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ON INVARIJANT OPERATOR RANGES OF
ABELJAN STRICTLY CYCLIC ALGEBRAS

D. BENJAMIN MATHES

1. INTRODUCTION

If o7 is a norm closed unital algebra of operators on a Hilbert space H and
T € B(H) satisfies ATH = TH for all 4 €.oZ, then T induces a bounded homo-
morphism @;: ./ — B(H) defined by ®,(4) = T4*4T, where T, is the restric-
tion of T to (ker T)* (see [3]). It is proved in [8] that if T"and S have the same range
hen & is completely bounded if and only if @y is completely boundzd. Tt is also
proved that the set of invariant ranges that induce completely bounded homo-
morphisms is a sublattice of the lattice of all invariant ranges under the operations
of linear span and intersection, and we denote this sublattice by Latspe?.

In this paper we obtain a characterization of Latpe/ when & is a particular
type of abelian strictly cyclic algebra. In particular, if &7 is the commutant of a
strictly cyclic weighted shift with a monotonically decreasing weight sequence, then
Latws/ is characterized.

2. ABELIAN STRICTLY CYCLIC ALGEBRAS AND
WEAK HILBERT-SCHMIDT MAPS

An abelian strictly cyclic algebra (ASCA) of operators on a Hilbart space H
is an abelian subalgebra o/ of B(H) such that there exists a strictly cyclic vector
x, € H for o, that is, a vector such that

A%y = {Ax,| A € &} = H.

The study of such algebras was initiated in [6] by Lambzrt, and many of his results
appear in Shield’s survey article [12] (also see [7]). In particular,if &/ is an ASCA
with strictly cyclic vector x,, then s is maximal abelian and the map ¥: .« ~H defin-
ed by ¥(A) = Ax, is a Banach space isomorphism of ./ onto H. We may usz this
bijection to carry the multiplication in & over to H; given x, y € H, dzfine ¢(x,y) =



294 D: BENJAMIN MATHES

= PP () = Y Ux)P ~4(y)x,. Thus ¢ is an abelian multiplication with
identity on H. If M, is defined by M, (y) = ¢{x, ), then we may write <7 = IM x¢
e H}. Conversely, if we are given a ¢ that is an abelian continuous multlphcatlon
with identity on H, then {Af, : x € H} is an ASCA. We will write &7 ~ (H, ¢) to
indicate this relationship between H, ¢, and 7. When viewed in this manner, the
invertible elements of H are the strictly cyclic vectors of the algebra o7, and the
ideals in H are the invariant linear manifolds. The ranges of opzrators in &7 (=7")
are the principle ideals, and the invariant operator ranges for o7 arc the “para-closed”
ideals (using the terminology of [3]).

If H, K, and M are Hilbert spaces, and ¢: H x K— M is a bounded
bilinear form, then ¢ is called a weak Hilbert-Schmidt map if there exist an
operator Te BH®K VI) such that ¢(x, y) =T(x®y) foralx e Hand y € K (sce
[4]). If {e; i = 0,1, ...} is an orthonormal basis of K and {f;!i = 0,1, ...} is an
orthonormal basis of K. thea a bounded bilinear form ¢ is a weak Hxlbert—Schmldt
map if and only if

Z Z l(‘p(ez, ﬁ)s ll) <o,

=:0 =0

for all ¥ € M. When this is the case, define
@ .us = Sup VS ote:, ), F,
Lugl 73

thus with T as above, Foigs = i{Til. This definition is independent of the choice
of basis.

1. Lesmya. Suppose () is a lower triangular matrix of complex numbers
such: that

i
NP
If H is a separable Hilbert space with orthonorimal basis {eo, €, €5,05,€;, .. .}, then
0@, h) = ¥, (L (a, ;b e,~-,->a.~,-)ez-
§t}
defines a wealc Hilbert-Schmidr mapping of HxH into H with {|@lius = M.

Proof. Note that ofe,, €,) = %, 4,2,+5; thus

o . 0 o . |
3 % Kot €, WE =Y Y ey, Wit =

r==0 50 re=0 §5:=0

ozo; Zl e, )22 < M g (e, u)R.
i<:0

i::0 jo:0

It follows that [@jjus < M2
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On the other hand

0 k
<(P(er’ es)’ el = log 2 so IQDHHS = MR,
rgo sgo l ¢ l Jgo “

Let {w,-} be a monotonically decreasing sequence in (0, o), define f, =1
when #n =0, and B, = wewy ... w,_, otherwise, and for i < k, define f(k, i) =
= fi,/Bu-:B;. For convenience (and with no loss of generality) we assume w, = 1.
A weighted unilateral shift 4 with weight sequence {w;} has a strictly cyclic commu-
tant if and only if

sup kz Pk, i) < o (see [5] or [12]).
k iZo

‘When this is the case, a bounded bilinear form such that {4} ~ (H, ¢) may
be written as

q)(x’ y) = § ( i {x, ej><y’ ei—j)ﬂ(is j))ei’
0

=0 \j=

where {e; { i=0,1, .. } is the orthonormal basis relative to which the weighted
shift 4 is defined (thus Ade; = we;.,). It follows easily that M. is the identity oper-

ator (¢, is the multiplicative identity) and A4 = M. . It follows from Lemma 1

that ¢ is a weak Hilbert-Schmidt map.
We now return to the situation of an arbitrary abelian strictly cyclic algebra 7.
Let @: o/ — B(H™)) be the infinite inflation map, $(4) = A, and define

My = {T € BH™, H)!| AT = Td(4) for all 4 € «}.

