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INTERSECTIONS OF K-SPECTRAL SETS

KEITH A. LEWIS

INTRODUCTION

Spectral sets were invented by J. von Neumann in [4] and there he showed
that the closed unit disk is a spectral set for every contractive linear operator on a
Hilbert space. This result seems to be the only useful example of easily verified as-
sumptions leading to the conclusion that a set is a spectral set. However, the situa-
tion for K-spectral sets is better. If G is any bounded open set containing the spec-
trum of the bounded linear operator 7, then an easy estimate using the Riesz func-
tional calculus shows the closure of G is a complete K-spectral set for T

Also, if T is similar to an operator for which X is a spectral set, then a simple
estimate shows X is a K-spectral set for 7' with K = ||S]| IS-1||, where S is the
operator effecting the similarity. It is not known whether the converse of this is
true, but if X is a complete K-spectral set for 7" then a result of V. Paulsen [5]
shows that T is similar to an operator for which X is a spectral set.

Lt is known that the intersection of two spzactral sets is not in general a spec-
tral set [2], {4] but the same question for K-spectral sets remains open. Of course,
the counterexample for spectral sets shows that the same constant cannot be used
for the intersection. Some cases of the K-spectral set problem have been solved.
If two K-spectral sets have disjoint boundaries, then by a result of R. G. Douglas
and V. Paulsen [2] the intersection is a K'-spectral set for some K.

J. Stampfli has considered the case when the boundaries mest. In particular
he has shown [7] that the intersection of a simply connected spectral set whose
interior has finitely many components with the closure of a simply connected open
set containing the spectrum of the bounded linear operator 7 is a K-spectral set for
T and moreover, the operator is similar to an operator for which the intersection
is a spectral set. More recently he has obtained results for the finitely connected
case [8].

In this paper we are able to rermove Stampfli’s topological conditions and the
necessity of starting with a spectral set and show that the intersection of a (com-
plete) K-spectral set for the bounded linear operator 7" with the closure of any
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open set containing the spectrum of T is a (complete) K-spectral set for 7. As acorol-
lary of this we will show that the intersection of any finitely connected spectral set
for T with the closure of any open set containing the spectrum of I'is a complete
K’-spectral set for T so by Paulsen’s result, T is similar to an operator for which
the intersection is a spectral set.

PRELIMINARIES

In this section we collect some basic facts and definitions we will need in the
rest of the paper. A reference for the operator theory is [1) and for uniform algebras
is {3].

We will denote the space of all bounded linear operators on the Hilbert space
H by B(H). The space of trace class operators is the closure of the finite rank opers®
tors in the norm {{F! = tr(F*F)¥? and is denoted %,(#°). Recall that B(3#) can be
identified with the dual of () under the dual pairing (7, L) = tr TL. We also
have |\TLil; < iIT1 jL};.

For a compact subset of the plane, X, we let M(X) be the space of all complex
Borel measures supported on X, C(X) the space of all continuous function on .X, and
R(X) the uniform closure in C(X) of Rat(X), the space of all rational functions
with poles off X.

A compact subset of the plane X is called a K-spectral set for T if X contain
the spectrum of T and {if(T)j! < K][f:ix for all /' € Rat(X). That is, the natural func-
tional calculus from Rat(X) to #(s#) given by f+— f(X) has norm at most K and
therefore extends to a linear map &: R(X) — Z(#) with the same norm. As is
customary we will also denote the image of f under this extension by f(T). It is not
hard to see that this map also preserves multiplication since the map (£, g) — f2(7’) --
—~ f(D)g(T) is continuous and identically zero on the dense set Rat(X)x Rat(X).
If the functional calculus is contractive we say that X is a spectral set for T.

One of the main tools for studying R(X) is the Cauchy transform. If p is a

complex measure with compact support in the plane, define ji(z) = S(z — w)~1du(w)

whenever the integral is absolutely convergent. It is well known that g is locally
integrable, holomorphic off its support, and vanishes at infinity. Its importance in

the study of R(X) comes from the fact that u € R(X)"* f and only if i = 0 off X [3,
p. 46).

We will make use of the following two facts. The first is a version of Green’s
Theorem and the second can be established using Fubini’s Theorem.

(i) If & is a continuously differentiable function with compact support in the
plane and 7 denotes Lebesgue area measure, then

(Gh2)" = —nh.
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(ii) If 1 and v are two complex Borel measures with compact support in" the
plane, then

Wy 4+ wv)" = pv

whenever all the integrals exist.

