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QUASISIMILARITY OF RATIONALLY CYCLIC
SUBNORMAL OPERATORS

JOHN E. McCARTHY

INTRODUCTION

Two bounded linear operators on a Hilbert space, S and 7, are said to be
quasisimilar if there exist quasi-affinities X and Y (i.e. bounded operators with
dense ranges and no kernels) such that SX = X7 and YS = TY. Quasisimilarity
is an interesting equivalence relation for subnormal operators, because, on the
one hand, it preserves such properties as the spectrum [4] and the essential spectrum
[14], and on the other, it provides a large class of equivalent operators which, in
certain cases, are amenable to a nice classification.

If K is a compact subset of C, Rat(K) will denote the rational functions with
poles off K, and an operator S on # is called Rat(K)-cyclic if the spectrum of S is
contained in K, and there is some vector ¢ in #, such that { r(
dense in . Any Rat(K)-cyclic subnormal operator is unitarily equivalent to multi-
plication by the independent variable on R*(K, ), the closure of Rat(K) in L2(;), for
some finite, positive Borel measure supported on K [6, p. 146]. We shall call this
latter operator Ry,,, and yu will be called the symbol of Ry ,.

If fisin R*(K;, p) 0 L%(n), My, the operator of multiplication by f on R*(K, y),
is clearly in the commutant of Ry ,, and, by a theorem of Yoshino [15], anything
in the commutant is of this form. In [12], Raphaecl proved that the commutants of
quasisimilar rationally cyclic (i.e. Rat(K)-cyclic for some K) subnormal operators
are isometrically isomorphic and weak-star homeomorphic. In Section 1 we give
a new proof of this theorem, which is shorter, and, we think, simpler. We would
like to thank John Conway for bringing [12] to our attention.

In [3], Clary classified all subnormal operators quasisimilar to the unilateral
shift. This was extended by Hastings [10] to isometries of finite cyclic multiplicity
In Section 2 we extend this in a different direction, namely to classifying all subnor-
mal operators quasisimilar to R, ,, when R(K) is a hypo-Dirichlet algebra, and y is
supported on the boundary of K. R(K) denotes the uniform closure of Rat(K) in
C(K), and R(K) is called d hypo-Dirichlet algebra if :
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(i) the uniform closure of M(R(K}) is of finite codimension in R(C(CK)). and

(i) the linear span of {logi+ : 7, r~* € R(K)} is dense in R(C(CK)).

If R(R(K)) is actually dense in R(C(CK)), R(K) is called a Dirichlet algebra.
If K is finitely connected then R(K) is hypo-Dirichlet [2], but this is not necessary
(although the interior of K must always be finitely connected).

By “measure’ we shall always mean 2 compactiy supported finite Borel mea-
sure on C. Two measures will be called equivalens if they are mutually absolutely
continuous. If K is polynomially convex, R (K, p) is just the closure of the poly-
nemials in L*(u), which we shall write as P*(y), and in this case we shall write S, for
Ry .- The (bounded linear) operators on a Hilbert space # will be written B{#).
The weak-star closure of Rat(K) in L) will §b written R®(K, p). Note that
R>(K, p) is contained in RK, p) 0 L>2(p).

We first need a structure theorem to translate from operator theory to func-
tion theory. The result we need is from [5), where it is proved] for the polynomial
case, but the rational casc works exactly the same way.

ProrositioN 1.1, Suppose R, and R, are rationally cyclic operators. Then
they are quasisimilar if and only if there exist measures py and iy, a compact set K
an RK,ﬂn-cyciic vector @ in R¥K, 1) N L2(y), and constants Cy and C,, such

v

that R; is unitarily equivalent to Rg , , (i =1, 2), and
3

Sl‘@ *duy < CnSi"lzd.“z < G § T

o

Jor all r in Rat(K).

We next prove two lemmata, which are just special cases of Theorem 1.4. The
first says that if R; , and Ry  are actually similar, and v is absolutely continuous
with respect to g, then their commutants are naturally isomorphic.