Every operator T € B(H), H) may be viewed as a row operator matrix T = (B,,
B,, B,,...) with B, € B(H) (i = 0,1, ...). Since o is maximal abelian, it is clear
that T € M, if and only if T € B(H), H) and B; € & for all i. It follows that given
T eM,, there exists a sequence {xi} in H such that T = (M"n s Mx1 s sz, ...). The

following lemma identifies sequences {xi} in H that induce operators (M"o’ M,
M, ,...) in B(H®), H).

2. LemMA. Assume s£ ~ (H, @) and {e;|i =0, 1, ...} is an orthonormal basis
of H. Then ¢ is a weak Hilbert-Schmidt map if and only if

(Meo ’ Mels Mee s - ) € B(H(OO)’ H)'
When this is the case we have

Mo = {(Mpe,, Mpe,, Mpe,, ---) | D € BH)}.
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Proof. Let U: H* - H ® H be the operator defined by
U(@x;) = in ® e,

thus U is unitary. Assume ¢ is a weak Hilbert-Schmidt map and suppose Y € B(H &
®H, H) with ¢(x, y) = Y(x ® ) for every x, y € H. Then

YU = (Me, M., Mo, --.).

and (Me, , Me , M., --.) € BHH®), H). The converse is a reversal of this argument,
and we have established the first assertion of the lemma.

Assume that ¢ is a weak Hiibert-Schmidt map and D € B(H). Define o7: Hx
XH - H by y(x, ¥) = (x, Dy). Then ¢ is a weak Hilbert-Schmidt map and we may
choose X € B(H ® H, H) such that X{x ® ») = ¥(x, ») = ¢(x, Dy). Thus

XU = (Mpe , Mpe, Mpe. . ---) & B(HE), H).
0 1 2

It follows that (Mm0 . Mppl, MDCQ, ...) €M, for all D € B(H).

Assume now that (M'xo, Mxl, M_.;g, ...} €Mg. There exists D € B(H) with
De; = x; if and only if for every v e H, Y {u, x;>’® < co. Suppose that u ¢ H;
to prove that ¥, <u, x;) 2 < oo, it suffices to show that for every complex sequence
{B:} in £2, Y. {x;, udf; converges. Since o/ contains the scalars, for each f3; there
exists ¥; € H such that

My = 0(yis 2) = (2, 39) = My(z) = fiz (for every z e H).

The operator norm of M 5, is equivalent to the Hilbert space norm of y; (see [12}),
thus @y; € H*™), and it follows that Y x;8;, = (Mo My, My, ... X(® y). Thus
Y, x;8,; is norm convergent in H. In particular, Y xif, ud =Y, (x;, upf; converges.

E«EQ.‘

3. THE MAIN THEOREM

Assume TH is an invariant range for the abelian strictly cyclic algebra &7,
with o ~ (H, ¢). Then for all x, y e H, ¢(x, T¥) € TH, and it makes sense to
define @7: HXH -» H by ¢(x, ») = T§(e(x, Ty)). It follows that

r(x, ¥) = TqMyp(x) = T M(Ty) = $5(M)().
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Notice also that
T35 Yo (x, TN = I Tg " (M Ty)|| = [|2r(MIN)]| <

< 1PNyl < Kllxhilyll

where K is a constant. It follows that ¢, is a bounded bilinear map.

3. THEOREM. Assume that ¢: BXxXH - H is a weak Hilbert-Schmidt map,
& ~ (H, @) is an abelian strictly cyclic algebra, and TH is an invariant operator
range for oZ. Then the following are equivalent.

(i) TH € Laty,/;

(i) @1 is a weak Hilbert-Schmidt map;

(i) TH = ran(Mre , Mre,, Mre,, )

(iv) There exists M € Lats#(® such that TH = PM, where P(@x,) = x,.
In particular, Latep.ef = {THI Te BH®), H); AT = TA® for all A € o/}.

Proof. (i) implies (ii). By Lemma 3, (M), M., Me,, ...)€B(H®), H). Thus,
M, M. M., .. )
0 0 0

Q= | e BEO).
0 0 o0 ..

