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ANALYTICITY OF THE SEMISPECTRAL MEASURES
ON THE BITORUS AND THE SZEGO OPERATOR

DUMITRU GASPAR and NICOLAE SUCIU

1. INTRODUCTION

The one variable Szegé-Kolmogorov-Krein theorem in its scalar form (see
[11], [15]) as well as in the operatorial form (see {12], [13]) is an important tool in
the study of a single non-normal operator (see [16]). This is why an analogous

- result in several complex variables would be useful in the study of commut-
ing systems of non-normal operators.

The first attempt in this direction for two variables was made by Hel-
son and Lowdenslager in [6]. This result holds for all positive measures on
the bitorus T? but it has the disadvantage that an analyticity with respect to
the so called augmented halfplanes is involved. The natural concept of ana-
Iyticity (i.e. with respect to the first quarter) appears in the recent extension
given by A. G. Miamee [8], but with the disadvantage that it holds only for
a restricted class of positive measures on T2

It is our aim to obtain a Szegs-Kolmogorov-Krein type theorem in two
variables even in an operatorial form, in which we try to remove the two
mentioned disadvantages.

Namely such a result involving a larger class of measures on T2 in the con-
text of the natural concept of analyticity, which improves the quoted result from [8]
will be obtained in Section 5 (Theorem 3), as the scalar case of an operatorial form
of such a theorem in two variables (Theorem 1).

We shall work with semispectral measures (as in [14]) on T2, but the L2-bound-
ed analytic functions will be replaced with the Wold-type analytic functions on
D?, which were introduced in [5]. We also use the terminology and notation of [5].

2. PRELIMINARIES

Let #(s#) be the C*-algebra of all bounded linear operators on the separable
complex Hilbert space o, F a %(#)-valued semispectral measure on the bitorus
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T2 and [, V, E] a minimal spectral dilation of F. Denote by U,, U, the unitary
operators on % which correspond to the spectral measure £ and by V;, ¥, their
restrictions to the subspace
H+:= YV Urusvse.
m,n>0

Then ¥, and V, are commutative isometries on 2+ and determine a Wold
decomposition of #'+ under the form

m A=A OH DN @K,

such that the four summands reduce ¥, and V,, and the pair (V,, ¥,)is unitary on
A, a (unilateral) shift on o, a modified (unilateral) shift on o, ie. we
respectively have

) Hi= @ VIVIR, Hn = @ UPULE,
m,n»0 >0
or
n>0

where # < ¥+ and L © H#+ are wandering subspaces for (U,, U,) (see [2],
[31, [4D. . has the property that it does not contain any nontrivial subspace
reducing (V,, V,) to a pair of one of the first three just mentioned kinds.
The restriction of (V,, V.) on . is called the ultraevanescent part of the given

isometric pair. We also consider the orthogonal decomposition of ¢
(3) =}{/-e=<;i/.e11@€%/-e0’

where )¢, is generated by the subspaces of . reducing ¥, respectively ¥, to uni-
tary operators, while % ¢, is the intersection of the shift subspaces of ¥; and ¥V,
in A ..
From (2) and by Proposition 1 and 2 in [2] it follows that & contains the fol-
lowing reducing subspace for (U,, U,)
Hoi= @ U'UIZ® & U'Ui¥ = & UT'UiZ2 @ %)

m,n€Z m,neZ mn€Z

The functional analogous of this space will play a central role in what follows. It
is the range of the Fourier representation @ on %, (i.e. it is isomorphic as Hilbert
space with #7,) and consists of all Z @ #-valued (strongly) measurable functions
on T%, whose Z @ Z-norm is square integrable on T® with respect to the normalized
Lebesgue measure m,. This space will be denoted by L¥(T?; # @ &) or briefly by
L% ® £). In general, if, for « € {+, —~}, s, is a scparable complex Hilbert
space, we shall denote by L3(##,) the subspace of all functions fe L(3#,) <
< L¥H#, @ H#_), whose Fourier coefficients satisfy f(m, n) = 0 for (m, n) ¢ 22,
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if « means +, respectivelyf(m, n) =0 for (m, n) € — 22, if « means —. By the above
mentioned Fourier representation, the spaces L%(#) and L% (%) correspond to the
subspaces ", and X, respectively. We also denote by H2%(#.,) and M3*(#_)
the range of the Poisson representation in L3, @ o#°_) (see [9], [5]) of LE(:#,)
and respectively L2(s#_), regarded as Hilbert spaces of #, @ s _-valued func-
tions on D? with the norm

