges absolutely by hypothesis, so u is continuous on the circle, more-
over u(x) — u(x + o) = Y(x). Now let v =e*, and write @(x) = n(x)!p(x)| =
= p(x)e¥™ where |5(x)| = 1. Then M,M,S,M;! = T, so that T is similar to the
ubitary operator M,S,.

COROLLARY 1. If \/ has an absolutely convergzent Fourier series then for almost
all choices of a, T has a hyperinvariant subspace.
1
' Proof. Slogﬂl — e¥imai~1dy js a finite constant independent of m, so by

0

integrating we find that if ¥;la,| < co then the hypothesis of (a) holds for

7

almost all «. %

COROLLARY 2. If  is infinitely differentiable on the circle and a is not a Liouville
number then T is similar to a scalar multiple of a unitary operator.

Proof. In this case |a,) = O(m™*) for all k and |1 — e*™|-1 = O(m*) for
some k, so the hypothesis of (b) holds. %

Finally we note that if « is not a Liouville number and 2 la,llogm < co
1

then by (a), 7 has a hyperinvariant subspace. However, since o(?) < ¥} |a,,| min(2, 2rmt)

and St‘lmin(2,2 amt) < const. + logm, the condition Y |a,flogm < co implies

St"lw(t) < 00, so this result also follows from the theorem.

REFERENCES

1. Coroi0ARA, 1.; Foias, C., Theory of generalised spectral operators, Gordon & Breach, New York,
1968.

2. Davig, A. M., Invariant subspaces for Bishop’s operators, Bull. London Math. Soc., 6(1974),
343348,

3. OxronyY, J. C., Mcasure and category, Graduate Texts in Math., Springer, 1971.



INVARIANT SUBSPACES FOR AN OPERATOR 123

4. PARRY, W., Topics in ergodic th eory, Cambridge Univ. Press, 1981.
5. WERMER, J., The existence of invariant subspaces, Duke Math. J., 19(1952), 615—622.
6. ZYGMUND, A., Trigonometric series. I (2nd Ed.), Cambridge Univ. Press, 1959.

D. P. BLECHER A. M. DAVIE
Department of Mathematics, Department of Mathematics,
University of Houston, University Park, University of Ed nburgh,
4800 Calhoun Road, Houston, Texas 77004, Jam:zs Clerk Maxwell Building, King’s Buildings,
U.S.A. Mayfield Road, Edinburgh, EH9 3JZ.
Scotland.

Received October 18, 1988.

Nore added in proof. G. W. MacDonald (“Invariant subspaces for generalised
Bishop operators”, to appear) has obtained results which overlap with those of the present
paper and also cover many non-invertible operators.
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