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ON THE INTERTWINING OF JOINT ISOMETRIES

AMEER ATHAVALE

This paper may be looked upon as a sequel to [2]. In what follows, B(H#)
denotes the set of bounded linear operators on a separable Hilbert space #. An
operator tuple S = (S, ..., S,) of m communting operators in #(#) is said to
dilate to an operator tuple M = (M, ..., M,) of m commuting operators in A(#")

if there exists an isometry ¥: 3 — A such that S;ISL:E LSt pEAMIMG

. M,',’,’"V for all non-negative integers n;; if moreover RangeV is in-
variant for cach M;, then S is said to extend to M. If S dilates to M and M is
2 tuple of m commuting normals, then S is said to have a normal dilation
and if S dilates to M and M is a tuple of m commuting unitaries, then S is said
to have a unitary dilation. If an operator tuple S of m commuting operators in
H(#') extends to a tuple M of m commuting normals in #("), then S is said to be
subnormal (on #), with M (on X') being a normal extension (or lift) of S. If S is
subnormal, then there is a minimal normal extension M of S unique up to unitary
equivalence [19]. A commuting operator tuple S will be called a toral isometry (on
) if each §; is an isometry in #(#); thus S is a total isometry if I — S*S, =0
for each 7, where I denotes the identity operator on #. The multiplication tuple on
the Hardy space of the unit polydisk in C™, hereafter referred to as the Cauchy
tuple, is an example of a toral isometry. A commuting operator tuple S will
be called a spherical isometry (on o) if S; in H(H) satisfy I — SFS; — ... —
— S§%S,, = 0. The multiplication tuplc on the Hardy space of the unit bali in C™»
hereafter referred to as the Szegd tuple, is an example of a spherical isometry. In
this paper, we are mainly concerned with the intertwining of a pair of operator
tuples at least one of which is a toral or spherical isometry.

A toral isometry .S may be looked upon as a subnormal tuple S whose minimal
normal extension M has its joint spectrum o(M) contained in the unit torus T"”,
the distinguished boundary of the unit polydisk D" in C™. (This is easy to see from
Proposition 6.2 in [24], but in Proposition 1 below we present a new proof.)
Proposition 2 is a corresponding assertion for a spherical isometry. Before stating
the propositions, it will be convenient to stipulate a notational convention: If
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pzw) = ¥ a,,2™w" is an analytic polynomial in the complex variubles

1,0
Z= (29, ....2,), W == (i, ..., w,); then (p(z, WS, $*) is to be interpreted as
(plz, WIXS, $%) = ¥, ¢, S%"S", where $* = (S7, ..., Si).
XN

Prorosrrion 1. Let S be a tuple of m commuting operators in B(# ). Then
statements (1) and (it} below are equivalent.

(1) S is a toral isometry on J.

(1) S is a subnorinel ruple on H such that the minimal normal extensios M
of S has its joint spectrum (M) contained in T*.

Proof. That (i) iy .phe% (1) is obvious. So suppose (i) is true. This means
(1 — ziw-)(S #) == 0 for 1 < / < m. For any non-negative integers n;, this clecrly

s

implies B.H“ — ;) ] (S, S%) = 0. It follows from Proposition 7 in [5 that §

is subnormal on s and there exists an operator valued probability meusure oy

supported on A ={xcR*:1 ~x =0,...,]1 —x, =0} such that $¥7$* =
r

= S.\;”dp s(x) for any tuple i1 = (4, ..., 11,,) of non-negative intergers #.. Argring
A

as in the proof of Proposition 8§ in [5], it is not difficult to sce that the minimal nor-

mal extension M of S has its ]omt spectrum o(M) contained in {re C": 1 — 5, * =

=0,..., 1 —z,%= 0} =T" {7

PROPOSITION 2. Let S be a tuple of i conunuting operators in A(H ). Then
statements (1) and (1) below are equivalent.

(i) S is a spherical isometyy on H.

(i1) S is a subnormal tuple on J such that the minimal normal extension M
of S has its joint spectrum o(M) contained in the unit sphere S¥ 1, the topologicai
houndary of the unit ball B*" in C*.

