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ON CERTAIN AUTOMORPHISMS OF REDUCED
CROSSED PRODUCTS WITH DISCRETE GROUPS

MARIUS DADARLAT and CORNEL PASNICU

For a unital C*-algebra 4 and a discrete group G acting on A by automor-
phisms, we let Aut,(4 » G) denote the topological group of all automorphisms

f of the reduced crossed product 4 X G, such that f(4) = A.

The analogue group in the framework of the von Neumann algebras was
studied by I. M. Singer [13], H. Behncke [1] and G. Zeller-Meyer [17]. Inspired
by their work we give a description of Aut,(4 > G), under certain assumptions

on the dynamical system (4, G, «) (see Theorems 2.6. and 2.8.). This is done in the
tirst part of the paper.
In the second part, we analyse the topological group Aut,(4 > G) from the
a,r

homotopy point of view, in the case when A4 = C(K), where K is a compact connect-
ed topological group and G is a dense subgroup of K acting on K by left transla-
tions. Using some facts of cohomology of groups we compute the homotopy groups
of Autex(C(K) » G) in terms of the homotopy groups of K, Auty(K) = {¢ € Aut(K):

10(G) = G} and soms manazzable algsbraic objzcts built from G and K (see
Theorem 3.11). The computations are more precise when the abelianized of G is
either free or a torsion group. These situations include the cases of the irrational
rotation algebras and of the Bunce-Deddens algebras (see 3.14).

Automorphisms of the above type have beca recently considered by O. Brat-
teli, G. A. Elliott, D. E. Evans, A. Kishimoto [2], B. Brenken [3] and A. Kum-
jian [7].

§1

Throughout this paper G will be a group with neutral element e, endowed
with the discrete topology. We stress here that the induced topologies on G coming
from the embedings (in the algebraic sense) of G in some topological groups will
be never considered.
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If X is a group, then K* will denote the opposite group.

Recall that for a compact connected commutative topological group. its
Pontrjagin dual is torsion free ([6]).

If K is a locally compact group, there is a natural structure of topologiczl
group on Aut(K) := the group of all continuous automorphisms of K (seec [6],
§ 26). If G is a subgroup of K, we let Autg(K) denote {¢ € Aut(K): a(G) = G}-
We endow Aut;(K) with the topology given by: o; — ¢ in Auty(K) iff o, — ¢ in
Aut(K) and (0;G) - (6'G) in Aut(G).

If L is a topological group we let L, denote the path connected component of
the identity. The homotopy groups of L arc denoted by x,(L), where the base point
is the identity of L.

For a unital C¥-algebra 4 we let U(A4) denote the unitary group of A and Z(.{)
the center of A. Aut(d4) := the group of all =-automorphisms of A is considered
with the topology of pointwise norm convergence. Given an action «: G - Aut{4),
ZY(, U(A)) is by definition the space of all maps m: G — U(A4) satisfying the
identity:

m(g-h) = m(g)- a,(m(h)); g heG.

We let ZY(G, U(A)) have the product topology induced from [[ U(4). We denote

L5EG
by k(G A) the set of all the maps from G to A having finite support.

§2
Under certain assumptions we shall give a description of the topologica!
group Aut (4> G).
a,r

Consider an injective =-representation n: A — B(H). We shall identify 4 with
its image by 7 and A % G with the norm closure of (n X U)(¢NG, A)) in B(£2(G. 13),

o,r
where:

G@O(E) = n(e,(@)E(R)

(UéXg) = &(h™g)

forany a€ A, z, h € G and ¢ € £XG, H) (see [8], Theorem 7.7.5).
We shall need the following:

2.1. LEMMA. There is a unique linear, injective and contractive map x = (x,), e
Jrom A3:G to £2(G, A) which extends the natural inclusion (NG, A) — (>(G, A). Far
o,7
any x, y € ANG we have:
x,Tr
(), = a,(x1) and (x D) = 3] X 040y )
heG
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(strong convergence in B(H)). Moreover, the map E : A>3 G — A, given by E(x):=x,*

is a faithful conditional expectation and for any x € A G and g € G, x, = E(xUy).
o,r

Proof. See ([17], Theorem 4.12).

