X, ) ' THEOR H
M 02121(.?3)&))??27' 2§§> Y © Copyright by 1MaAR, 1990

ON THE STRUCTURE OF THE C*-ALGEBRA OF THE
FOLIATION FORMED BY THE K-ORBITS OF MAXIMAL
DIMENSION OF THE REAL DIAMOND GROUP

LE ANH VU

INTRODUCTION

Recent works of D.N. Diep [5], J. Rosenberg [10], G. G. Kasparov [8],
V. M. Son and H. H. Viet [12] ... have shown that K-functors are well adapted
to the description (or characterization) of group C*-algebras. Kirillov’s method
of orbits allows to find out the classes of Lie groups MD and MD in terms of
D. N. Diep, for which the group C*-algebras can be described by means of suitable
K-functors (see [12}).

In 1982, studying foliated manifolds, A. Connes [4] introduced the concept
of the C*-algebra associated to a measured foliation. Once again, in the case of
Reeb foliations (see A. M. Torpe [14]), the method of K-functors has been proved
as very effective in describing the structure of Connes’ C*-algebras.

In this paper, we attempt to combine the methods of Kirillov and Connes.
by considering the foliations formed by the generic K-orbits of solvable Lie
groups. A special interesting case is the case of the real form of the diamond
group R.H;.

In [16], we have studied the picture of K-orbits of R.H, and showed that the
family & of the K-orbits of maximal dimension forms a measured foliation (V, &)
in terms of Connes. We call (V, &) the real diamond foliation.

The purpose of this paper is to describe the structure of the C#-algebra
C#(V, #). Note that we can not express C*(V, #) by a single extension of
the form

0 —> Cy(X) ® H s CH(V, F) e Co(¥) ® H ——> 0.

We will express C*(V, &) by two repeated extensions of the form

0 —> Co(Xy) ® o —— CH(V, F)
0HCO(X2)®%‘ )Bl

> By —— 0

> Co(Yz) ®‘7¢/‘ —> 0.
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Then we will compute the invariant systern of C3(V, #) with respect 1o these exten-
sions. If the given CH-aigebra is isomorphic to the reduced crossed product of the
form Cy(¥) *7 f, where {7 is a Lie group, we can use the Thom-Connes isomor-
phism to comnute the connecting maps dy, 8, . Hence, we first will give a new effective
description of the real diamond foliation (1, 7)) by a smooth action of R® on the
foliated manifcld ¥

In ancther paper, we witl be concerned with the similar prodlem for the other
groups of the class MD.

The author would like to express his decpest gratitude to Dr. Do Ngoce Diep
and Dr. Ho Huu Viet for suggesting this study and for their great help and encoura-
gement.

1. TilE REAL DIAMON) FOLIATION

Let ® be ihe Lic algebra with the basis {7, X, ¥, Z} such that

[I.X]= —-X, [T, V]=VF, [X,Y]=2Z
(7, 21=1X2Z}=[V. 7] =

The corresponding simply connected Lie group, denoted by R.F,, is called the
real form of the diamond group or, breafly, the real diamond group.

It is knowa that R.MT; belongs to the class MD Y(see {121). We now recall
the geometric descrintion of the K-orbits in the dual space 6% of 6 (see [163). Let
(1=, X7, Y=, Z%} be the busic in 6% duul to {7, X, ¥, Z}. The two-dimeasional
oroir 2 including I = (&, %, 5, 7)) in (%')* ~ R'is one o the following forins:

By = 0,f=02#0then Q= {{fx0,0), ¢ eR, xx > 0} (the coordinate
half-planes R7™ + R X¥);

20,220, 85 0 then Q== {(r, 0, v, 0), € R, »3 > 07 {the coordinste

bhalf-planes RT* -1 R . ¥*):

iy =0, a8 # 0 thea Q= (¢, x, 3,00 tER, xp = f, x2 > ¢, 38 > 0}
{the vertical cylinder with the diretrix-one of the branches of the hyperbola
xy ez afl, ¢ Q)

Iy 0 then @y = {nx,v2), 2=, 3¢ -8) =xpy - 2i} (the hyperbolic
saraboboid with the moalmaepoint (6 -- 287, 0, O, )).

it is proved in [15] that the family & of the K-orbits of maximal dimension

forms the real dismond on ﬂi. open submanifeld

Vo= fleox v, ) @@7, x¥ 432 4 2220} @ R x (B
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Prorosition 1. The real diamond foliation (V, F) can be given by an
action of the commutative Lie group R® on the manifold V.

Proof. One needs only to verify that the following action A of R on V gives
the real diamond foliation

AREXV -V

r, s) X (t, x, ¥, 2) = (7. %, ¥, 2)

x4 e xyz
a2 + y2 + z8 (.«\'2 + y‘.’. + Z)‘.!

—— 4 ’z )
X = e"(x +r ,,.,“_#.)_:7- }
x4y 428

7=t+r»

. X
y=ely+r— z_ -
x* 4R+ 2t

ty
I
N

2. C*(V, &) AS TWO REPEATED EXTENSIONS
2.1. Let V,, W,, V,, W, be the following submanifolds of ¥
, ={(t,x,y,2) €V, z+# 0} = R x R® X R¥,
W, =¥V \ 7V, =R xR,
Ve = {(t,x, . 2) € Wy, xy # 0} = R x R*¥ x R¥,
We= Wi\ V, = R x (R* x {0} u {0} x R¥.