SURGERY ON K-SPECTRAL SETS

The nextlemma is simple but it enables us to reduce the construction of a K-spec-
tral set to a more amenable problem about measures. This idea is not entirely new.
If T € #(#) and X is a spectral set for T, a standard construction in the theory of

spectral sets'gives measures, U, ,, for x, y € # such that (f(T)x, y) = S fduy, , for

all f € R(X). The equivalence class modulo R(X)L of this measure corresponds to
image of x ® y under the map in the lemma below.

If &:R(X) » B(s#) is bounded, then so is its adjoint @*: B(#)* —
- M(X)/R(X)L. Let ¢: €(#) - M(X)/R(X)L be the composition of ®* with
the canonical imbedding of €,(#) into its double dual Z(#)*. For z¢ X we

have tr(z - T)"L = {(z — T)"L L) = S (z — w)~¥dpu,(w) = p (z) where p, is
any measure from the equivalence class of ¢(L). The converse also holds.

LEMMA 1. Suppose T € #B(#), X is a compact subset of the plane, and
@ €1(5F) ~ M(X)/R(X)* is a bounded linear map such that ji(z) = tr(z — T)"L
for z ¢& X whenever u; + R(X)t = @(L), then X is a K-spectral set for T with
K=ol

Proof. Taking the adjoint of ¢ and composing with the canonical imbedding
of R(X) into its double dual gives a map ®: R(X) — B(H#) with [|®]| <[¢ll. The
condition involving the Cauchy transform is used to show this map agrees with the
natural Rat(X) functional calculus. If f is a rational function with poles off X and
y is a path surrounding X but no poles of f, then by the Riesz functional calculus

wB(L = (fr o)y = SfduL - 2—111—1 Sf(Z)ﬁL(Z)dz ~ wAT)L

for each L € €y(s). Hence ||f(T)|| = lo(f)]} < K||fllx where K = [io||.
We now use this lemma to prove our first theorem.

THEOREM 1. Suppose X is a K-spectral set for T, G is an open set containing
o(T), and every component of the complement of G meets the complement of X, then
X n G is a K'-spectral set for T for some K'.
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Note that the condition of this theorem are satisficd when G is bounded and
simply connected.

Proof. Choose a positive continuously differentiable function i with |4t == 1,
/i = 1 on a neighbourhood of ¢(T), and whose support is contained in G. For
L e%,(sr) pick u, € M(X) that is a representative of ¢(L). Put v, = hpy, - -
- (Mm)Oh(jiy, -- Fp)i, where F,(z) = te(z — T)"L for z ¢ o(T) and /7 is
Lebesgue area measure. Note that v, is supported on X n G.

Since /i = 1 on a neighbourhood of 6(7T} we can find a measure ¢ such that
6 = F, off the set where /i = 1. Using facts (i) and (ii) we have ((1/n)0hF, /)" =
= ((1/m)8he’)" = —he + (he)” = (1 — INF,. Another computation using these
two facts gives ¥, = hji, + (1 ~ h)F andso v, = F, off X n G since i, = F,
off Xand /1 == 0 off G. .

To see that the map @: %(#) — M(X n G)/RX n G)+ by Lwsv, +
+ R(X n G)t is well-defined we must show that v, € R(X n G)L whenever
ity € R(X)L. So suppose u;, € R(X)L, then g, = Ooff X. Since v, = F, off XnG,
{ty = F, off X, and every component of the complement of G meets the complement
of X we must have ¥, = 0 off X n G. Hence v, € R(X 0 G)*L.

We now must show that the map is bounded. Suppose fe R(X n G) with
B xae S L Putf=00ff X n G. We have

~

o

-

IR SO A s
! ; < .S_f/ld;tL. +;»-~-Sfd/1uLd/.i +
V i i T

| S f8hFda.

I'r

Estimating the first term gives; flid,uLi < iyt Since, by the Hahn-Banach
|

| ,
Theorem, we may choose y; such that {u, i = {'u, + R(X)L] we have iSﬂ;d,uL‘»s

]
v

< iy + RO = Jo(l) < KiL1,.
For the second term we have

. r
< 1;0hi;5ﬁL:dz <

G

[ -
SfﬁhﬁLdz

< on S S = i g | < (PR AT

G

where in the last step we have used the standard estimates lz — wi 'ld,%<Viir?/Z((7‘)<.
G

Hence

Sfa"hﬁ,,d;. E < Kiljéh | J4z2(G) LY, .
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Finally, let M = sup{|i(z — 7)~1)| : A(z) # 1}, then

’ S fohF,dA

< M|L|, S |ch| dJ.

Putting the estimates together and using the previous lemma shows that

X o G is a K'-spectral set where K' = K + 2K||éh|| V2 G)/m + (M/n)S‘ﬁhldk.

Now we use a result of Douglas and Paulsen to reduce the general case to
the one considered above.