2.2. DeFmNiTION. We say that G acts properly outer on A, if each 2., g#e,
has the property: if @ € A and ax,(x) = xa for all x in 4, then a = 0.

2.3. REMARK. a) Let GXX — X, (g, X) = g+ x, be a continuous action of
G on the compact space X. The corresponding action G -» Aut(C(X)) is properly
outer iff for each g # e, {x € X : g - x = x} has no interior points.

b) Let L be a discrete ICC-group and G — Aut(L) an action of G on L by
outer automorphisms. Then the induced action 2« : G — AUt(Cid(L)) 18 properly
outer and Z(Cra(L)) =~ C (see [16], 22.12).

2.4. LEMMA. Supposé that G acts properly outer on A or on Z(A) and that
the spectrum of Z(A) is connected. Consider v € U(AXG) such that tAv™ = A.
a,r

Then, there are a € U(A) and h € G, unique with the property that v = aU,.

Proof. Let (v,)gec the map associated with v, by Lemma 2.1. Fix a € 4. Then
b= vav* €4 and vx = bv. Hence, for any g € G:v,a.(a) = bv, < v2,(a) =
== vaUty, < v*00(a) = avtu, <> 2, (@ )Wio = tjrad® < o (@) iy, = i)
for any /i € G. Hence:

) cviy, = vzfv,,o:hg—l(c), ce€A, g hed.

Since v¥4v = A, by (1) and Lemma 2.1 it follows that:

(2) v,Uy € Z(4), g€dq.

From (1) and (2), we deduce:

(), ceZ(A), g, hed.

ko, gtk Lk e
(3) COLUFURY) = U UF UL,

By the hypothesis, (1) and (3), it follows that:

(4) vuivey =0, g # heG.

But:

(5 Y, v,v5 =1 (strong convergence in B(H))
#€G

since vo® = 1 (see Lemma 2.1). Using (4) we deduce that each v, v is a projection
in Z(A) and hence it must be trivial; but by (5), only one is nonzero, say t,tf (=1),
which implies v = v,U;, (see Lemma 2.1).
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2.5. Assume the hypothesis of Lemma 2.4, Let B := A> G and considet

f € Aut(B). We shall describe all such automorphisms.
By Lemma 2.4, there are b, € U(4) and a map ¢ : G — G such that (U,) =
=b,-U gegG.

a(g)r &
We shail need the following:

LeMMA. ¢ € Aut{G).

Proof. Let N(A) = {v € U(B): vAr* = A}. Tt is clear that U(4) is a normal
subgroup of N(A). Lemma 2.4 says that N(4)/U(A) is canonically isomorphic to G.
Consequently any ff € Aut(B) induces an automorphism ¢ of G. Further we
have

ag = a, aa), for g.heG

where, by definition, a, = 4 _- (o € UA).
Notice that for any g € G and a € A4:

B (@) = BUIB@BUY* = a4)Us(o)B@Use)ate) =
= ad aa’(::)(“a(g)(ﬁ(a)‘)'
Hence we can define a map:
&: Aut (B) - ¥ < ZNG, U(4)) x Aut(4) x Aut(G)
where % 1= {((¢,), p, 0) 1 p=2, = adCyegy* Ay © P> & € G} by:
®(B) :== ((ap), B .A. o).

We have the following:
2.6. THEOREM. @ is ¢ homeoinorphisin.

Proof. By the above computations it is clear that @ is well defined and injec-
tive (B = C¥A4 y Ug) < B(/*G, H))). To prove the surjectivity of &, take ((¢,),
o, o) 4. Define

B: 4G, A) - B(£XG, H)), by P(x)ecq) i = ZGP(-\‘g) " Cotey Ustay -
ge

Since

XI :1p('\‘g)crr()g)l’rﬁ(g)j: < A'}':G !'p(xq).: ) E!Ca(g)Uc(g)li =

= Z L'\‘g:: = E:(Xg)gEG!.l < +OO,
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it follows that B(¢Y(G, 4)) = B. We have C*(B(/(G, A4))) = B. By ([17], Pro-
position 2.7), B is a unital representation of £YG, A). Since E: B = A (= p(A4)),
E(b) = b,, is lincar, positive and faithful, and since E°fk(G, 4) = B-E k(G, A),
we can apply ([17], Theorem 4.22, equivalence (i) < (iii), with 0 = E) to deduce
that finduces an injective #-homomorphism f:B — B. Hence f € Aut(B) and
2(p) = (¢, p» o).