Proof. That (i) implics (i) is obvious. So suppose (i) is true. This mcans
(A —ow — ... = z,w NS, §%) = 0. For any non-negative integers i;,
( ma- ziwi)"i)(S, S¥) =
fe=sl
Py

n
= (H (1 = zpwy— o= zw,)) + 2%y + o4 zws + .+ zw,) )(S S¥y = 0.
i=1

(Here ~ denotes omission.) It follows from Proposition 7 in [5] that S is subnermal
on J and there exists an operator valued probability measure p¢ supported on

={xeR":x, 20, ..,x,201~x,— ... —x,=0}

such that §#°S” = Sx"dpb(\) for any tuple u=(m,, ..., n,) of non-negative integers

4a
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n;. Arguing as in the proof of Proposition 8 in [5], it is not difficult to see that
the minimal normal extension Af of S has its joint spectrum o¢(M) contained
in{zeC":1 —iz2— ... =z, =0} = §"-L %

The role of toral and spherical isometries is vital for the consideration of uni-
tary and normal dilations of operator tuples. To corroborate this claim, we state
two results from [1]} and [3].

Proposition 3. [1, Corollary]l. Let S be @ tuple of m commuting oper-
ators in B(H), and let HXD™) denote the Hardy space of the unit polydisl
in C™". Then statements (i) and (ii) below are equivalent.

(1) (H (- ziw,.)”i)(S, S*y = 0 for all integers n; statisfying 0 <m;< L.
Vil

(iiy There cxist a Hilbert space #' and a unital =-representation
n BUTAD™) — A(AH') such that S extends to n(M7) = ((MZ), ..., n(M: ),
where M. = (M;l, e, Mzm) denotes the Cauchy tuple.

ProposITION 4. [3, Theorem 4.2]. Let S be a tuple of m commuting operators in

B(AY such that the Taylor spectrum o(S) of S is contained in the closed unit ball B>
Let also HHAB*™) denote the Hardy space of the unit ball in C™. Then statements (i)
and (ii) below are equivalent.

@) (3 =z, — ..o = z,w, NS, 8% 20 for | <k < m.

(i) There exist a Hilbert space #' and a unital x-representation n: A{H*(B*")) —
— B(AH') such that S extends to n(MZ¥), where M. denotes the Szegd iuple.

REMARK 1. Since # is a unital =-representation, n(M.) is a toral isometry in
Proposition 3 and n(M.) is a spherical isometry in Proposition 4. Thus conditions
(i) in Proposition 3 guarantee a unitary dilation of S and conditions (i) in Propo-
sition 4 guarantee a normal dilation M of S with ¢(M) contained in S** -1, Indecd,
the result in Proposition 4 is the spherical analog of the Sz.-Nagy —Brehmer or
regular unitary dilation for operator tuples [6], [16], [24]. We will return to Propo-
sitions 3 and 4 in the context of the intertwining of operator tuples.

DEerFINITION. Let S = (S, ..., S,,) be a tuple of /m commuting operators in
AB(A) and T a tuple of m commuting operators in #(#"). If a bounded linear map
X:H — 3¢ is such that XS; = T, X for each /, then X is said to be an infertwining
operator (for S and T) and we denote this fact by XS = TX. If X: # - # and
Y: & - # are two intertwining operators such that XS = TX and Y7 = §Y, and
both X and Y are injective and have dense ranges, then S is said to be quasisimilar
to T. The operator tuple S is said to be similar to T or unitarily equivalent to T
according as one can find an invertible or a unitary intertwining operator for S
and T.
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Our occasional laxity of language in the use of above definitions can be justi-
fied by noting that “*quasisimilar to,” “similar to™ and “‘unitarily equivalent to”
are de facto equivalence relations. Generalizing some earlier work of Clary [7],
Hastings [17] provided a function-theoretic characterization of subnormal tuples
quasisimilar to the Cauchy tuple. A function-theoretic characterization of sub-
normal tuples quasisimilar to the Szegd tuple was provided in [2]. Using the ideas
present in the proof of Proposition 4.1 in [8] and easily modifying the proofs of
Lemma 2 and Theorem 2 ir [17]. one can prove Proposition 5 below for the case
of a toral 1sometry. Using the ideas present in the proof of Proposition 4.1 in
[81 and casily modifying the proofs of Proposition 3 and Theorem 1 in [2], one can
prove Proposition 5 for the case of a spherical isometry. At this stage, it is empha-
sized that excepting Proposition 5, in none of the propositions in this paper we
require the subnormal tuples to be cyclic: that is. unitarily equivalent to the multi-
plication tupie M on the closure F*(u) of the set of analvtic polynomials in £.%(x), p
being o compactly supported positive measure on C”.

e
Provosi1TioN 5. Let S be a cvclic toral (sperical) isometry on # and let The a
evelie subnormal tuple on A, Then S is similai to T if and only if there are compact!y
supporied measures pand v owith p supported on T7 (S*7=1) such that S is unitarily
equivalent to MY, T is unitarily equivalent to NY and there are positive constants ¢

and o satisfving
(i) \ pidp < e

o

(i) S‘p My < d

r r ,
pECTM (Sﬁp du g (*Sjp:”d(v S“’””l)) ,

p g

Caatt?™™ ) ™™ )

for every m-variable analytic polynomial p.

