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STABILITY AND INSTABILITY OF L”-SPECTRA OF
DIFFERENTIAL OPERATORS

DAVID GURARIE

A differential operator 4 = Y, a,(x)D® defined on a minimal domain 2, (e.g.,

jaf<m
CP(RM) can be extended to a closed operator in L* (L”-spaces), by taking the clo-
sure &, of @, in the graph-norm |ifll, = |fll, + |i4f]l,- Moreover, such extension
is often shown to be unique, in the sense that the dual operator (4 | 2,)* in the
dual space L?, p’ = pj(p — 1) has the same domain as the formal adjoint 4% =
= Y, D¥a(x)...), or (A | Z,)% = A| 2, in case of formally symmetric A.

There are numerous results of this sort for fairly general classes of differen-
tial or pseudodifferential operators 4 (see for instance [7], {8], {13], {10}, [111, [2], [3])-

It is natural then to ask what happens to LP-spectra of such operators A,
when p varies from 1 to co. For Schrodinger operators this problem was raised
and partly answered by B. Simon [10], [I1].

In most known cases the prevailing phenomenon is spectral stability : *“ L?-spec-
trum” = *‘L2-spectrum’™ over the whole range of p or some interval | 1/2 — 1/p] < ¢,
after which spectrum may change abruptly, typically filling in the whole plane.

The following examples will ilustrate this.

1. Constant coefficient elliptic or subelliptic operators A4 are spectrally stable

over the whole range (I € p < oo) in the first (elliptic) case, or some intervel
{|1/p — 1/2) < ¢ < 1/2} in the second (subelliptic) (see [5], [8]).

The same holds for relatively small perturbations 4 + B ([8], [14], [2]).

2. Schrodinger operators: —A + V(x) on R”. If V{(x) is relatively compact
LP-spectral stability follows from the above discussion (see also [11]).
Recently this result was extended to fairly large classes of ““noncompact™ poten-
tials, including N-body V =_2 V(x; — x;) (9]), periodic ¥, and yet more general
P

classes l%" ([2D),which incorporate both.
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3. Degenerate-singular elliptic operators. One such class of operators was studi-
ed in [2] (see also [13]). It was modeled after Schrddinger-type operators: —y-py +
+ ¥, where metric p(x) is allowed to ‘“‘degenerate” and potential ¥ to “blow up”
to certain degrees on a ‘“‘small” closed subset ¥ = R”. The degeneracy and singula-
rity can be measured in terms of the distance function d(x) = dist(x; Z), as

p(x) = d(x)*; V(x) = d(x)~8.

The classical examples include “Legendre”, “Tricomi” and “Laguerre”
operators: 4 = d(1 — x%)d; A = 32 + x0; and 4 = 0xd + lz:—ai .

X

Among other results of [3] we established L7-stability of the discrete part of
spectra, c4(A4) = “isolated eigenvalues” . In particular, operators with purely discrete
spectrum (like the classicaljLaguerre) were shown to be’ spectrally stable in the whole
range of L?(l < p < o0).

The behavior of continuous spectra however remained open. In the present
note we shall demonstrate the phenomena of continuous spectral stability and insta-
bility for operators of the Laguerre-type: L = -- 8x%¢ + bx~# on {0, 00), o, f > 0
with proper “Dirichlet” boundary conditions at {0} and co.

Specifically we shall study two examples:

L= —0x* + bx~%; witha+pg=1ap>0,
M= —2x%C +bx~%; [>0.

The common feature of both is their relation to the Bessel’s equation. In both
cases the fundamental solution, resp. Green’s function, can be explicitly written in
terms of Bessel functions. However, spectral properties of L and A are quite
different. Namely,

THEOREM. (i) Operator L is LrP-stable, i.e. LP-spectrum == L*-spectrum ==
= [0, + co) forall 1 £ p < co.
(3) Operator M is unstable, its LP-spectrum coincides with the parabolic regiop

0, depending on p,

1 2
(HQ, = {u + iv:v? € 2C, (;z - ;—) + Cg} with constant C, = 2 (2 - 1—) .
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Notice that the family of confocal parabolae {Q,}p varies continuously from
the smallest Q, = [1/4; o0) = “L2-spectrum” to the largest @, = {2 < p} =
= “Ll-spectrum”.

Let us outline the proof.

We need to construct the Green’s function (resolvent kernel) G(x, &, A) of
operators L, M and to analyse its L”-operator norm.

The standard construction involves two linearly independent solutions of the
differential equation L[y] = Ay. Namely,

. I f=pou(§); x <&
2 G(x, &, A __._,_{
@ & ) w y1(x)y2(€)l x> &

where W = Wronskian of {y,; y,}, and functions y;, y, satisfy suitable boundary
conditions at {0} and {co} respectively.

In both cases, (L and M), solutions {y, ; y,} arc expressed in terms of Bessel
functions {J/.(2)} (see [15], Chapter 17). For the operator L these are

(L) y1 (x5 ) =—=—== Jﬂ( V’l _xl‘“); order s = L V(-l —al -b.
]/ 1 -« 1—at\2

Here we assumed (1/2 — o)? — b > 0, otherwise one takes imaginary values
of {x}, i.e. Bessel functions of the 2nd kind.
Similarly in the second case, M,

(M1) Y1a(x, 4) = T/LI J s (][/f x - ﬂ); order s = ;Vi — ;

The reader will notice spectral parameter A to appear in two different pla-
ccs; namely the srgument of J, in (L1) and its order s = s(4) in (411).