@~ is obviously continuous and for the continuity of &, observe that

, 1, o(g) = 0'(g)
nﬂmuwwrm={
E 0, a(g) # a'(g)
where f# (resp. ') belongs to Aut,(B) and o (resp. 6”) is the associated automor-
phism of G.

2.7. REMARKS. a) Assume the hypothesis of the above theorem. If E: B — A4
is the conditional expzctation from Lemma 2.1, and if 8 € Aut(B), then:

BeAuty(B)« v E=E-f.

b) Assume that G acts properly outer on A4 and that Z(A4) has connected spec-
trum. The above theorem easily implics that the topological group of the auto-
morphisms of 4X G which leave A4 pointwise fixed is isomorphic to ZY(G, UZ(A)).

o,r

2.8. We havc found a more precise description of the topological group
Aut,(B) in the case when 4 = C(K), where K is a compact connected topological
group and G is a dense subgroup of K acting on K by translations (the induced
action on C(K) is given by o (a) = a(g~*-)).

In fact, this example is “generic” (at least) for the case when 4 = C(X), with X
compact metrizable and G countable and commutative, acting freely and minimally
on X, such that the action is equicontinuous relative to some metric d (i.e. (V)¢ > 0,
()6 = o(e) > 0 such that d(x, y) < o= d(g-x, g 1) <e, g €G).

For f8 € Autgi)(C(K) % G), Theorem 2.6 gives that f(U,) = a,;)Usey § € G,

where ¢ € Aut(G) and (3) ¢ € Hom=0(K) such that Bla) = a- ¢, aec C(K).

The relation fioa, = ad .oty flA, g € G, is equivalent with the condition:

a(@)ek) = p(gk), (VMgeG, (VMkekK

which exactly says that ¢ extends to a map (also denoted by o) belonging to Auty(K)

and ¢(-) = o(-)op(e).
Define the homomorphism of groups J: K° X Auty(K) —» Aut{Z'(G, U(A)))
I

by J(k, o)(a,), = (aa_1<g)oo—”1(-k'1))g where the homomorphism I: Autg(K) —»
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~» Aut(K?) is the inclusion map. If ¥: Autcx)(C(K) ¥ G) = ZYG, UC(K)) < (K.
o,r J 1
0 Autg(K)) is given by ¥(f) := ((a,), ¢(e), 6), we obtain the following:
; ;
THEOREM: ¥ is an isomorphism of topological groups.

2. ReMARK. Note that since in the above case, 4 is masa in B (see {17], Pro-
position 4.14), we have Autcw)(C(K) < G) = {f e Aut(C(K) % G): J(C(K)) <
2,r a,r

< C(K)}.

§3
In this section we shall analyse Autcw)(C(K) < G) from the homotopy point

of view. The hypothesis is the same as in 2.8, namely G is a dense subgroup of K
(= compact connected topological group) acting on K by left translations. As a
consequence of Theorem 2.8 we have:

m(Auteg)(CKYN G)) == T ZNG, UCA)) > (7, (K)> 7, (Autg(K))).

The semidirect product structure of m,(Autc,)(C(K)X G)) comes from 2.§.
x,r

[Ffor # > 1, this coincides with the ordinary direct product (see [14], Chapter 1.
%6, Cerollary 10).

The analysis of ZYG, UC(K)) requires some clements of cohomology of
croups. We shall recall some definitions and standard notations.

Let M be an abelian group (written additively). We say that M is a G-module
i’ we are given a homomorphism G — Aut{(#f). We let *x denote the image of x & M
under the automeorphism given by g € G. If M and NV are G-modules, a map f: M- N
15 called a G-homomorphism if it is a group homomorphism which preserves the
action of G or equivalently, if it is a homomorphism of G-modules. For a G-module
M, we denote by MC the submodule consisting of the elements fixed by G.