Crucial for the proo! of Theorem 1 in [2] (as well as a part of Proposition 5
above) is Proposition 6 below which is in fact a particularized version of an appro-
ximation theorem related to the solution of the inner function problem on the
unit ball {21, Theorem 3.5). Proposition 6 wili be appealed to frequently in the
sequel.

PRroPOSITION 6. Suppose that

(a) f* B _, (0, oo) is continvous, and
(b) 0 is a positive measure on 87 =1,

Then there exists a sequence {pj} of m-variable analvtic polyromials such that

1y p; < f on E‘Jm’

(2) im py2) = O uniformly on every compact subsei of B*, and
Joso

>

(3) lim p(dy o f(EY d-aee {01
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ExampLE 1. In the case of the polydisk algebra, the Poisson-Szegd kernel

X 1 n ] — 2
P(w, &) = e ]

- (H' e D™, é = Tm)
@r)" 71 1 —wiG?

gives rise to the representing measures du, = P(w, ¢)d0, ... d0, for the
points w in D" where d0; denotes the arc-length measure on T. In the case of the
ball algebra, the Poisson-Szegé kernel

O(w, &) = (m - 1) [ L=l — . =y ] (v e B ¢ g §m-1)
2my" M=y — o0 — W &0

gives rise to the representing measures dv,, = Q(i, &)do for the points w in B*",

where do denotes the surface areca measure. Note that i, (w € D™) are all mutually

boundedly absolutely continuous and it follows from Proposition 5 that M#w all

lie in the similarity orbit of the Cauchy tuple. Similarly, Mw (w € B¥") all lie in the

similarity orbit of the Szeg3 tuple. As is pointed out in [22], if ¢ is any point on

n

S#-1" then since f(0) = -2 - S f(éeit)dO for any f in the ball algebra, there is a
i

representing measure 2(¢) for the origin O supported on {cfe"’: —n £0 < 7r}. If

2 and [} are two points on 8*"=' such that .%; # 'f; for any j, then supporta(a) N

n supporta(f) == 0 and it follows from thz considerations in [2] that M2® can-

not be quasisimilar to MXA).

In the one-dimensional case, Hoover [18] showed that quasisimilar toral iso-
metries are unitarily equivalent. 1t was pointed out by Hastings in [17] that for
m z 2, quasisimilar toral isometries need not ke unitarily equivalent. In conjunc-
tion with Proposition 5, Hastings’s example actually shows that similar toral iso-
metries need not be unitarily equivalent. As is shown by Example 2 below, similar
spherical isometries need not be unitarily equivalent either.

ExampLE 2. Let o be the normalized surface area measure on S?, so that f/%(c)
is the Hardy space H*(B*) of B%. Let u on S* be defined by du = (1 + [&1da(Q).
It is easy to see from Proposition 4 that M7 is in fact similar to M¥. However, M7
is not unitarily equivalent to M¥. For, suppose there exists an intertwining unitary
operator U: H(6) — H2(u). If 1 denotes the constant function | in A*), then
letting ¢ == U], we must have

gip(C)Ezim(C)I?(l L do(D) = S POFA()
for any m-variable analytic polynomial p. Now let 0 on S* be defined by

do(d) = le(0i*(l + {Lida(d) + da(d).
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If f({) is any positive continvous function on S?, then extend it to a positive

continuous function on B2, still denoted /. and appeal to Proposition 6 to conclude
that

Sﬂ VoA + '4)de(D) = Sf(t)dam.

Thus ‘o(d) (1 + ;') == la.e.[o]. Note that 1 is in ker(Mgl)"" 2 ker{7 )%,
hence ¢ must be in ker(Mffn)* N ker(M%)*. Tt is easy to check that SJ"(I +

+ 5de(d) -= 0 for (k. 7) # (0,0). Thus ker(Mffl)’:: N ker(M%)* is spanned by
the constant function 1. Since ‘() 2(1 + &) = 1 a.e. [g], this forces ., to be
constant a.c. {¢], which is odviously not truc.