It is casy to sec that the action A in Proposition 1 preserves the subsets V,, W,
V., W..Let iy, iy, ptq, it be the inclusions and the restrictions

i;: C(V) - Co(V), ia: Co(Va) —~ Co(Wy)
t: Co(V) = Co(Ws),  pp: Co(Wy) — Co(W)

where each fuanction of Cy(Vy) (resp. Co(Vy)) is extended to the one of Cy(¥V) (resp
Cy(W,)) by taking the value of zero outside ¥; (resp. V).
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It is a known fact that iy, 7, iy, ¢o arc /i-equivariant and the following
sequences are equivariantly exact

1

Q2.1.1) 0—— C,(Vy) Cy(V) =2 Cy(Wy) —— 0

i

(2.1.2) 0 —— > Co(Va) —> Cy(Wy) —2s Co(Ws)

> 0.

2.2. Now we denote by (Vy, #,), (Wy, 7)), (Va, Zo), (W,, F,) the folia-
tions-restrictions of (V, #) on V,, W,, V,. W, respectively.

TurorREM 1. C*(V, F) admits the following canonical repeated extensions

- A

(3) 0 > Jy —r GV, F) —r B, ——> 0,
;'\': ;.}

(1) 0 2 > B, B, 0,

where

Jy = C30F, Fu) =2 Co(V) R 2 CG(R X R @A,
Jy = CHVy, Fa) = ColVp)>7; R® = C(R¥ URY) @ I,
B, = C¥W,, F,) 2 Co(W) <, R 2 C' &,
B, = C*W,, F,) = Co(W,), R,
C¥V, F) = Cy(V)3¢, R2,
and the homomorphismes 1, i;, H, fp are defined by
G ) = infir,5) k=1,2,
(), ) = 1, fr. 8 k=12

Proof. We note that the graph of (¥, &) is identical with V" > R?, so by [4,
Section 5], J; = CH*(V,, F;) = C(Vy) x,; R Similarly, we have

B, = Co(Wy) >, R,
T, = Cy(Va) %, RE,
By = C,(W3)>, R?,

CHY, Fy == CV)r R
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From the equivariantly exact sequences in 2.1 and by [3, Lemma I.1] we obtain
the repeated extensions (y;) and (y,).
Furthermore, the foliation (V;, &,) can be derived from the submersion

Vi 2R X R X R¥—>R X R*

pl(t: X, ), Z)=(t e x_y‘sz)°
Z

Hence, by a result of [4, p. 562], we get J; = Co(R X R¥) ® . The same argu-
ment shows that

J, 2 CoR* X RN @A, B,=2C'@A.

3. COMPUTING THE SYSTEM OF INVARIANTS OF C*V, #)

DEFINITION. The set of elements {y,, y,} corresponding to the repeated exten-
sions (y,), (y,) in the Kasparov groups Ext(B;, J)), i = 1,2 is called the system of
invariants of C*(V, #) and denoted by Index C*(V, Z#).

ReMARK. Index C#(V, &) determines the so-called *“‘stable type’” of C*(V, &)
in the set of all repeated extensions

0 Jy E B, 0

0 Ty B, B, 0.

The main result of the paper is the following

THEOREM 2. Index C*(V, F) = {71, 75}, where:

v+ = (1, 1) in the group Ext(B,, J,) = Z2,

-1 0 0 1
1 -1 0
Yo = 0 . . in the group Ext(B,, J,) = Hom(Z*, Z%.
0 0 1 -1

To prove this theorem, we shall need some lemmas. With the notation of
Section 2, we have

LEMMA 1. Set

I, = Co(R2 X R¥) and A, = Co(R2\ (0, 0)).
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The following diagram is commutative

K(y) ——= K;Co(R*\(0, 0, 0)) ———> K () — = K, 1(1}) —> ...

by lﬂl l:xl by
v ’ ¥

. —> Kj'é»ICO(Vl) =3 KJ{,-LCO(V) ——— K!b IC()(‘Vl) > K,C@(Vl) —

whacre By is the isomoirpiisi defined in {13, Theorem 9.7] or in [3, Corollary VI. 3],
jeZiR2Z.

Proof. let
ky o 4 = Co(R® > R¥) —— C,(R*\ (0, 0, O))
Co(RPN{0, 0,0)) —— 4 = Cy(R*\(0,0))
be the itnclusion and restriction defined similarly as in 2.1.
One gets the exact sequence

&

> I — Co(R?\(0, 0, 0)) —L) Ay

0 = 0.