Cohomology groups (of low dimension) are easily described using standard
n-cocycles Z"(G, M) and standard n-coboundaries B"(G, M), for we have
HNG, M) == Z"(G, M)/BXG, M)

n=0: ZNG, M) = MY, BYG, M) =0.

n = 1: ZNG, M) consists of all the maps g — m, from G to M satisfying
= m, + “my; BYG, M) consists of the maps g — m, in ZYG, M) of the form
m, == %x — x for some xe€ A1

n= 2:Z*G, M) consists of all the maps (g, 1) = m,, from Gx G to M
satisfying

B — Moy T+ Mg gy = 111,y = 0;
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B}G, M) consists of all the maps in Z*(G, M) having the form
(ng,h = gth—“tgh + rg

for some map g — ¢, from G to M.
Note that if G acts trivially on M then HYG, M) = ZXG, M) = Hom(G, M).
For every exact sequence of G-modules:

0o MNP0

there is a connecting homomorphism §: ZXG, P) — H*G, M) such that the se-
quence: '

i q < -2‘: .
0 = ZX(G, M) Z\(G, N) —> Z(G, P)—> H¥G, M)—~> H(G, N)

is exact. Moreover the connecting homomorphism depends functorialy on the given
exact sequence. Let us briefly recall the definition of J. Let g — p, be an 1-cocycle
in ZX(G, P). Since q is onto there is a map g — n, from G to N such that g(n,)=p,
for all g in G. As g — p, is an l-cocycle we must have g(n, + %n, — n,,) = 0 and
so for any g, /1 € G there is a unique 1, , € M such that

Jmg ) = n, +fny — .

It is casy to check that the map (g, /1) — m, ;, defines a 2-cocycle and moreover its
class of cohomology [(m, ;)] in H*(G, M) depends only on the given 1l-cocycle
g = pg- By definition 6((p,)) = [(m, )]

Let [G, G] be the commutator subgroup of G and let Gap = G/[G, G] the abe-
lianized of G. Let

0-[G,G] > G —>5GCGuw— 0

be the corresponding exact sequence. It is clcar that for any abelian group M the
quotient map ¢ induces an isomorphism of groups Hom(G,,, M) -» Hom(G, M).
If ¢ € G we shall write many times g instead of y(g).

We shall regard the exponential sequence

05 Z>RST -0 (exp(x):=c™)

as an exact sequence of G-modules (with trivial G-actions). Therefore we have an
exact sequence

0> ZYG, Z) » ZXG, R) —» ZXG, T) —ﬁ—> HYG, Z) » H¥G, R).
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We want to find the image of J,. This is an easy question, however we record the
answer in a lemma for later use.

3.1. LeMMA. The image of the connecting homomorphism o, in the above
sequence is naturally isomorphic to Ext}(Gu , Z).

Proof. The exponential sequence may be seen as an injective presentation of
Z, hence there is an exact sequence

0 —» Hom(Gap, Z) —» Hom(Gy , R) = Hom(Gup, T) — Ext} (Ga,, Z) - 0.

On the other hand we have the obvious identifications:

exp,
Z4G, Z)—> ZYG,R)—> Z¥G, T)
! ! !
Hom(Gap, Z) » Hom(Ga,, R) = Hom(G,p, T)

whence image 6, = coker(exp.) =~ Ext,(Ga, Z). 4
Let A2Gy, denote the second exterior power of Gyp.

3.2. LEMMA. There is a natural isomorpiiisin
u:H¥ Gy, T) » Hom(A%Gys, T)

which takes the class of 'the 2-cocycle ('m}; ,) 10 the homomorphism & A h — m; i~
59 »

— ]71. .
8"

Proof. Let M be an abelian group considered as G-module with trivial G
action. By ([4), Chapter V, § 6, Exercise 5) there i1s an exact sequence

0 — Exty(Gu, M) » H¥(Gup, 3) —> Hom(AGa, , M) - O.
The statement of the lemma is obtained by taking A4 to be the divisible group T.
4
If L is a normal subgroup of G thz cohomboiogy groups of G, L and G/L are

connected by the exact scqguence of Hochschild-Serre. We need the foliowing case:
¢S o