gl := sup Sllg(pw)iP dmy(w).
0gp<t

T2

As in the scalar case ([9], [10]), for every g € H*(#,), respectively g € M*(H#_)

and for m,-almost all w € T? there exists the radial limit g,(w) := lim g(pw)
. p-1

which belongs to L(s#,) (for « = +, respectively —).
Let us recall that a Wold-type function on D? is a couple @ = {(o#, #,; O,),
(A, #_.; ©)),where ©,: D* o B(H, #,), o € {+. —} are functions of the form

9+(Z) = E Z;nzé’ell;;n 9

m,n3»0

@—KZ) = 2 z{"l)zzn)@"—m, (Z = (Zl ’ 22) € D2)’

m>0Vn>0

where zj.'") = |gz;]lm=mzM (z; # 0), the series being norm-convergent, such
that for every hes#’, we have O ()heHY#,), O_(-)he M¥3#_) and
sup{||@.(- )|, |All < 1} < oo, « € {+, —}. The function (#,s#, ; @,) will be
called the analytic part of ©. In the terminology of [14] thisis an L2-bounded ana-
Iytic function (on D?),

We associate now to the Wold-type function @ the (bounded linear) operator
Vo:# — Li(#,) @ L2(s# _) defined by

Veh :=(O,(-)h)y @ (O_(Hh). (heH).
We also associate with @, the Z()-valued semispectral measure F, on T? defined by
Fg(o) := VE*(0)V, (0 — a Borel set in T?),

where E* is the spectral measure corresponding to the multiplication with coordinate
functions in L3¢, @ ).

Returning to the given (s )-valued semispectral measure F on T2 we also
work with the subspaces 47y, '+, #, & of the dilation space . We denote by P,
the orthogonal projection of o onto iy, and Vy = PPV. Then V¥ < L2(A) @
@ L2 (%) and, as was shown in [5], ¥, induces, via the Poisson representation,
a Wold-type function © = [(o#, Z; O,), (#, &£; ©_)] on D? with V, = V,, which



6 DUMITRU GASPAR and NICOLAE SUCIU

verifies ,
(@ V wiwiVos# = L3(R) ® L (P);

m,a>0

(b) Fo < F (the equality being true iff 4", = #"c = {0}).

If in addition o ¢, = {0}, then @ also satisfies the following maximality pro-
perty '

(c) For each Wold-type function @' = [(#, Z'; @), (#, £'; O.)] on D2,
Fg' < F implies Fg<F,.

The properties (a), (b), (c) determine each of the functions @, and ©_ uni-
quely up to a left side unitary constant factor. The condition (a) says that the func-
tion @ is outer. Clearly this is equivalent with the conditions

V wiwiP Vot = LE(R), V wMnliP_Vo# = L:(¥),

m,n>0 m>1
or
n>0

P, and P_ being the projections from L% (%) @ L2(¥) onto L1(A) and [ ()
respectively.
We need also the following preliminary result.

ProrosiTION 1. For each outer L*-bounded analytic function (#, #, ; O,)
on D%, O,(z2)# is dense in 3., for every z € D

Proof. Let V. : # -+ H¥# ) defined by
Wbz =0, ((hex; zeD).

Then for each # € # and h, € 37, the function z = (V. h)(z), k) belongs to the
Hardy class H*(D?) and consequently it has radial limit ([10]) my-a.e. on T By
applying the Cauchy formula ([9], 3.4.3 and 3.4.4) for every z € D* we obtain

(©,(@h, 1) = Slim((V,-,h)(pw,, pwg), (L — z,iw) "Y1 — z,i0) 1 dmy(w) =
p-l

T

p-o
TS

= llrnS((VJ,h)(pw1 s Pwy)y (L — Zywy) (1 — Zow,) =) dmy(w) =

=((Vih)4, C(z, )hl)L_ o, )
where C(z, w) (z € D®, w €T?) is the bidimensional Cauchy kernel. Thus if
hy 3, is orthogonal to @, (), for an z € D?, then C(z, ‘)i, is orthogonal to
V, o in Li(s ), which, since O, is outer, leads to b, = 0.
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3. THE SZEGO OPERATOR