Next we use the well known asymptotics of Bessel functions at large and small
values of z ([15], Chapter 17).

o &L I
__E_.__..___)(/ )S <
(3) "S(Z)

VE/T;Z coSs (z — -F;- — Z) z>» 1.
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Hence it follows in the first case, L,

7 1
Cl.\'f'*lr’ b r=-i—q; x|l

2
@2 e~
. Iz S m
Cox—®2cos| - ~-xl=2p. 7 — |
(l — 2 4 ) >
while in the second case
LT
Cyx 2774 " small x
(M2 Jia ™~ .
~1y2 _i g = BT,
Cox-D. cos( ﬁ—x b3 T "4 ), arge X

To show that the Lr-spectrum of the operator L is {0, oo) for all 1 < p < oo,
we take JeC\R, and cali }:"):'/( I — ) = pu + iv. Next we'choose’two linear combina-
tions of )y , 5 of (L1), one of which exponentially decays at oo, i.e. ~x~*2exp[(— v +
+ ip)at—], and the other vanishes at x = 0. It is easy to see that the corresponding
Green's kernel is asymptotic

(.\'Lj)“;a=r+]/t‘3-—b: O0<x ¢é<1,
G(x, &; 1) ~ {x% exp(—vEL—%); x<l;é>1,
; x>l é< .

Herce G maps boundedly any L? space into itself. So any 2 € C\R, belongsin the
resolvent set of L, i.e. L7-spec L < [0, co). But L”-spectcum can only increase with
p = 2(or p < 2). So all Lr-spectra are equal to L2-spec = [0, o) (stability!).

In the second casc (operator M) we estimate G(x; &; 4) in four different

regions of (x, &)
1

[ B3
(x¢)y 2
b-1 .
x2ETH o x< 1>,
f-1

v, x> E<,

x< ;i<

(4) |G(x, &: 7). < Const

ETExmv ;x> E> 1,

where i and v denote (1/2) — Re|/(1/4) — 7; and (1/2) + Re [/ (1/4) = 7 respectively.
Writing / in polar coordinates /. == (1/4) + re', respectively u = (1/2) — V¥ isin 0i2};

v=(1/2)+ VIT isin 0/2;, we observe that operator (4) is L?-bounded iff

- | X
{3 pv>1 or v= 17 + Vrsin 0/2 > L < A= ) + e e,
p

&
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Indeed, condition (5) is necessary for all functions {f(x) = Ry(x, &)}, to belong
to L’(R, dx), equivalently R,[ f] € L? for all fin Cy(R). Hence follows the inclusion:
Q, ¢ “Lr-spectrum” .

. It remains to show that for each / notin Q, the integral kernel G, is L”-bound-
ed. The latter reduces via (4) to LP-estimates of the Hardy integral

) 16 = SK(x, OB

with the kernel K(x, £) = x "¢~ homogeneous of degree —1. Hardy integral (6)

oo

is well known to be L?, provided S K(1, &¢-1rdE < oo (see [12]), which in our

1
case amounts to v + 1/p > 1. The latter holds by (5) for all p < 2.

Thus we establish the equality of L’-spectrum to Q, for each | £ p < 2 and
by duality also for 2 < p < oo. Q.E.D.

Rimark 1. The above examples suggest that spectral stability or instability
for the “Laguerre-type’ operators L = —0x%0 + bx~# depends on the exponent
o + f§ = “degree of degeneracy” + “degree of singularity”, which appeared in a
different context in our earlier work [3].

We established stability of L for o + f = 2 and instability for o« = 2 and
fi > 0iec a+ > 2 Itis natural to ask what happens with other pairs («, f).
The answer is not known. It is tempting to conjecture that « + f# > 2 are instable,
whereas a« + f§ < 2 stable. However, looking at somewhat more general classes
L = —{Jpd + V with “local singularities” of the type p(x) = |x|*; V(xX)x|x ~# (cf.
[3]) one finds a counterexample given by the well known Legendre operator Q =
= —d(x? — 1)0 on the half-line {1, o0).

Indeed the method of our Theorem (case M) applies to show that Q is unstable,
its LP-spectra “‘blowing up’ the same way as for M. The role of Bessel functions
»J--J_\,(c.\““) will be now played by the Legendre functions of the Ist and 2nd kind.

X

This result also follows from the recent work [1], where the L7-instability pheno-
menon was demonstrated in the more general context of Laplace operators on hyper-
bolic spaces H, and on fundamental regions H,/I' (modulo Kleinian subgroup).
Let us notice that the Legendre operator M represents the radial part of the Laplace
operator —A on H,.

ReMARK 2. The simplest case of continuous instability was observed earlier [6}
for the operator L = 0x%0 on L(R+ ; dx), i.e. = 0 in our notation. Indeed, change
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of the variable, 1 — x = ¢, and conjugation with e“?, transform L into a constant
coefficient operator L = &% + (1 —2/p)No, + (p~* — p~?) on L¥R). The LP-spectrum
of the latter is easily seen to coincide with the parabola I', = {x = y?/(1—(2/p))* +
+ (- 1)/2}, depending on p. In our cate, however, the deviation frcm stability is
more drastic, with L?-spectrum filling in the whole raratolic regicn €.

The above examples and the results of [1] suggest that unlike the regular elliptic

case (e.g. Schrddinger) continuous instability prevails for degenerate-singular elliptic
operators.
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