"

l/::: .. T * )
0 - HNGIL, M) —> IIXG, M) -~s HYL, 351 —5 EFNG/L, M) 25 H(G, M}
{sce [12], p. 118). The maps #¥, #* are the inflation homomorphisms, p is the res-
triction homomorphism and v is the transgression homomorphism. For a very
concrcte definition of 7 see ({15], p. 215). The acticn of G/L on HY(L, 3) isinduced



AUTOMORPHISMS OF REDUCED CROSSED PRODUCTS 187

by the following action of G on ZY(L, M):
(g-m) = émg-1,,, for every I-cocycle m = (my), in Z'(L, M).

Let us consider the above exact sequence in the case L = [G, G] and M = T with
trivial G-actions.
It is clear that #% : Hom(Gap, T) » Hom(G, T) is an isomorphism hence we

get the exact sequence
*
0 - Hom((G, G}, T —> H*Gay, T) > HX(G, T).

We are interested to describe the image of the transgression homomorphism 7.
This can be better done via the isomorphism exhibited in Lemma 3.2.
3.3. LeMMA. Let ¢ € Hom([G, G], T)° and let ¢ € Hom(A%Ga, T) be the

image of ¢ under the homomorphism pt. Then @ is given by the following formula

(& A h) = o(ghg=h~Y) for all g, h €G.
Proof. Using the fact that ¢(g—Yg) = ¢(t) for all g € G, t €[G, G], it is easily
seen that the formula
©'(& A h) = p(ghg=*h™
gives a well defined homomorphism ¢’ € Hom(A2G,, T). Choose a map s: Gy, = G

such that 8(7;) = u for each u € G, and s(1) = 1. The description of the transgres-
sion homomorphism given in ([15], p. 215) can be used to sez that (¢p) € HX(G,p, T)
is given by the 2-cocycle Au, = @(s(uv)~1s(u)s(v)). Consequently

P A V) = pt(@)u A V) = Aup — Joe = @(s(u) (s (0)s(w) s (v) ~Ls(ve)) =
= @{s)s(v)s@)~s(v)"Y) = @' (u A v), for all u, v € Gyp.

3.4. Let U,C(K) denote the connected component of identity of the group
UC(K). Each clement in U,C(K) has the form exp(2nia) for some a € C(K, R).
Let us denote by exp the map a — exp(2rmia). Since K is connected, the kernel
of exp is isomorphic to Z. If we let G act trivially on Z and by left translations on
C(K, R) and U,C(K) we get an exact sequence of G-modules:

0 — Z - C(K, R) =5 U,C(K) ~ O.

Using the Haar integral we can relate this scquence to the exponential sequence as
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described in the following diagram of G-modules:

0—>7Z - R T—0
fi { &
0—Z—CK R)— U,C(X)—0
U I

0—Z-— R — T-—0

Here i and /' are the natural inclusions, p(a) = S a(x)dx for ae C(K, R) and p'(exp(u)) =
*
== exp(p{a)). Note that pi = idg and p’'i’ = idy.

We denote by K « UC(K) the (abelian) topological group of all continuous
homomorphisms K — T. Recall that K is discrete since K is assumed to be compact
(when K is abelian, K is exactly the Pontrjagin dual of K). It is a result of Scheffer
[11] that each continuous map K - T is homotopic to a unique homomorphism in K,

The arguments given in [11] prove that one has the following:

3.5. PROPOSITION. Let K be a compact connected topological group. There is a
split exact sequence of groups

0 - UyC(K) <> UC(K) == K - 0
where g(aj(x) = p'(a()a(x~1-)*) for a € UC(K) and x € K.

The section s is given by the natural inclusion K < UC(K). If we let G act tri-
vially on K and by left translations on U,C(X) and UC(K) then the above sequence
is an exact sequence of G-modules. Note however that the section s is not G-lincar.

The exact sequence in 3.5 induces an exact sequence of groups

0 - ZY(G, U,C(X)) i—) ZY{G, UC(K)) -q% ZXG,K) —S-> H¥(G, UyC(K)).