Since we are assuming that @, is completely bounded, we have that the range of 7(=)
must be invariant under Q and (7¢))5 QT € B(H*) (see [8}). Define U: H®H —
— H(* on elementary tensors by U(x ® y)=@{x, e;>y; thus U extends to a unitary
operator. Let P be as in the statement of the theorem; P(®x;) = x,. It follows
that P(TC);1QT)U e B(H ® H, H), and

PTNFQTEU(x @ y) = T Y, (Kx, edM. (Ty)) =

= T5lo(x, Ty) = @(x, y),

s0 ¢y is a weak Hilbert-Schmidt map.
(it) implies (iii). We assert that the inclusion

TH < (MT009 MTel, MT(-Q, )H(oo)

always holds. As in the proof of Lemma 3, given any sequence {f;} in ¢2, there
exists a sequence {y;} in Hsuch that o(y;, x)=¢(x, y;) = f;x and @y, € H®. Thus,

(MTcoy MTcl: MTega Dy = Z MTc‘.(J'i) = Z o(Te;, y) =
= Z BiTe; = T(Z/}iei)!

and the assertion follows.
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To prove the reverse inclusion, choose X, Ye B(H ® H, H) such that
Y(x®p) = oi(x,p) = I5 X p(x, Ty)) and X(x®)) = ¢(x, Ty); it follows that
X = TY. Suppose U is defined as in Lemma 3; U(® x;) = Z x; ® e;. Then XU =
= TYU, and we assert that XU = (MT%’ Mre,, Mre, ...). Assume @x, € H*),
Then

Xv@x) =X x; ®e) = Y olx;, Te)) =

= 2 JWTE‘.(xi) = (MTGO: A{Tc‘ls 11{7‘925 M )(@ x;‘)-
We have established that (MT(,“, M‘rel, Mr,, ,.--)=TYU, hence
(Mre“, M 7o > Mre,, ... )JH®) « TH.

(iii) implies (iv). Since (MTEO,MTQX,MT%....) € B(H®), H), we have that
graph(Mre , Mre, Mre,s ---) = {(® x;, ZMTC’,(::Z.)): ®x; € H} is a closed sub-
space of H) @ H. Let U: H™ @ H - H®™) be the unitary operator defined by
U@ x;,) = &z, where 2z, =y, and z, = x,_; when n > 1. Deline
M == U(graph(Mre , Mre . Mre,. ---)), 50 M is a closed subspace of H©) and it
is clear that PM = ran(MI-g”, My»gl, M Te, ...)y=ran 7. It is easy to prove that
M e Lat 7,

(iv) implies (i). Assume that M eLat. /> and let O € B(H**™)) such that
OH(®) = M. Then APQ - PO® (A for cvery A €7, and POH ¢ Latae/
since the map 4 -» Pp(AC) is completely bounded.

The last assertion in the theorem foilows from Lemma 3 together with the

cquivalence of (i) and (iii). L

4. INVARIANT RANGES OIF A DONOGHUE ALGIBRA

If 4 is a weighted shift with a monotonically decreasing square sumniable
weight sequence, then we call 4 a Donoghue operator, and we call {4} a Dorogiue
algebra. Tt is well known that if .7 is a Donoghue algebra, then « is strictly cyclic.
and if @ is the bilinear forn: such that <7 ~ (H, ¢), then ¢ isa weak Hilbert-Schiidt
map (see [6], [13] and Lemma 2). In [9] it wos first proved that 7 is the norm cfosed
algebra generated by the polynoraicls in 4, thus every element of «7 is either an fnver-
tible operator or a compact cperator (the compact ones are in fact Hilbert-Schmidt
operators). In particular, the rangss of operators in 7’ (=«7) are all compact
opcrator ranges, with the exception of H. It follows that none of the non-trivial
invariant subspaces are in the lattice generated by the set of ranges of operators
from 7 (see [2] or [11] for o description of the invariant subspaces). We summarize
these remarks in the following proposition.
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~4. PROPOSITION. Assume £ is a Donoghue algebra, s7 ~ (H, @), and let &
denote the lattice generated by {ran M, ] zeH}. Then & is a proper sublattice o
Lat,./.

This proposition shows that the ranges of commuting operators may be a
very small part of Lat.s/ when o is the commutant of a single operator. This is
very different from the situation when &7 is the commutant of a normal operator;
mn this case the ranges of commuting operators are all of Lat,;,e7. Ong proved (see
[10]) that if 4 is a normal operator, and if &7 = {4}, then every element of Lat, 5/
can be written as TH for some T €.s/. Note that &/’ is the von Neumann algebra
generated by 4 and ¢’ < of. We assert that what we actually have in this situationis

Laty), o = {ranT| T e o'} = Latep /.

Since & is the commutant of an abelian von Neumann algebra, it must contain
a MASA 9 which satisfies the inclusion relation &7’ ¢ M < /. Thus, by the
theorem in [1], TH is the range of an operator in the weakly closed convex hull
of the projections in &',

The results of this paper constitute a portion

of the author’s Ph. D. dissertation at the University
of New Hampshire.
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