Lemva 1.2, Suppose p and v are measures supported on K, v is absolutely
continuous with respect to j, and

Sf"':ﬁdu < Clgérlﬁdv < CQSieru

Jor all r in Rat(K). Then the identity map on Rat(K) extends to an isometric isomor-
phism and weak-star homeomorphism from R¥*K, p) n L®(u) onto R (K, v) n L=(v).
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Proof. By continuity, the map X: r > r, for r in Rat(K), extends to a bounded
invertible operator from RX(K, u) to R¥K, v), which intertwines Ry, , and Ry .
Let f be in R¥(K, p) n L*(u). Then there is a sequence r, in Rat(K) which converges
to fin L*(u), and, by passing to a subsequence if necessary, we can assume r, tends
to f p-almost everywhere. Xfis the L2(v) limit of X#, = r, , and because v is absolu-
tely continuous with respect to u, r, converges v-almost everywhere, so Xf = f,
v-almost everywhere. Therefore

Xfli < If .

1Yo,y < 1T,

Moreover XMeX = Mxy, so
| ! — — N - '
llfllLoo(u) = IIMfHB(R'-’(K,I‘)) = I‘X lMXfX“B(RQ(K’u)) <
< IXEIX T Mgl gz, < 1XT XX oo -

Therefore X: RX(K, ) n L®(1) — R¥(K, v) 0 L=(v), the restriction of X, is bounded
below in the Lo(u)-L(v) norms, and is multiplicative (since it is just a restriction
map), so it must be an isometry. X is surjective because X is invertible. Finally, X
is weak-star continuous, since v is absolutely continuous with respect to g, and so

by the Krein-Smulian theorem and the Banach-Alaoglu theorem, it is a weak-star
homeomorphism. %

2

The second lemma requires only that R, , and Ry be quasisimilar, but
adds the hypothesis that g and v be mutually absolutely continuous.

LemMma 1.3, Suppose u and v are mutually absolutely continuous measures, @
is an essentially bounded Rat(K)-cyclic vector for Ry,,, and that for some constants
C, and C,,

Slr¢|2du <G S rdy < czg IriPd

1

Jor all r in Rat(K). Then the identity map on Rat(K) extends to an isometric isomor-
Dphism and weak-star homeomorphism from R* (K, p) 0 L°(u) onto R*K, v) 0 Lo(v).

Proof. As in the previous lemma, the map X from R¥K, p) to R*(K, v),
which leaves Rat(K) fixed, restricts to a map X from R%(K, 1) n Lo(u) to R¥(K, v) n
n Le(v) which is the identity map (point-wise) on functions, and therefore is iso-
metric, multiplicative and weak-star continuous. It only remains to show that it
is surjective.
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To this end, define two auxiliary maps W: R¥(K, v) —» R{K, ‘@), and U:
TRAK, lo ) - RYMK, 1), by W(r) =r and U(r) = @r for all r in Rat(K), and
extending them by continuity. Again, WX maps RY(K, ) 0 Lo(u) into R¥K, ¢ *p) 0
n L ¢.%u) by the identity map on functions, and if WX is surjective, so is X. But
U is invertible, ang URy, (p;g”U“l = Ry ., s0if gisin R¥(K, @) N L= ¢ *u). then
UM,U-' = M, is in the commutant of Ry , so g isin R¥K. p) n L*(y), and hence
in the range of WX. Therefore X is surjective, as desired. E..

The general case of the theorem now follows easily.

THEOREM 1.4. Suppose Ry and R, are quasisimilar rationally cvelic subnormal
operators. Then their comumutants are naturally isometrically isomorphic aind weak-
-star homeomorphic.

Proof. By Proposition 1.1, we can find measures p,, ft;, 5, and constant
C,, C,, such that R, is unitarily equivalent to both Ry and Ry 5 R, is unitarily
Y

cquivalent to Rk, and

\ e < qSir;ﬂdug <\

for all » in Rat(K).
Let 0 = (p;, + 1), and 1 == (g, + p,). Then

e <1 S) Ir2dp < (l + Cﬁ) '+ 2o,
¢ C

i 3

SO Ry, is similar to RA»,,,l, and, by Lemma 1.2, the identity map on Rat(K) extends
to an isometric isomorphism and weak-star homeomorphism from R¥K, &) 7

N L2(g) onto R (K, y;) 0 Lo(u,). Likewise, Ry . is similar to Ry, , and so R¥K.7) &

0 L(1) is mapped isometrically and wcak-star homeomorphically onto R* (K, p1,) 1

N Lo(,). R,(,,,l is unitarily equivalent to Ry, i, SO Iy and pi, are equivalent [6, p. 217],
s0 ¢ and t are equivalent. Because quasisimilarity is clearly preserved under simi-
larity transformations, Ry, is quasisimilar to Ry .. Applying Proposition 1.1 to
Ris and Ry ., we get unitarily equivalent Ry  and Ry : satisfying the hypotheses of
Lemma 1.3, and so we can finally conclude that all of the six operators Ry, Ry .,
Ry .y Ri5s Res R,\-,‘,l have isometrically isomorphic and weak-star homeomorphic

