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ON COMMUTING ISOMETRIES

MARIA DOLORES MORAN

1. INTRODUCTION

Let (U, V;5#) be a pair of isometries with domains Dy, D, and ranges
Ry, Ry, respectively, closed subspaces of the Hilbert space #. We say that (U,
V'; F)is a commuting unitary extension of the pair, (U, V; #) if# <« & and U’, V*
are two comunuting unitary operators in & which extend U and V, respectively.
We say that (U’, V'; &) is a minimal extension of (U, V; #) if in addition & =
= YV U"V'™(#), the closure of the linear hull of U  unvm™er).

(nm)eZxZ (n,m)EZXZ
Assume that the given pair (U, V; o) satisfies U"Dy « Dy and U"R, < Dy
for » = 0,1,..., then

(1) U WVf, VI =<UY, £, Nf, f7eDy, n=12, ...

is a necessary and sufficient for the existence of a minimal commuting unitary exten-
sion (U’ V'; &F) of (U, V; ) ([11). In turn this gives a two dimensional extension
of the Sz.-Nagy —Foias lifting theorem.

Thus a basic problem is to describe the set % , of all equivalence classes of
wminimal unitary extensions of (U, V;#°), where two minimal unitary extensions
W, V', #') and (U", V''; F'') are said equivalent if there exists an unitary iso-
morphism ¢ of F' onto F'' which leaves invariant the elements of # and satisfies
QU™V'™ ="V ""p, ¥n, meZ.

The problem was solved by Arov-Grossman for the case where U is the iden-
tity of J# (cf. [2]). We use some ideas of Sz.-Nagy — Foias [5].

The results of this work may be applied to giveza description of all positive
Toeplitz extensions of a positive Toeplitz-Krein-Cotlar form, defined in [1], and
also to the work of M. Cotlar and C. Sadosky [4].
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§2

We start with the easiest case of the problem: Let us describe #. ,, for U: %" —
~»J a unitary operator, 13,, and R, closed subspaces of #, with U(D,) = D....
U(R,) = Ry and V: D,. - Ry, an isometry such that UV = VU D,.

In this part we set A" = 4", = # © D, W = #, =K Q Ry. It is casy
to see that U(A) = A7, U(#) = .# and that

PROPOSITION 1. There exists a minimal commuting unitary extension (U', V': Fp
of the above pair (U, V; #), if and only if there exist a minimal unitary exteasiosr
(V': F) of V and a unitary extension (U' F) of U such that U’ comnuates with V',
Furthermore: (U', V'; F'Y is equivalent with (U, V''; F"Y if and only if the tve
minimal unitary extensions V' aad V"', of V., are equivalent in the sense of [2].

Next we have:

PROPOSITION 2. Let (S: F) be a minimal unitary extension of V. There ¢xists
a wiitary extension (R; 7) of U, such that R conunutes with S, if and only if

(S" U, UR'S == (S"h, I'S Nh W elon =12 ... .

Proof. If there exists such R, then for every i, ¥ e, n=1,2,...
{S§"Gh, UhYy = {S"Rh, RII"Y = {(RS"h, RI"> = {S"k, Ii">.

Conversely using that {S"Uh, UK'> = {S"h, I'> Vh, ' e #.n =0,1,... we have

a

N N
that R, '}’ S™h, == Y S"Uh, defines a unitary operator from the linear hull
n —N n .—N

N
of the elements of the form ¥ S%, onto thelinear hull of the elements of the fernr
n.~-N
N

Y S§7h, and so we can extend R to a unitary cperater in % which we still de-
neoo=-N

note by R such that extends U and commutes with S.

Let us introduce some more notation. Let 4", .# be Hilbert spaces. The class
of all holomorphic functions 0 in 'z < 1 such that 0(z) € L(.+", .#) and 9(z) is a
contraction for each z will be denoted by A(A7, #).