Following the idea of [12], we define the Szegd operator A[F]: # — J atta-
ched to the semispectral measure F by

@ LIRS W Vel G TR
ogm, j&p
Osnk<q g2

h €, the infimum being taken over all finite systems {h,,} < # with hy, = h.
If Uy, U, are the unitary operators associated with F as in the previous section,
we put

A= vV Urypvse

mn>0
{m,n) #(0,0)
and denote by Pg the projection of # * onto ¢ . Now, for each h € #, we have

Vh]k) =

mn?

(A[F}h, h) = inf Y Swl’"‘iwg"‘d(E(w)Vh

m,n, j,k

=inf Y, (Ur-iU3*Vh,,, Vhy) = iof| Y, UrULVA,,|? =
m,n, 1,k m,n
=inf|Vh — Y UTUVh,|* = |+ — PHVh|? =

(m,n) :;&"(0,0)
= (V*(,+ — P$)Vh, h).

Hence, d[F] = V*(I_+ — P§)V and thus A[F] is a positive operator on 5.
We shall now write A[F] as a sum of two positive operators. For, let us com-
bine the decompositions (1) and (3) under the form

A+ = @ Ay o ={u m,s, el,eo},
Q€ of

which means that the corresponding projections P, are orthogonal to each

other and I, = Y. P,. From here, since for « € {u, m, el} holds ", = #'§ and
aE g

consequently P,P§ = P,, we obtain I p— P = (Z,+ — P§)(Ps + Peo) and finally:
G) A[F] = V¥ + — POBY + V¥ 4+ — P)PeV.

It remains to prove that P; and P, commutes with P§. For, since from the above
relations, P, commutes with Py for each « € {u, m, el}, it suffices to see that P,
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commutes with P} . With that end in view let ' = 2@ #° and observe that
APy, while 2 <« 4+ © ¢, This leads to the commutativity of P? to Pg
and of Pyto /i — Py. Thus Py = P, + P) commutes with Pg .

From (5) we now deduce that A[F] = 0 iff PV < A and P VH < A .
or, because '+ = Vo v A}, equivalently 4 @ A <« A'§. It is obvious that
the condition %'y < 7§ is equivalent to 'y = # = {0}, which makes the semi-
spectral measure F without any analytical character.

Now let @ = [(#, #; O,), (H#, L; O_)] be the Wold-type function asso-
ciated with F, and F_ the semispectral measure associated to @ as in Section 2. By
using condition (a) and defining the projection P; in L:(#) @ L2 (%) similarly
with P} in )+, for each i € %, we have

(V*(Ixé- - P(')P)Pth’ h) = "(Ix“' o 1)(.)*)P5Vhi:2 =
= (P, — Py PYPVhIE = (P, — PEP,)PVAIE =

= ViU o ~ POV 1) =

= (A[Fglh, h) = inf [V h - whwiVoh 11 =
el ) hm"'l 0 gn 17270 mn.lLa(“)ng‘.—(!ﬁ
{m,n)+{0,0)

= inf 0D O_(h—ud i’ =

g2 ] -
we HELa)u(0) 0 Hi oM (2)
€& M), 1(0i=0

= inf 0. ~ul}, =10,k =

u€ H¥(®),uy 0
= (0,(0)*0,(0)h, h).

Thus, the first operator in the decomposition (5) of A[F] gives him an analytical
character. The second operator in (5) is a perturbation term, which is absent in
the case of semispectral measures on T ([13], [12]). We also note that if @' is ano-
ther Wold-type function satisfying Fo < F and if ©" is the Wold-type outer
function associated to Fg, then by (b) we have Fg” < Fg', and by a calculation
as above we deduce

O(0)*0(0) = A[F¢-] < A[Fy] < A[F].
Now, by using Proposition 1, we can unify all facts from above about the
operator A[F] in the following Szegs-Kolmogorov-Krein result.

THEOREM 1. Let F be a B(3)-valued semispectral measure on T* and A[F}
the corresponding Szegd operator. With the above notation, the following statements
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hold :

(1) A[F1 =0 iff H 'y = HA§ and there exists no Wold-type function @ on D?
having nontrivial analytic part and satisfying Fg < F.