If M is a topological group together with a G-action G —» Aut(M) of the discrete
group G we let ZY{(G, M) have the product topology induces from Jf M.

geCG

Let 'y := imageq., = kerd < ZXG, K) = Hom(G, K) = Hom(Gy, K).

3.6. LEMMA. There is an exact sequence of groups

Jy q,
0 » ZY(G, U,C(K)) — ZXG, UC(K)) —> T'k,c = 0

with I'k ¢ totally disconnected.
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Proof. The continuity of g, follows from Proposition 3.5. I'y ¢ is totally dis-
connécted since K is discrete.

A more precise description of I'y  is provided by the following:
3.7. PROPGSITICN. Let y : g — 7y, be a homomorphism from G to K. Theny € I'ie

if and only if there is ¢ € Hom([G, G, T) satisfying ¢(g=tg) = () for all g € G,
t €[G, Gl, such that:

v(h) — vi(8) = @(h~'ghg™Y)  for all g, h €G.
In particular, if G is abelian then:
I'y,c = {y € Hom(G, K) : y,(h) = ,(8)}.

Proof. For y € Z\(G, K) = Hom(G, K) let us compute 6y € H¥G, U,C(K)). If
we regard y as a map G —» UC(K) (via the section s in 3.5) then g(y,) = y, and so

e = 75(1) + vg™1) = ya() = valg™.

This computation also shows that the 2-cocycle (g, 1) — y,(g~2) takes values in
T < U,C(K). Consequently the connecting homomorphism & factors through the
natural map HX(G, T) » H¥G, U,C(K)). Moreover, since K is abelian we have
Hom(G, K) = Hom(Gub, K) and so & can be factorized as in the following (com-
mutative) diagram:

Hom(G, R) - H¥G, U,C(K))
N
H*(Gyp, T) —> HX(G, T).

Here iy is induced by the natural embeding i': T - U,C(K), ¥* is induced by the
quotient map ¥: G —» G, and (5’);)&,-,‘ = y,(g~Y). As a consequence of 3.4 pli;. =
= id G, T) hence /g is injective. In this way we find that kerd consists of those ele-
ments 7 in Hom(G, K) for which 6’y € kery* or equivalently ud’y € image(ut) (see
Lemma 3.2 and the discussion before Lemma 3.3).

Finally, using Lemma 3.3, we deduce that ye I'y ¢ = kerd iff y,(g"1) —
—7,~(h) = o(ghg=th~?) for some ¢ € Hom([G, G}, T)°. %,

Having Lemma 3.6 and Proposition 3.7 we shall concentrate ourself
on ZYG, U,C(K)).

3.8. PROPOSITION. There is an exact sequence of groups

exp §
0 —» Hom(G, Z) » ZXG, C(K, R)) —> ZX(G, UyC(K)) —> ExtL(Gu, Z) — O.
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Proof. The commutative diagram from 3.4 induces the following commuta-
tive diagram:

§
0 —> ZYG, Z) —> ZXG, R) ——— ZNG, T)——» H*G, Z)

| i il !
b I |
s
0 — ZNG, Z) —> ZMG, C(K, R)) — ZYG, U,C(K)) LN H¥G, Z)
| b b |

)
0 —> ZY(G, Z) —> ZYG, R) . ZYG,T) — ", H*G, Z).

Since pii = id it follows that imaged, = imaged,. By Lemma 3.1 imaged, ~
= Exty(Guw, Z).

3.9. LeMMA. 1) &, is constant on the path components of ZNG, U,C(K)).

exp
ity Hom(G, Z) - ZYG, C(K, R)) —> ZXG, U,C(K)) is a (Hurewicz) fibra-
tion.

Proof. 1) Let [0,1]3 t — a(t) = (a,(1)), € ZXG, U,C(K)) be a continucus
path. Since the sequence

Z - C(X, R) » U,C(K)

is a covering space, for cach g & G we can lift the path t — a,(t) € U,C(K) to a con-
tinuous path ¢t — f,(t) € C(K, R) such that expf,(t) = a,(t). For each t we have

(90a()g = fot) + D) -~ folt) € Z.