If (S§; F) is a minimal unitary extension of ¥, and if Py, and Psax

arc the orthogonal projection of F onto # and FECH# respectively, then
the function

2) 0s(z) = Par{SU — zPzcxS) 7} N

will be called the holomorphic function associated to the minimal extension (S; F).
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PROPOSITION 3. Let S be a minimal unitary extension of V, and 0s(z) its ho-
domor phic function then:

PyS"Ul H# = UPS"\# for each n > 1
Af and only if

Ul4(z) = 0s(2)U | A".

Proof. Let us assume that P,S"U ; H =UP,S" 1 H,n=12, ...;since O4(z)=
=Y 2"§s(n) with .

n>0

m+1
Os(m + 2) = {P,fs"'+8 -y P,fs"'+2~ka(k)} P4
k=0

we can prove (by induction) that
PeS'U|H# = UPyS"|# n=1,...,r+2=
= O0s(k)U|# = Ubs(k) k=0,...,r+1,

Yr > 0, from which it is easy to conclude that Ulg(z) = 9S(Z)UI./V. |Now if we
have that Ufg(z) = 05(z)U | A", using that UVPp , = VPDVU] D, we can conclude
that

U(VPp, + Os(2)P ) — 2(VPp,, + Os(z)P )} ;Jf =

= (VPp, + 0s(2)P. U -- Z(VPDV + 04(z)P 4)17'U

‘which is the same as

UPpS(I — 2S)72 lop = PpSU — 28)71U

and so

UPyS"|H =PpS"U N n > 1.

The next statement is a corollary of Propositions 2 and 3.

PROPOSITION 4. Let S be a minimal unitary extension of V, defined in & and

02y its analytic function defined by (2). There exists Rdefined in F , such that (R, S; F)
is a minimal commuting unitary extension of (U, V) if and only Ubg(z) = 05(2)U } N

Now we recall the Arov-Grossman result: The correspondence given by (2)
ids « bijection from all minimal unitary extensions of V onto B(N", M),
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PROPOSITION 5. The set Uy y is not empty.

Proof. Using Proposition 4 and the Arov-Grossman result we have that . ;. #
# () if and only if there [exists 0 in B(A4", .#) such that 0(z)U§V4/' = Uli(z}. Let
9:D - L(A, #) defined as ¢(z)(n) = 0e #, VzeD, neN.

PROPOSITION 6. Let F: Uy -+ {0 € BN, M) : UB(z) =0(z)U ;A/’ ) defired by

F(R, S) = {PaS ~- 2P| | gn oo oS) 7} A

neZ
Then F is a well-defined bijection.
Using the last proposition we have that #;,,- has only one element if and only if
{0 e 01, %) o(z)UfJif = Ub(2)} =
©)
={6e BV, A): 92}y =0, neN, zeD}.

But (3) is the same as

{rel{v, #): Ti<1 TU,.¥ = UT} =

)

{(TeL(4, Z): T@w) =0, VneNL

Fixing U, = U'JV and Uy = U '/ we have that for i= 1.2, I'; = {{F},cz is
a upitary rcpresentation of Z and in {3] it is proved that (4) is the sawe as

() N = {0} or = (O}

or Iy and I'y arc two disjoint unitary representations of Z.

§3

I this part we will modify slightly the hypothesis of Part 2. We supnose that,
Ui - 3F is a unitary operator, Dy, Ry, closed subspaces of 3¢, and ¥: 13, > Ry
an isometry such that condizion (1) holds, i.c.:

GVL VD (UL [y VAL €Dy, w12

fa this case we define (os we did in the procf of Proposition 2) ¥/ ¥V LD, -
ne
>V URy to ke the isormeiric operator which satisfles VU= L) Vnc Z,
EIaY.