%

commutants, under maps that leave R* fixed. 7

To show both steps arc needed in the above proof, here is a simple example
of two similar, cyclic subnormal operators with mutually singular symbols: Let



QUASISIMILARITY OF SUBNORMAL OPERATORS 109

2, be Lebesgue measure on the circle of centre 0 and radius 1 — 2-", normalized

0 o]
to have total mass 2-". Let y; be ¥, 23,41, and y, be Y} Z3,45. Then for any
ni- 0 m: =0

polynomial p,
Slplzdﬂl < 2811)12% < 4S¢p’\9dul-

So S, is similar to S,_, and 1, and g, are mutually singular.

§ 2

Harmonic measure for a connected open set U is defined in the following way:
pick a point a in U. For any continuous real-valued function f on the boundary of U,
define a function f on U by

f(: = sup{g(z): g is subharmonic on U, and limsgpg(z) < f©), YL e U}

Z=

‘The functional f f(a) is continuous on Cr(0U), and therefore comes from a measure,
g, which is called harmonic measure for U at a. Whilst a different choice of a will
yield a different measure, the two measures will be boundedly mutually absolutely
continuous, so, by an abuse of language, we refer to harmonic measure for U without
specifying a point . Harmonic measure for a compact set K, with interior compo-
nents U, , isw = ¥} 2~"w,,, where », is harmonic measure for U, . For a fixed compact
set K, p, and pg will mean, respectively, the absolutely continuous and singular parts
of ;1 with respect to w, and y,, and y, will mean the absolutely continuous and sin-
gular parts with respect to w, .

A point { is called a bounded point evaluation for R*(K, p) if there exists a con-
stant C; satisfying

ir(O) < Celirll s,u

for every » in Rat(X). If { is a bounded point evaluation, it makes sense to talk
about the value of f({) for any function fin R*(K, p), because evaluation at {, defined
a priori only for rational functions, extends by continuity to all of R*K, ). The
point { is called an analytic bounded point evaluation if it is in the interior of the
bounded point evaluations, and if, for every f € R¥X, u), the function z > f(2)
is analytic in a neighbourhood of (.

A (Gleason) part of R(K) is a maximal set P in C such that for x and y in P,
if ¢, and e, denote the functionals of evaluation at x and y respectively, then
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le, - ey:iR(K)m < 2. By {7, p. 146] representing measures for points in different parts
are mutually singular.

Let us recall some facts about hypo-Dirichlet algebras. These facts, and their
proofs, all come from [1].

If the codimension of R(R(K)) in R(C(CK)) is ¢, then there are ¢ measures
His - ..., which annihilate R(R(K)) and are absolutely continuous with respect
to harmonic measure for K. There are ¢ invertible functions F,,..., F, in R(K)

such thatSlongjfdnk = . A function h in R¥(K, w) is called inner if, for some real

numbers %, , ...,%, A} = (F;1. .. 'F" o-almost everywhere. If v in L3(u) satisfies
S log ivjdw > - oo, then there exists an inner function /2 and a function g that is a

Rat(K)-cyclic vector for Ry, with ‘v = lg' |k} @-almost everywhere.
We are now able to prove our main theorem.

THEOREM 2.1. Let K be a compact set, such that R(K) is a hypo-Dirichlet
algebra. Let i be a measure supported on the boundary of K, and let v be a measure sup-
ported on K. Then Ry is quasisimilar to Ry , if and only if

(@) (v éK), is mutually absolutely continuous with respect to p;

() If

du
lo dw,= oo
\ o

w"
9,

then

& log ol dw,= -co,
b do

U,

R

Vo IS equivalent to p,,, and v(U,) = 0;

© If
(1) S log M dw,> —co
w“
ol
then
@) S]og dv dw, > —oo.
do,
otr

a2

Proof. (i) Necessity.
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By hypothesis, there exists a Rat(X)-cyclic vector ¢ for Ry ,, and a Rat(K)-cyclic
vector Y for Ry, such that for all r in Rat(K)