Despite the negative results referred to above, it may be possible to deduce
unitary equivalence from quasisimilarity in some special cases as shown by the
next proposition. Recall that two operators S; and S, in #(3 ) are said to be doudly
commuting if 8§, 8, = 5,8, and S7S, = S,S¥. For the definition of a shift orer-
ator, refer to [24].

Proposirion 7. Let S = (S, Sy and T = (Ty, T,) be toral isometries o #
and A respectively, such thar S. ard S, are doubly commuting shifts us are T aid
To. If S is quasisimilar to T, then S is unitarily equivalent to T.

Proof. Let § and T be toral isometries on # and /4 such that S; and S, are
doubly commuting shifts as are T; and 7,. Let further X: ¢ —~ % and Y: 4 %
be the intertwining operators “or Sand T such that X and Y are injective and have
dense ranges. From Theorem | in [23], one can write # = @ S%SY4 and /4 =

paz=0

= @ TYTYB, where A = ker S7 0 ker S¥, B = ker7T§¥ N kerTF, and where &
p.g>0

denotes the orthogonal direct sum. Since Y*SF = TFY*, it follows that Y*4 =

Since Y*® is one-one, dim A <€ dimB. Similarly, ¥*T® = S¥X* forces dimB <

< dim A. Thus there exists 2 unitary from 4 onto B. Using the representations for #
and ', it is easy to deduce that S is unitarily equivalent to T. i3

QuzsTION 1. Are guasisimilar toral (spherical) isometries necessarily similar?

Recall that if 4 is a function algebra on a compact set X in C™, then a represen-
tation # of A on J is an algebra homomorphism u: A — %(H') satisfying u(1) = 1
and (@) < ¢ for any ¢ in A, where !¢, denotes the supremum norm cf o.
It was noted in [20] that if X is an intertwining operator for two toral isometries S
and T, then X has a norm-preserving lift X intertwining the minimal normal (in
this case unitary) extensions M and N of S and 7. The following proposition is the
analog of this result for spherical isometries.
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PROPOSITION 8. Let S and T be two spherical isometries on # and A, respectively,

and let M on # and N on A be the minimal normal extensions of S and T. If X: H -

— A satisfies XS = TX, then X extends to an operator X:H# A such that XM =
= NX and ||X|| = | X]\.

Proof. Let X be the intertwining operator for the spherical isometries S and T.
In view of Proposition 2, the minimal normal extensions M and N of S and T
satisfy

PMY (M) = glp(arzdpM(c.) and p(NY*p(V) = Sip(C)lzde(C),

where py and py are the spectral measures on S*”~! associated with M and ¥, and
p is any me-variable analytic polynomial. Letting p () = Pyppy(-)/5# and py =
= PpN(-) A . where Py, P, denote appropriate projections, we see that for any

vector # in # and v in X, |p(SHul* = S!p(C)}2d<ps(C)u, u . and ||p(Tiu| =

= S!p(()l‘“‘d(pT(C)v, vY. If w is any vector in #, then letting u = Xw, one has

Slp(ol?dmmw, Xiwd = Ip(T)XWIE = [ Xp(SWI* < [XIRlp(S)w]? =

= IIXIF\ (D) 2dp (O, wDoe -

-

Now define a measure 8 on 82”1 by 0(.) = (pr()Xw, Xwd 4 + (os(In, WD 4.
Appealing to Proposition 4, it follows that

Sf(C)d<pr(C)Xw, Xwdy < iaxmgﬂoa<ps(ow, W

for any positive continuous function / on 8**~1 This means {p,(-)Xu, Xw), <
< [ X||Xps(-)w, wdH for any w in 5. It follows now from Lemma 4.1 in [20]
that X has a norm-preserving lift X satisfying XM = NX. %

REeMARK 2. It was observed in [20] that every toral isometry gives rise to a
representation of the polydisk algebra as restricted to the distinguished boundary T
of D™. Given any spherical isometry S, Proposition 2 allows us to obtain a represen-
tation u of the ball algebra through the correspondence u(z;) = S;. The results
in [20] related to the intertwining of toral isometries depended crucially on the fact
that the polydisk algebra as restricted to T™ is an approximating in modulus algebra;
that is, a positive continuous function on T can be approximated uniformly by the
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moduli of polynomials on T™. For the questions related to the intetwining of spha-
rical isometries, our savior is Proposition 6. Indeed, it is left to the reader to verity
that the assertions of Theorem 5.2,5.3and 6.1 in [20] remain valid for the represea-
tations of the ball algebra as well. In particulzr, if the intertwining operator X for
two spherical isometries has dense range, then so has the lift X. In view of the negu-
tive results on the uritary eguivalence of quasisimilar toral or spherical isometrics,
such observations are useful as is borne out by Proposition 9 below. Note also
that letting S to be the same as 7 amounts to coasidering commutant lifting theo-
rems for toral and spherical isometries. In particular, Proposition 8 says that an
operator X in the commutant of a spherical isometry has a norm-preserving it
to an operator X in the commutant of the minimal normal extension M of §. As
far as the author knows, it is an open question whather the ball algebra as restiicte
to S 1 (> 1) is an approximating in modulus aigebra or not.