THEOREM 2. Suppose X is a K-spectral set for T and G is an open set containing
o(T), then X n G is a K'-spectral set for T for some K'.

Proof. Let Uy, U,, ... be the components of the complement of G that do not
mect the complement of X. By a theorem of Douglas and Paulsen [2, 6 Proposition
9.4] we can find disks D; = U; such that X\ | D;isa K"-spectral set for T for
some K''.

Now every component of the complement of G meets the complement of
XN\ U D; so by the previous theorem we have that X\ {UJUD) n G=Xn G
is a K'-spectral set for T for some K'.

COMPLETE K-SPECTRAL SETS

Now we show how to extend the previous theorems to the complete case.
Define #,(R(X)) to be the algebra of » X n matricies with entries in R(X).
This is a Banach space with norm ||(f;)ll = sup|l(f;;(x)}l. Its dual can be identi-
xeX

fied with #, (M(x)/R(X)+) via the dual pairing

{fip)s quiD> = ¥ Sﬁjd”ij'

i

We can define #,(#(#)) similarly and its predual can be identified with
M (€(5#)) via the dual pairing

AT, (L)) = Z.tr Ti;Lij-

If 4 and B are Banach algebras and ¢: 4 — B is a linear map, define
P "/n(A) - "ﬂn(B) by (pn((aij)) = (‘P(aij)) for (aij) € ”//n(A)'

A compact subset of the plane X is called a complete K-spectral set for T if
AT < KI(fip)ll for all (f;)) € #,(Rat(X)) ard all positive integers n. 1If K =1
we say X is a complete spectral set for 7.
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The preceding results can be reformulated in matrix versions. In Lemma 1
replace @ by ¢, and assume sup ', < K, then the conclusion becomes X is a com-
n

plete K-spectral set. In Theorem | we assume X is a complete K-spectral set and
the conclusion becomes X n G is a complete K'-spectral set for some K'. The proof
remains essentially the same. The estimates involving integrals and traces are
replaced by the corresponding dual pairings for the matrix case. Likewise, Theorem
2 still works in the complete case since the resuit of Douglas and Paulsen we use
is also valid for complete K-spectral sets. :

We are now in a position to generalize J. Stampfli’s theorem.

THEOREM 3. If X is a spectral set for T, R(X) is a hypo-Dirichlet algebra, and
G is any open set containing the spectrum of T, then T is similar to an operator
Jor which X n G is a spectral set. '

Proof. Recall that R(X) is a hypo-Dirichlet means that {Ref ¢X: f € R(X)}
has finite codimension in the space of continuous real valued functions on &X.

It follows from [2] that X is in fact a complete K-spectral set for some K,
hence by the version of Theorem 2 for complete spectral sets we have that X n G
is a complete K'-spectral set for some K'. By a result of V. Paulsen [5] this is equi-
valent to T being similar to an operator for which ¥ n G is a spectral set.

If X is finitely connected sct, then R(X) is a hypo-Dirichlet algebra |2].[3,
p- 116} so this theorem contains J. Stampfli’s result [8].

Of course, the problem to be solved is whether the intersection of two K-spec-
tral sets is a K'-spectral set for some K'. Although it might not be possible to
extend the techniques developed here to settle this question, I conjecture that it is
possible to improve the cstimates in Theorem. 1 to get an affirmative answer when
one of the spectral sets has rectifiable boundary.

REFERENCES

1. Coxway, 1., Subnormal operators, Pitman Advanced Pub. Program, Boston, 1981.
. Douctas, R. G.; PAULSEN, V. 1., Completely bounded maps and hypo-Dirichlet algzoras, Acta.
Sci. Math. (Szeged;, 50(1986), 143 —157.

3. GaMmeLin, T., Uniform algebras, Prentice-Hall, Englewood Cliffs, N. J., 1969.

4. vox NEUMANN, I., Eine Specktraltheorie fiir allgemeine Operatoren eines unitiren Raumes,
Math. Nachr., 4(1951), 258--281.

5. PauLsen, V. L., Every completely polynomially bounded operator is similar to a contraction,
J. Funct. Anal., 55(1984), 1-17. '

™~



INTERSECTIONS OF K-SPECTRAL SETS 135

6. PAULSEN, V. 1., Completely bounded maps and dilations, Pitman Research Notesin Mathematics,
146, Great Britain, 1986.

7. StamprLL, J. G., Surgery on spectral sets, J. Operator Theory, 16(1986), 235—243,

8. StamprLl, J. G., Surgery on spectral sets. II: the multiply connected case.

KEITH A. LEWIS
Department of Mathematics,
Brown University,
Providence, Rhode Island 02912

U.S.A.

Received May 30, 1989.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 400
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [445.039 677.480]
>> setpagedevice