(i) If A[F]1# 0 and A< Ay, there is a Wold-type outer function
O =, R, 0,), (K, PL; 0] on D, such that Fg < F, dim#Z = dim(4[F)s?)
and

©) A[F} = A[Fg] = 0.(0)*0.,(0).

Moreover, if # .y = {0}, then each of the functions @, and ©_ are uniquely deter-
mined up to a left side constant unitary factor.

REMARK. 1. Both situations A[F] = 0 and A[F] # 0 from (i) and (ii) may
effectively appear. Indeed:

a) In the Example from (5] we have that the isometries ¥, and V, asso-
ciated to the semispectral measure do not doubly commute on 2™, but they
doubly commute on #’c. This implies by Theorem 8 form (4] that /¢, = {0}.
Moreover, the analytic part of the associated Wold-type outer function is tri-
vial. 1t follows then by (i) that A[F] = 0.

b) The case A[F| # O appears, for example, if V', ¥, doubly commute on
A+ (which implies ¢ = {0}). Moreover, by Theorem 6 from [4] and by Theo-
rem 2 from [5] the corresponding Wald-type outer function reduces to its ana-
lytic part,

RcMARK 2. The restriction X < Ay in (i1) seems to depend on our
method of proof. It remains unknown what happens if this condition is not sa-
tisfied. However, when a weaker condition is not satisfied the conclusion in (ii)
fails (see Example after Theorem 3).

4. SEMISPECTRAL MEASURES AND SCALAR MULTIPLES OF WOLD TYPE
ASSOCIATED FUNCTION

We are now interested in finding necessary and/or sufficient conditions in
order that the analytic part of the associated Wold-type outer function would have a
scalar multiple, in terms of the given semispectral measure F. As we shall see, this
problem is connected to subordination problem with functions from HZ%(D?) of the
m,-absolutely continuous part of F. Let us mention that, by Theorem 6 from (3],
the measure Fg from (6) is even absolutely continuous with respect to m,. Before
we state the principal result of this section, let us recall that an L2-bounded ana-
Iytic function (o, 57, ; @) on D? has a scalar multiple, if there is a scalar non-null

function g € A?(D?) and a contractive analytic function (3#,, #; 0,) on D? such
that

0,(D)0(2) = g, O(2)0y2) = g)x, (z €D

0
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THEOREM 2. Let F be a B(F)-valued semispectral measure on T2 and, for each
d(F( )}
h ey, denote fy .= -g—(—d»)—l’—é-)— Assume that A[F] # 0 and X ey = {0}. Then the
m,
Jollowing are equivalent :
(i) There is a Wold-type function @ on D* having non-trivial analytic part, with
scalar multiple, and satisfying Fy < F.
(i) The analytic part of the Wold-type outer function © on D? corresponding
to F by Theorem 1 (ii) has a scalar multiple.
(iti) There is a function g € H*(D®) such that, for each h € #, ['h| =1, the
Jollowing inequality holds

gL 2 < fi, myae on TE.

Proof. (i) = (iii). Let @ = [(#, #,; O,), (3F, H#_; O_)] be a Wold-type
function with #, # {0} such that (#, # . ; ©,) has a scalar multiple. Let
g € H¥(D?) be the scalar multiple and (# ., , #; @) be the corresponding contrac-
tive factor. Then, for each polynomial p on T? and for each 4 € 3, we have

Sj pwWY2A(F(w)h, h) > Sj PW)E(Fo(Wh, k) =

) S?p(w);ﬂd(E‘(w)Voh, Voh) = [PVohliser o ) =

= “p@-i-()’l’”:(?(f*) + “PO—(')]’S;;?(,?_) > }1[)94-()/1:}23\‘;@1?) =

0gp<?

= sup S|p(pw)'@ﬂu@+(pw)hn‘~‘dmg > sup Ssp(pw):%z@;<pw)@+(pw)h!sﬁdmz =
0sp <]

= sup S!p(pw)&ﬂ!g(pw):ﬁnhuﬁ dm, = S;p(w)xﬂzmw)xmh:a*dmz :
O<gp<l1

Since the non negative continuous functions on T? can be uniformly approximated
by moduli of analytic polynomials (see [14]), (iii)) follows from the previous
inequality.