LevMa 1. Let M aid N be wples of coniviting normals in 5H) and 4147y
respectively. If X256 > # and Y. & - 4 hove dense ranges, and XAL = NX and
YN == MY, then M is unitarily equivaleat fo V.

»

Proof. Let U and V be the partial isometries in the polar decompositions of ¥
and 7. It follows from Lemma 4.1 of [13] that (ker X))~ reduces each 3., (ker V-
reduces cach N, U{ker X} is a unitary intertwining A (ker X}~ and 3, aad
¥ (ker Y)+ is a unitary intertwining N;(ker ¥)= and ;. Using Theorem 1.3 of
{151 (which generalizes trivially ‘o operator tuples). one cencludes that M is vni-

P

tarily cquivalent to A A

PROPGSITION 9. Let S and T be toral (sphovicel) isometiies on 3 und %

vespectively. If S is quasisimilar to T, then the winimal norswd extension M of X
unitarily equivalent to the minimal normal extension N of T.

Proof. In the case of tora! isometries, appeai (o Lemmas 5.1 and 5.2in{20] und
Lemma 1 zbove. In the case of spherical isometrics, appeal to Propwsnlmn 8.
Remark 2 and lLemma 1. 3

CORCLLARY 1. Let 8 and T be two toral (spherical) isometries. If 'S s guasi-
similar to T, then 6(S) = a(T), where 6(S) denotes the joint spectruin of 8 with:
respect to the polynomial algebra generated by Taind Sy, ..., S,,.

Proof. This follows straight from Proposition 8 above and Theorem 4

o

in [17]. !

REMARK 3. The conclusion of Proposition 8 nray not hold if only one of §
and 7 is 2 toral (spherical) isometry. For, consider

dp = (1/27)"d0,d0, ... &0, + &0)  (dp = ((nn ~ 1)1;2z7)de + 5(0)),
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where d0; denotes the arc-length measure on T (do, the surface area measure on
S¥-1y and d(0), the point mass at the origin 0. Since (du — d(0)) evaluates a poly-
nomial at the origin, it is easy to see from Proposition 4 that MF is similar to the
Cauchy (Szegd) tuple. However, the spectrum of the minimal normal extension
of M¥is T" y {0} (8*"~* u {0}).

Taking a cue from the final remarks in [20], we now give a couple of concrete
results on intertwining a pair of operator tuples, one of which is not necessarily
a toral or spherical isometry. The author will refrain from explicating the sense of
minimality for unitary and normal dilations (see [20]); also the proof of Propo-
sition 10 will be skipped since it is essentially the same as the proof of Proposition 11.

PrOPOSITION 10. Let S be a tuple of m commuting operators in A(H) satisfying
conditions (i) of Proposition 3, and let S be a minimal unitary dilation of S gua-
ranteed by Proposition 3. If T is a toral isometry on X and X: 3 — K is an inter-

twining operator for S and T, then X has a norm-preserving lift X intertwining S and N,
the minimal normal (in fact, unitary) extension of T.

ProrosiTioN 11. Let S be a tuple of m commuting operators in A(H) with the
Taylor spectrum a(S) of S in B, and satisfying conditions (i) of Proposition 4. Let S
with o(S) in S*~2 be a minimal normal dilation of S guaranteed by Proposition 4.
If T is a spherical isometry on K and X:# — X is an intertwining operator for
S and T, then X has a norm-preserving lift X intertwining S and N, the minimal

B P g g >
normal extension of T.