MR Ll



ON COMMUTING ISOMETRIES 79

feDy. Condition (1) insures that V' is a well defined isometric operator and it is
easy to prove that ¥’ is an extension of ¥, which commutes with U and such thag
the domain Dy and the range R,- of V' satisfy U(Dy+) = Dy and UR ) = Ry
Thus U and V' satisfy the conditions of Part 2 and we can describe %y,y-. But from
the definition of ¥V’ it is easy to see:

ProPoSITION 7. Uy y = Uy,v -

The proof of the next result follows directly from Propositions 6 and 7.

PROPOSITION 8. There is a bijection between ¥y, and the set {0 € B#(H# ©
© V UDy, #© VUR:0U|# OV UD, = Ul Therefore Uy, # O
Z [neZ

neZ ne
and U, has only one element if and only if one of the next condition hold :
(@) A& = V_U"Dy,

neZ

(i) # = V URy,

neZ

(iti) If we set Uy=U|s# OV UDy, U,= U{Jf © V U'Ry and for
neZ neZ

i=1,2,T; = {Uf}lsez then I'y and T, are two disjoint unitary representations of Z.

§ 4

In this section we will describe %, for U: Dy — Ry, V: Dy - R, a couple
of isometries with Dy, Ry, Dy, and R, closed subspaces of a Hilbert space 5
with U"Dy, < Dy, U'Ry < Dyfor n = 0,1, ... and such that condition (1) holds.

Set W be a minimal unitary extension of U and let us define Vy : V W'Dy, —
neZ
— V. W"Rj as the unique isometric operator which verify&Vy W' = W"Vf, ¥f €
neZ
€Dy, neZ (as we did in the proof of Proposition 2). Condition (1) insures that
Vi is a well-defined isometric operator and it is easy to prove that V' extends ¥ and
commutes with 7. Furthermore, the range and the domain of Vy arc invariants by

W. Thus W, Vy satisfy the conditicns of Part 2 and we can describe %y -

Now if we consider for i = 1, 2, R;, §; two commuting minimal unitary oper-
ators which extends W and Vy,, respectively (so they extend U and V respectively)
then (R;, Sp) and (R, , S,) represcnt ithe same element of % W,V if there exists a

unitary isomorphism ¢ : V V SPRY(#) - V VYV SIRI(#) which leaves invariant
neZ mecZ neZmeZ

the clements of V W) (and so ¢ leaves invariant the elements of 5#) and
neZ

such ibat @ S{RY = SR, From the last ebservation we can conclude:

PROPOSITION 9. Let W, Vi be defined as above. Iy : Uwy,, — Uy,y defined
by IR, S) = (R, S} is a well-defined injective function.
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Using that W, Vj are two operators which satisfy the conditions of Part
2 we have that %y  can be parametrized by

0e ﬂ((V W"(//)) e (V W™(Dy), (V W"(/f)) © (V W'(Ry))):

nel

Wo(z) = 0()W (V W"(//)) © (V W"(Dy))

The last szt gives a description of a part of %, ,; the next proposition will
tell us which part.

ProrosiTION 10. Let W, Vi be as in Proposition 8. Let (R, S) be an element
of Uy, . (R, S) belongs to the range of Ly if and only if there is a unitary isomor-

phism ¢: V R\#) - V W(H) which leaves invariant the elements of # such
neZ nez

that W= @R V R'(X).
=rA
Proof. Let us assume that (R, S) belongs to the range of Iy, then there exists
(R, S’) a couple of minimal commuting unitary operators which extends W, Vi,
respectively and a unitary isomorphism @&: V V R'S™(#) - V V R"S™H#)

neZmel nclmeZ
which leaves invariant the elements of J# and such that $R*S™ = R"S'™P. Let ¢
be the restriction of @ to V R*(#°) then ¢ is an unitary isomorphism ¢: VR"( H) >

neZ
> V WA(#) which leaves invariant the elements of # and such that (pR = Ro =
nea
= W,

Conversely, let us assume that there is a unitary isomorphism ¢: V R*(#) —
ncl
- V W"(#)and we remark that (R, S) € % . Lzt us denote by R’ the restriction of
nGZ