(iii) = (ii). Let g be as in (iii). We shall prove that g is just the scalar multiple
required in (ii). To this end we first construct a contraction operator T: # + —
— L2(o#), satisfying T = TP, *+. For, let us observe that (iii) implies that there
is a Baire null-set ¢ = T® such that

g WEIAE < fiw)  (h €, w T \o).
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If in this inequality instead of A we write p(w) = 2 wi"wghm,,, where w =

m,n
= (w;, wy) € T\ 0 and {h,,; 0 <m < p, 0 <n < g} is an arbitrary finite system
in J#, and then we integrate with respect to m,, we obtain

Pl < | %\ s ) =
8:":"(’5: T2

= Z (Ui"_jUé'_thmn’ thk) = H Z U;."Uthmnllz'

m,n, jk m,n

It follows that we can define a contraction T:2 + — L2(3#) by

T(Z UTUthnm) = g+17 |

From the obvious equalities 7U; = w,T (j = 1,2) we have

TH, c T(OUM+ V UK+ € M TU+ N (\TUS+ =

m>»0 n>0 mz0 n>0

= M wiLi(#) V M wiLi(#) = {0},
m»0 n>0

the last equality being motivated by the complete nonunitarity of operators of multi-
plication by coordinate functions (see Proposition 3 from [14]). Therefore 74", = {0}
Similarly T, = {0}, while T#'¢, = {0} from the hypothesis Hco = {0}. Thus,
having in mind the obvious inclusion X' @ A < H *+ Ay, we obtain T= TPO',.%“’.
Now let (o, #; ©,) be the analytic part of the Wold-type outer function ©
corresponding to F by Theorem 1(ii). The contraction operator S:L3(%) —
— L2(#) defined by Sf = T®~f induces, via the Poisson representation P[-], a
contraction from H*£) into H%(s). Then we can define an analytic contractive
function (#, #; ©,) on D2 by @'.(z)r = P[Sr](z) for z € D? and r € Z (see [5]). So,
by using the above structure of T, for each 4 € and z € D2, we obtain

0.(2)0.(2)h = P[S(O.(-)h)*)2) = P[TP P, Vohi(z) =

= P[TP,® WV hl(z) = P[TPVh)z) = PITVAI(Z) = g(2)h,

i.e. @'(2)0,(2) = g(z)L, z € D*. From here, it follows immediately
[g(2)z — ©.(2)0(2)]O.(z) =0 (z € D?).

Since, by Proposition 1, @ is outer, the previous equality implies @,(2)0%(z) =
= g(2)I4, z € D2 Consequently g is a scalar multiple for O, .
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(if) = (i) being trivial, the proof is finished.

Let us mention that the hypothesis ', = {0} was needed only for the
implication (iii) = (ii). We can also characterize the situation f, > . f. 2 + g. 2
with f'e H*> and g e M* by using the scalar multiple for @ _.

5. THE SCALAR CASE

If F=pu (# = C)is a Baire finite positive measure on T?, then the correspond-
ing unitary operators U; and U, are given by the multiplication with coordinate
functions in L%(u), and # * is the L3(u)-closure of the analytic polynomials which,

as usually, will be denoted by H*(u). In this case Afu] = infs 'l -- p'dyu, the infi-

mum being taken over all analytic polynomials vanishing at the origin. Let us remark
that the #2(u)-closure of such polynomials plays the role of the previous space 473 .
which we shall denote by H3(p).

We shall also denote by HZ(u) the coresponding subspaces from the decompo-
sitions (1) and (3). In this case a function g € H*D?) is outer (in the sense of our
definition from Section 2, which difiers from that one given in [9] or [10]), if the
smallest invariant subspace containing g, is H2(m,). We say that, if this is the
case, g, Is outer too.

Now the scalar version of Theorem 1 can be stated as follows:

THEOREM 3. Let p be a finite positive Baire measure on T® and f = duidm,
its Radon-Nikodym derivative. Suppose that Hi(u) = H(1). Then

) A[p] = 4l fdm,] = expSlogfdmz.
Moreover, A[u] > 0 iff logf € LYT?) or equivalently, iff there is an outer function

g € H¥D?), such that 'g.\? < f my-a.e. and A[u] = g(0);2.