Proof. For S and T as above, let Py and py be the spectral measures on S#*~1

associated with § and N. Let p; be the compression of py(+) to . Then for any w
in A,

SIP(C)12d<PT(C)Xw, X = [[p(T)Xw [F = [Xp(Shw] <

< IXIEp(SWIE < [1XTEIpES)w]E = iIXiI“&lp(C)i2d<pS~(C)w,W>-

v
The resuit follows by a now-familiar argument and Lemma 4.1 in [20]. 7

For the technical jargon employed in the remainder of this paper, a basic
reference is [10]. In [4], the author discussed a notion of the dual of a subnormal
tuple S on . If S on J# has a minimal normal extension M on #, then the dual
S = (81, ..., S, of Sis defined by setting S/ = Ni"‘iyfl, where #L = # O H.
The main emphasis of [4] was to discuss the interdependence of the Fredholm pro-
perties of S, S’ and M. In view of Propositions 1 and 2, it follows that if S is a
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toral (spherical) isometry, then so is its dual S’! Recall that an operator tuple
S is said to be essentially normal if $¥S;-— ;8% is compact for cach i and j. VFor
a Frednholm tuple S, Index S denotes the Fredholm index of S.

PropositioN 12. [f S is an essentially normal spherical isometiy, tihen both S
ani S’ are Fredholm and Index S = (—1)"*1ndex S'; in particular, for m even, S
cannut be similar to S’ if Index § # 0.

Proof. Tf § is an essentially normal spherical isometry, then it follows from
Corollary 2 in {4] and Proposition 2 that the Taylor essential spectrum 6(.5) of
S is contained in $*°1 Thus S is Fredholm and by Proposition 1 in [4], so is S'.
Now appeal to Proposition 3 of [4] to conclude that Index S’ = (—1)"*Index 3.

From an easy extension of the considerations in Section 6 of [11], it is
clear that if X:# >3 is an invertible operator such that X§ — S$'X, then
index § = Index S’. The last assertion of Proposition 12 is now obvious. %

REMARK 4. The Szeg6 tuple S is a well-known exampie of an essentially normal
spherical isometry with Index S = —1 [10]. Actually, by modifying the proofs
in [4], it can be shown that the formula Index § = (—1)"*lndex S’ is valid for
any Fredholm subnormal tuple whose dual S’ is also Fredholm [12]. The Cauchy
tuple Sis a well-known ¢xample of a Fredholm toral isometry withIndex § ~ —1[10],
For @ = 2, the Fredholmness of S’ was verified by explicit computations in [4];
the considerations there generalize to arbitrary dimensions. In particular, for w#
even, the Cauchy tuple cannot be similar to its dual either. Note that for nz:= 1,
both the Cauchy tuple and the Szegd tuple degznerate into the unilateral shift,
which is known to be unitarly equivalent to its dual [9]. The author is admittedly
not clear-headed regarding the intertwining of toral or spherical isometries with
their duals, even in the specia’ cases of the Cauchy tupic and the Szegd tuple. Indeed,
two lines of thought suggest themseives:

(1) Investigate conditions under which a toral or spherical isomerry is quasi-
similar (similar, unitarily equivaient) to its dual.

(2) Investigate conditions undor which the interiwining of two tora! (spharical
isometries S and 7 through a non-zero map X guarantees the intertwining of S’
and T’ tirroug

L} A4

hoa non-zoro map X and correlute prosertics of X and X',
'

These considerations can bz gzneralized to arbitrary subnormal tuples, but
in view of Proposition 6 and the remarks preceding Proposition 12, they seem to
be particularly relevant for toral or spherical isometries.

Finally we comment thet the key to the entire analysis above was to require
the joint spectrum o(3) of the minimal norma! extension M of a subnormal tuple
S to lic in a lower-dimensional surface in C™. One may, for example, require (M)
to lie in the topological boundary ¢D™ of the unit disk D”. It is left to the reuder to
verify using Proposition 7 in {5} that these ¢D™-isometries are characterized by the
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conditions
(fl a - ziwi)"i)(S, §920 (0<m)
i=s1

and
(1 — zw)(1 — zywy) .. (1 — Z, WS, $%) = 0.

However, in the absence of any adequate function theory in several variables.
even the study of such interesting and elementary objects as dD"-isometries is bound
to prove rather frustrating.

QUESTION 2. Does every operator X in the commutant of a dD"-isometry S

have a norm-preserving lift to an operator X in the commutant of the minima]
normal extenson M of S§?

REeMARK 5. It has been pointed out to the author by the referee that it is im-
plicit in the work of S. W. Drury [14] that any commuting operator tuple S =

=(S8,, ..., S,) satisfying the condition 7 — S§S; —...— S%S,, > 0 has a normal
dilation M with o(M) contained in S*"-, Thus the conclusion of Proposition 11
holds with the less restrictive assumption of I — S7S, — ... — SES, > 0.

Acknowledgments. The author is thankful to John B. Conway and Bernard
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