Rto V R'(#),and by Vy, therestrictionof S to V R™(3#). Then Vy-is an isometric
nzd ncZ

extension of V, which commutes with R’ and such that the domain and the range
of Vg arc invariant under R'. Since R’, Vg verify the conditions of Part 2
and (R, S) is an element of “ZIR»V ,, then there exists an holomorphic func-
tion e AV R"(H#)OV R”’(DV) A R"’(”/’) e V R'"(Ry)) such that R'8 ==

ncZ ne” neZ
=0R" V R"(#) O V R"’(D ). Now we observe that
neZz
(9(V R'"D vy =0o(V R'D,) =V (pR" =V W'oD, = V WD,
FleY/ neé ncZ neZ nc?Z

and

o(V R"R,) = go(V R'Ry) = v JORRy) = VW'gRy = V W'R,.

nei ng reZ
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Let us define f = ¢@bfp~? ‘ (VW) © (V W'Dy), clearly
neZz neZ

Be @(VW"(/f ) © V. W'(Dy), V W) S V W"(Ry))

neZ neZz

and BW|V W' (#) e V W' (Ry) = WB. It is a consequence of Proposition 6
nez . nez
that there exists (L, M) € %W’Vw such that Iy(L, M) = (R, S). Q.E.D.

For the next theorem we need to fix some notation:
Ny =H @Dy, My=H ORy,

HY M) = {Z eintm,: {m,}u»oC Ay Z lm,liz < co}

Il>

HZ ('/V‘U) - { Z emtcn {cn}llé—lC‘AﬁU Z [C Iz < OO}.

ng =1 ng—~1

If # = Dythen Ut @ HAMy) - H @ H¥AMy) defined by U'(f® (m,)n»0) =
= Uf + my @ (M, 1 1)n»o 1S @ unitary operator and we set:

—-n—1
Ay =V U'Dyv V {(U‘lPRU)—"f+ Y, etP (U= Pg )~ "2k feDV}
k-:0

n: Rz =—

nz0 ng—1

—n—1
Az — V U"R v V {(U—1PRU)-nf+ S eikerU(U—lpku)—n—1—Icf:feRV}
k=0

and for i = 1,2
Ul =U'|# & H (M) © 4;, T;={U}ez-
If 5# = Ry then:
U’ @ HE(Ny) —»H# @ HE(AN )
defined by
U'(f® Y, en)=UPp, f@ € “(Py, )+ Y elsV)ny)

Ss— sg_

is a unitary operator and we set

Uy =U" |# & HE (V) © ( Vv UDy),

Ué’ — UII

# @ HL(Ny) © ("\G/ZU"(RV)),

6 — 22



82 MARIA DOLORES MORAN

and for i =1, 2, I'{ = {U;"}ez. Set 0e€ H(Ay, #y), we define U’ the mini-
mal unitary extension of U7, having 6 as its associated holomorphic function

{sce (2).

The proof of the next theorem is easy using Proposition 9.

THioREN 1. There is a bijection between Uy and

Be /7(V Uy o vV U””(DV) V UNH) © V U™Ry): I
Gz ned S ncd
¢, J( AN
(U()ﬂ "'ﬁL’ V L(,n(//) O v U’H(R ) J
HE 7] "E:

Furthermore:

(l) ‘ylle,V 7{: 09

(ii) ¥y has only one element if and only if one of the following statements

hold :
A) # =Dy and 4 @ HNAL) = 4,

B) # = Dy and # ® H2(My) = 4,

C) # =Dy and Ty and T, are two disjoint unitary representations
of Z,

D). # = Ry and I'y and Ty are two disjoint unitary representations
of Z.

The last result is: if dim.{"y = 0 or dim .#; = O then Theorem 1 simplifies
to: There is a bijection between %y and

0 & B Dy, # QRy): Pr (VP +0@)P I -2(VPp +0(2)P, )] U =

= UPp (VPp, + ()P NI — (VP + 0P )~
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