Slrch du < Slrlzdv
3)
Slrde < SIrPdu-

Fix some interior component U,. Every representing measure for a point of U,
that is supported on 0K is absolutely continuous with respect to w, [1, 3.1], so we
can apply Forelli’s lemma [7, p. 42], which guarantees the existence of a sequence
r, in Rat(X), with ||r, |l < 1, and with 7, tending to 1 w,-almost everywhere, and
to zero (u + v ] 0K + w)s,-almost everywhere. Therefore r, converges @ weak-star
to the characteristic function of cl(U,), so on the interior of K, r, converges point-
wise to this characteristic function. Thus we can conclude that r, actually converges
(# + v + o) weak-star to the characteristic function y E, of a set E,, wherey E, = 1

(w, + v ] U) ae,and y, =0(u+ v] C\U, + w),, a.e.. Multiplying r by y. in
inequalities (3), they become

lrol2du, <\ |ridy,
() e}
(3)
lrglPdy, < \ Irlfdy,,

) cw,)
where p, = py, and v, = v, + v|U,.

Let v| 0K be called 0. As 1 — y(y E) I8 also in the (4 + v + w) weak-star

closure of the rationals, inequalities (3) also restrict to the singular parts of the
measures on the boundary:

Slwlws < SIrI2d6
oK oK

G

o < S Iriedpg
0K aK
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By the Kolmogoroff-Krein theorem [7, p. 135}, no point of the interior of K
is a bounded point eva vation for R*(K, u). But bounded point evaluations are pre-
sarved under quasisimilarity {11}, so no point in the interior of X is a bounded point
evaluation for R¥(K, o) either. But if a point { is a positive distance from the support

- . . . . 1
of a measure y, it is a bounded point evaluation for R*(K, p) if and only if --~- -

15 not in R*(K. ). Therefore R¥(K, u,) = R (K, ), and R¥K, ¢) = RXCK, o).

But by [1, 3.1] every point in ¢K has a unique representing measure for R(K),
and hence for R(¢K), so every point in £K is a peak point for R(¢K), and thus by
Bishop's peak point criterion [7, p. 54], R((K) = C(¢K). Therefore R (K, p,) =
= [*y), R¥K, o) = L*c), and inequalities (3”’) imply that the normal operators
N, (multiplication by the independent variable on L*(y)) and N, are quasisimilar.
This forces them to be unitarily equivalent [6, p. 82], and so g, and ¢ are mutually
absolutely continuous. Thus (a) holds.

The Szegd theorem for hypo-Dirichlet algebras {1, 10.1] proves that in case
{b), no point of U, is a bounded point evaluation for R¥X, y,), so by the above
argument, g, and v, are cquivalent. Moreover, since points of U, are not bounded
point evaluations for R X, ),

log dv dw, = —oo,
do,
U,

and so (b) holds.

Part (c) would follow from the Szzgd theorem and the preservation under
quasisimilarity of bounded point evaluations if v had no mass on U,. Since it may,
however, have mass on the interior, we use Riemann maps to localise it to the boun-
dary of each component of the compiement of cl({,). We must be somewhat
careful, though, as these boundaries need not be Jordan curves, so there are technical
difficulties in extending the map to the boundary.

Assume U, satisfies (1). Let ¥ be a component of C\cl(U,). Let W be the com-
plement of cl(¥). Then W is simply connected (in the Riemann sphere), contains
U,, and ¢W = CV < ¢U,. By inverting, if nccessary, we can assume without loss
of generality that V is the unbounded component of C\cl(U,), and hence that
<l ) is compact in C. (This assumption is purely for convenience, allowing us to
guote results directly. The same conclusions will hold for bounded V.)

Let g be the Riemann map from W onto the unit disk, and let m be harmonic
measure for #W. Since cl{¥) is simply connected, R(cl(W¥)) is a Dirichlet algebra,
so by [6, p. 356] there is a {unction G in R¥cl(), m) with iG; = 1 m-almost every-

where, and S Gdm,, = g(b)forall b in W (i.c. G is the extension of g to the boundary).
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Since G is bounded, by [1, 4.1] there exist rational functions p, in Rat(cl(W)),
with plie < 1, which tend to G m-almost everywhere, andso, by the dominated
convergence theorem, p,(b) tends to g(b) for all b in W. So if G is the function that
equals G on dW and g on W, then, because w, f oW 1s absolutely continuous with
respect to m [9], p, tends to G in L¥(w,). Therefore G is in R{cl(W), w,) N L%w,),
which, by [1,84.1], is just Re(cl(W), w,). Since p, is squivalent to &, G is in
Re{cl(W), 11,), and hence, by Theorem 1.4, in Re(cl(W), v,).