Proof. By Theorem 1 from [6] we have
expSlogfdm2 < Al fdm,) < Alul.

For the rcverse inequality obviously it remains the case A[u] > 0. By Theorem 1 (ii)
and Theorem 2 ((i) = (iii)) it follows that therc is an outer function g € H*(D?) such
that |g., 1% < f m,-a.e. and A[u] = !g(0)i®. Since g is cuter, by Theorem 4.4.6 from
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9], we obtain

) = eXP‘loglgmdmz,

o

Al = 18O = exp( 2 log

Sg+ dm,

from which 4[p] < expglog fdm,, as claimed.

We now mention an example in which a stronger condition as HZ(u) ¢
& Hg(p) is satisfied and the equality (7) fails (see Remark 2 Section 3).

EXAMPLE. Let 1 be the measure on T? concentrated on its diagonal, defined
by Lebesgue one-dimensional measure m,, i.e.

Sfdl - Sf(w, wdm(w) (f e C(T2).

T2 T

Since A is my-singular, by Proposition 3.1 from [1], it follows that the multi-
plication operators with coordinate functions S; and S, on H2(A) are commuting
unilateral shifts. Also, by Corollary 7 from [3], the pair (S;, S,) on H2(2) is
ultraevanescent. From the definition of 4, it is easy to see that H?2) =
= C @ H}(%). Hence H%(1) = H*(A) 2 HZ(A). On the other hand A[u] > 0, while

exp( ‘ log (dl/dmz)dmg) ~0.

Let us observe that Theorem 3 can be applied in the particular case in which
the isometries V; = U,fHﬂ(u) and V, = U2¥H2(;l) are doubly commuting, since in
this case H&(u) = {0} (sce [4]). So, our Theorem 3 improves Theorem 4.2 from [8],
since the commuta ivity property which is required for pr, means that ¥, and ¥,
double commute. We also mention the foliowing:

CoROLLARY. 1. Let f € LXmy). Then f€ Llog L(my,) iff there is g € H*(m,) so
that | g |2 < | f| myace.

Note that in [8] (Theorems 3.1 and 3.5) conditions under which a func-
tion fe L¥pm,) verifies | = |g!? my-a.e. with g e H?(m,) were given. The fol-
lowing result is connected to this problem and improves. Theorems 4.1 of [7],
2.4 of [8] and 9.24 (iii) of [I1]. Let us firstly recall that a finite positive Baire
measure p on T2 is said to be Szegd-total (see [11]), if p is not a point mass and
every function from H*(u) vanishing on a sct of positive measure g, vanishes p-a.e.
on T2, Now we can state:

THEOREM 4. Let u be a finite positive Baire measure on T2 and Vy, V, be the
multiplication operators with the coordinate functions on H*(u). Then the following
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are equivalent:

(i) p is a Szego-total measure and the unilateral shift part of the pair (V. V)
is non-trivial.

(i) The pair (V,, V,) generates a unilateral shift in H*(u).

(iii) There is a uniquely determined outer function f in H*(m,) such that du =
= |f12dm,.

(iv) p has the commutativity property (ie. V,, V, doubly commute) and
there is a function fe L¥m,) satisfying f(m. n) =0 for (m, n) ¢ Z2, such that
du = |fidm,.

(V) V1 and V, are doubly commuting and du = | f1* dm, with [ € H¥(m,).

Proof. (i) => (ii) results from Theorem 9.24 (iii) in [11].

(ii) = (iii). Under hypothesis (ii) we have HZ(u) = H*(u) in decomposition (1).
Hence the Wold-type outer function on D?* associated with u (by conditions (a)-—
(b)) reduces to the analytic part g € H*(D?) and we have du = |g.|*dm, too.

(iii) => (iv) results from Theorem 4.4.6 of [9], Lemma 1.3 and Theorem 2.18
of [10] and Theorem 2.4 of [8].

(iv) = (v) uses Theorems 2.4 and 3.5 from [8].

For (v) = (i) observe that the double commutativity of V;, ¥, implies
Hi(p) = Ha(p) = {0}.