Since the above expression depends continuously on r, we must have J,a(0) =
= dga(l).

il) Let X be a topological space and let F: X x[0, 1] - ZXG, U,C(K)). /- X
20 {0} - ZY(G, C(K, R)) be continuous maps satisfying exp..f(x, 0) = F(x, 0) for
all x in X. Our aim is to produce a continuous map H : X xX[0,1] - Z¥G, C(K. R))

which extends f and lifts F. Now since the sequence Z —» C(K, R) = U,C(K)is
a covering space, for each g € G there is a continuous map H, : X X{0,1] - C(A. R)
which extends f, and lifts F,. Let us check that for each x, 7, the map g — H(x, 1)
belongs to ZYG, C(K, R)). Define o, 4(x, 1) = Hg(x, 1) + SHi(x, 1) — Hy(x. ).
It is clear that 2, ,(x, 1) € Z since exp H,(x, t) = Fy(x, ). Also, ,{(x, 0)::0
since I(x, 0) = f(x, 0). As a,,(x, t) depends continuously on ¢ we must huve
2, 4(x, 7) = 0 for all x, t. The map (x, 1) = (Hy(x,1)),eq is a solution of the giren
lifting problem with initial data.
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3.10. PROPOSITION.
Ext,(Gw, Z) forn=0

1 (ZN(G, UyC(K)) = {Hom(Gyp, Z) forn = 1

0 for n>2.
Proof. Let Z§ be the path component of 1 in ZY(G, U,(C(K)). Since the group
ZXG, C(K, R)) is contractible at the zero cocycle (use the obvious homotopy

H((a,),,1) = (ta,),) it follows that in the sequence 3.8 one has kerd, = image

(expy) = Z§. On the other hand, by Lemma 3.9(), Z} < kerd,. Thus Z} = image
(exp;) and 7,(ZY(G, UyC(K))) = ZXG, UyC(K))[Zy ~ Extl(Gw, Z). As a conse-
quence of Lemma 3.9(ii) the sequence

. exp,
0 » Hom(G, Z) » ZXG, C(K. R)) —> Z3 - 0

defines a fibration and we have seen that its total space is contractible and the fibre
is totally disconnected. The homotopy sequence of the fibration gives us

Hom(G, Z) for n =1
0 for n > 2.

N

rZD) = {

The results of this section can be collected in the following:

3.11. THEOREM. Let K be a compact connected topological group and let G be a
dense subgroup of K acting on K by left translations. Then:

1,(ZYG, UC(K)) » (ne(K) X mo(Auty(K))) for n=0.
n(Autean(C(K) > G)) = YHom(G, Z) X m(K) X ny(Autg(K)) for n = 1

a,r

T (K)X m(Autg(K)) for n > 2.

7 (ZNG, UC(K))) fits into the following exact sequence :

. f 9
0 = Extl(Gup, Z) 25 1o(ZHG, UC(K))) > T g — 0

where [y ¢ is described by Proposition 3.7.
Proof. The theorem follows from Lemma 3.6 and Proposition 3.10.

3.12. Remark. If G is abelian or countable, then Autg(K) is totally pathwise-
-disconnected, hence

Autg(K) for n =0
0 forn> 1.

r(Auto(K)) = {
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There are explicitely formulae for the maps 7, and g, from above: if [y] €
€ Ext}(Gub, Z) is represented by y € Hom(G, T) then i,{y] is the component of the
l-cocycle g — x(g); if a = (a,), € ZY(G, UC(K)) then g.[a] is the homomorphism
y € Hom(G, K) given by y,(x) = p'(a,(-)a,(x~1-)*) (see 3.5).

3.13. CorOLLARY. Under the Lypothesis of the above theorem we have:
a) if Gy is free, then:

To(Autcry(C(K) X G)) = Ty ¢ X (m(K) X my(Autg(K))),
b) if Gy is a torsion group, then

7o (At (C(K) X G)) = Hom(G, T) 4t (my(K) X mp(Autg(K))).

3.14. RemARK. For the case of the Bunce-Deddens algebras, iic. K=T

and G is an infinite torsion subgroup of T, the above corollary gives:

Hom(G, T)XZs for n=0
n,(Auten(C(T) X G)) = y/ forn=1
0 for n > 2.

where Z, acts on Hom(G, T) by conjugation.
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