Therefore, inequalities (3') remain true if » is replaced by r(G)*. Letting k
tend to infinity kills off the interior contribution, because 16! is less than one on the
interior, so

-
S lreitdy, < S iri*ddv, and

ar 1

@

\ v, < | g,

oV (114

Summing inequalities (4) over all ¥ in the complement of U,, we finally get that
R, is quasisimilar to Rg,,ou, , so preservation off bounded point evaluations
implics that (2) holds.

(ii) Sufficiency.

We must show that the normal parts of Ry , and Ry , are unitarily equivalent,
and that the pure parts are quasisimilar [6, p. 223]. Note first that for different com-
ponents U, and U,,, the harmonic measures w, and ,, are singular. This is because,
by [8, 8.3] (applicable because of [1]), the parts of R(K) are connected, and, as re-
marked above, any point in 0K has a unique representing measure, so lies in a part
of its own. Therefore each U, constitutes a part, and so w, and w,, are singular.

Now the normal parts correspond to the measures in cases (a) and (b), and
by hypothesis these are mutually absolutely continuous, so the normal parts are
unitarily equivalent. By applying Forelli’s lemma again, it is therefore sufficient to
prove R, is quasisimilar to R, u, i case (c). We shall do this by showing that if v
is a measure on cl(¥,), and v [ 0U,, is absolutely continuous with respect to o, and
satisfies (2), then Ry is quasisimilar to RK’“’n'

By the remarks preceding the theorem, there is an inner function /; and a gene-
rator g so that —dé—‘i— = |gh| w,-almost everywhere. Let 4: R¥(K, w,) - hR¥(K, ®,)

wﬂ
be given by Ar = hr. Because /i is inner, its modulus on 0K is essentially bounded
away from zero, and is also bounded above. Therefore 4 is invertible.

$ — 2012
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Define B: R¥(K, v) -» iR¥K, w,) by Br = ghr. B has dense range, and because

.
Vym%mn=8§ﬂdvs rady,
o

0w, iU

B is bounded. Let X = 4 1B. Then X is a quasi-affinity satisfying Rx,, X = YR, .
To get the other intertwining operator, let v be the sweep of v, i.e. that measure
on ¢U, satisfying

ﬁv=8ﬂ$

ary) Wy

(where [ is as defined at the beginning of Section 2). Then v is absolutely continuous
with respect to o, [6, p. 335], and

log A do, > log-—d—v— dw, > ~ oo,
dow, dw

1

au
n n

. . . - o dv -
so there exists an inner function £ and a generator g satisfying —é--—- = :hg
)

w,-almost everywhere. '
Define C: R¥(K, g 2dw,) - R¥(K, w,) by Cr = gr. C is unitary.
Define D: R¥(X, g w,) —~hR¥K, '§dw,) by Dr=hr. D is invertible.
Define E: RXK, ) - hRX(K, &*dw,) by Er = hr. E is unitary.
Define F: R¥K, ¥) — R¥K, v) by Fr = r. F is a quasi-affinity.
Now, put Y == FE~'DCL. Y is aquasi-affinity, and YRx,., = Ry Y- Therefore
Ry,, is quasisimilar to Ry, , as required. G

It is a result Trent [13] that the set of analytic bounded point evaluations of
R(K, p) is precisely the spectrum of Ry, less the essential spectrum. Thus, Theorem
2.1 could be restated:

Suppose R(K) is a hypo-Dirichlet algebra, and  is supported on CK. Then Ry,
is quasisimilar to Ry, if and only if the two operators have the same spectrum and
essential spectrum, and their normnal parts are unitarily equivalent.

This is not true in general, however. Here is an example of a family of pure,
cyclic subnormal operators, which have the same spectral pictures, but are not
quasisimilar. '
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ExAMpLE 2.2. For a a positive real number, let u, be the weighted area measure
(1 — r)*drd0 on the unit disk. Suppose that for two numbers 2 <y, §,, were

quasisimilar to S, , so that there were a quasi-affinity X intertwining them. If
s
X1 were ¢, then we would have

X S'p Plo(1 — r)rdrdo < C Slp'?(l — rywrdrdo.

Suppose ¢(z) = )} a,z*. Then letting p(z) = z" in (5), we would get, in terms of
the beta function,

oo

@ l?P2n + 2k + 2, 0+ 1) < CPC2n + 2, y + 1).

k=0

But this is impossible, since the first non-zero element on the left-hand side behaves
asymptotically like n—@+1 and the right-hand side is O(n—+D),
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