Since log | f] € LY(m,), from Theorems 3 and 1 it follows that the outer function
£ € H¥(D?) corresponding to u by (a), (b), verifies |g.] = | f] my-a.e. But, the exis-
tence of g is connected with the nontriviality of the right defect space # in H:(u)
(see (2)). Now, let » € H3(u) and ¢ « T* with u(o) = 0 such that 4 = 0 on .
Then y,i = 0 (x, means the characteristic function of o), therefore y,/i = h, where
¢'=T*\o. If h # 0 in H*(u), since g is outer, we have 0 3 hg, € H*(m,) and also
hg, = y,hg. € o L3(my). So (x,-L*my)) n H3(my) # {0} and, since m, is Szegd-
-total, it follows that my(c") = 1. Also my(6) = 0, and then u(s) = 0, which is a
contradiction. It results # = 0 p-a.e. and so u is Szegé-total, which proves the last
implication.

From this theorem and by Corollary 10 of 5] we infer

COROLLARY 2. A function f& H¥m,) has a factorization of the form f= ¢g,
wehere @, g € H(my), | @' = 1 my-ae. and g is outer, iff the measure ' f'*dm,
has the commutativity property.

Acknowledgements. We are grateful to the referee for his remark regarding
Theorem 1. The work for the revised form of this paper was done while the
first author was an Alexander von Humboldt Research Fellow at the Univer-
sity Regensburg, Germany.



ANALYTICITY OF THE SEMISPECTRAL MEASURES 15

11.
12,

13.

14.

15.
16.

REFERENCES

. Briem, E.; Davig, A., M.; OxsenpaL, B. K., A functional calculus for pairs of commuting

contractions, J. London Math. Soc. (2), 7(1973), 709—718.

. GASPAR, D.; Suctu, N., On the strucuture of isometric semigroups, in Spectral theory of linear

operators and related topics, Birkhiuser, 1984, pp. 125—139.

. GASPAR, D.; Suciu, N., On Wold decomposition of isometric semigroups, in Approximation

theory and functional analysis, Birkhduser Verlag, 1984, pp. 99—108.

. GASPAR, D.; Suciu, N., Intertwining properties of isometric semigroups and Wold type de-

compositions, in Operators in indefinite metric spaces, scattering theory and other
topics, Birkhauser, 1987, pp. 183-—-193.

. Gaspar, D.; Suciu, N.; VaLusescu, 1., Wold-type functions and semispectral measures on

T? to appear.

. HeLsoN, H.; LOWDENSLAGER, D., Prediction theory and Fourier series in several variables,

Acta Math.,99(1958), 165—202.

. KALLIANPUR, G.; MANDREKAR, V., Nondeterministic random fields and Wold and Halmos de-

compositions, in Prediction Theory and Harmonic Analysis, North-Holland Publ.
Comp., 1983, pp. 165—190.

. Mi1aMEg, A. G., Extension of three theorems for Fourier series on the disc to the torus, Bull.

Austral. Math. Soc., 33(1986), 335—350.

. RubpiN, W., Function theory in polydiscs, Benjamin, 1969.
. SoLTAaNI, R. A., Extrapolation and moving average representation for stationary random fields

and Beurling’s theorem, Ann. Probab., 12(1984), 120—132.

Suctuy, 1., Function algebras, Ed. Academici R.S.R., Bucuresti, 1973.

Sucry, 1.; VALusescu, 1., Factorization of semispectral measures, Rev. Roumaine Math. Pures
Appl., 21(1976), 773—793. ‘

Suc, I.; VaLusescu, 1., Fatou and Szegé theorems for operator-valued functions, in Proc.
Romanian — Finish Sem. (1976), Springer Lectures Notes in Math., 743, 1979, pp.
656—673.

Sucru, N.; VaLusescu, 1., The maximal function of doubly commuting contraction, Topics in
modern operator theory, Birkhduser, 1982, pp. 295—309.

SzEGO, G., Beitrage zur Theorie der Toeplitzschen Formen, Math. Z., 6(1920), 167—202.

Sz.-NagGy, B.; Foias, C., Harmonic analysis of operators on Hilbert space, Akad. Kiad6
Budapest-North Holland Company, Amsterdam — London, 1970.

DUMITRU GASPAR and NICOLAE SUCIU
Department of Mathematics,
University of Timisoara,

Bdul Vasile Pdrvan 4, 1900 Timisoara,
Romania.

Received July 15, 1988 ; revised September 15, 1990.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 400
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [445.039 677.480]
>> setpagedevice