Note that
ColV) = CR RPN RY) = C(RY @ [,

Coth ') = Go(R SURT(0,00) = Co(RY 8 Ay,
ClVy = CR R N0,0.0)) @ Co(R) @ Cu(RPN(0,0,5)).
The extension (2.1.1) t=us can be identified to the following one

W o

0 e Gy R) & 1y — o Gl R @ Co(B5 (0,0, 0)) ——> Cy(R) @ A; ——s (1,

Now, by using [13, Theorzm 9.7 and Corollery 9.8] we obtain the assertion of
Lemma 1.
Leanain 2. Set

) < I Y
L= Ol s R 9
e < ‘{(‘ . 5 [
where
&t ¢V, ¢ ¢l0, 2n]
Let
cilo @ AN L oo
il -, naCSY -cfdo Tm Tl z e
T - 20}
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be the inclusion and restriction given as in 2.1. There is the following commutative
diagram

13 v‘)ﬁ
e o > K(ly) —= K;C(8Y) — K{(C!) —— K, (L) —> ...

lﬂg lﬂg lﬁg p
M

... '_'9 K,CO(V2) —_> KJCO(WI)—> KJCYO(”,L’) —9KJ+1C0(V2) —ﬁ‘ P

where By is the Bott isomorphism, j € ZJ2Z.

Proof. The proof is similar to that of Lemma 1, by using the exact sequence
{2.1.2).
Before computing the K-groups, we need the following notations. Let
#: R - St be the map
o (118
'](Z) — e-m(zll l}z)’ - ER.
Denote by u, (resp. u_) the restriction of # on R, (resp. R_). Note that the class
{u..] (resp. [u..]) is the canonical generator of K,C,(R,) = Z (resp. K,Co(R_) = Z).
Let us consider the matrix valued function p: R2\\(0,0) - M,(C) defined by:

L= cosmfat 42 "/—':_i_ z sinm [/x* + »*
! Pt 4 2
1)(,\‘, y) = . .2_
—A S sinm Vx4 5% 1 + cosm}/x* + »?
[/x2 + y2

‘Then p is an idempotent of rank 1 for each (x, y) € R2\\(0,0). Let [6] € K,C,(R?)
bs the Bott clement, [1] be the generator of K,C(8!) = Z, {u] be the generator of
Ky C(8Y = Z where u = idg € C(S"). The vectors ¢, = (1,0, 0, 0), ey = (0, 1, 0, 0),
e, =(0,0, 1, 0), ¢, = (0,0,0,1) form a basis of K,C* = Z*'.

Let ¢ ¢ C(8Y) be the map {(e?) = ¢*, ¢ [0, 2n] and vy, uy, vy, u, be the
restrictions of { on (0, n/2), (n/2, ®), (%, 3n/2), (3n/2, 2=) respectively. Then the
<lass [#,] is a generator of K,C,(0, n/2) & Z and similarly for {;], i = 2, 3, 4. The
clements [u;], i = 1, 2, 3, 4 are, therefore, gencrators of K (4,),

Ky(L) = K, Co(0, 1/2) ® KoColm/2, 7) ® Ky Colm, 37/2) @ K, Co(37/2, 2n) = Z

‘where 1, is defined in Lemma 2.

LiMMA 3.
() KoyCHV, F) = Z28,; K, CHV, F) =0,
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(if) Ky(y) = Z* is gencrated By oo} [ ]) and @ f(b]” [u.]);
Kx(-[n) = 0,

(it)) Ko(By) = Z is generated by o f.({117 [u.]), Ky(By)) = Z is generated
by @:B:([p] — [e1]),
where @;, j € Z2Z, is the Thom-Connes isomorphism (see[3]), fi; is the isomorphism
in Lemma 1, ¢, is the constant matrix ((1) g) and - [ is the external tensor product

(see, for example, [3, VI, 2]).
Proof. Consider the extension
0 > Co(R*\(0,0,0)) > Co{R?) - C -+ 0.
Using the K-theoretical exact sequence associated to this extension. we obtain

Ky,Co(R3N\(0,0,0)) = 0 and K,;C,(R*\\(0,0,0)) = Z*.
On the other hand. for j € Z/2Z we have

Kj(.]il) - KjCo(R® 20 R?) = Kj(Co(Rg) ® Co(RL) @ Ki((‘()(Rﬁ) ® Co(R.)).

Thus. K¢(5) = 0 and K([,) = Z* is generated by [bl1 i{u,] and [b] . i[u_] (sce
13, Corollary VI. 3J).

Using the polar coordinates we can identify R*\ (0, 0) with 8! :< R, . hence
Ay = Co(REN (0, 0)) 2 C(SY) ® C,(R.). By the Kiinneth formula (sce [11, Theorem
4.14]), [u]ixi[u,] and [1]1+i[u,] are generators of Ky(4,) = Z and K(A4,) ~ Z,
respectively. Morcover,’it follows from [3, Lemma VI.2] that [¢] i T [u.] — [p]--[&:].
Now the proof is complete by means of the isomorphisms §, and ¢;,j € Z;2Z.

Lumma 4. (1) Ko(B) 2 Z is generated by ¢ofo([1]), Ky(By) = Z is generated
By 01al[u))."

(i) Ko(Jo) = 0, K (Ju) = Z* is generated by o,fo([u]), i = 1,2,3,4,

(i) Ko(B,) = 4% iy generated by @ofilfed), i = 1, 2, 3, 4, Ki(B,) = 0,1
where fi, is the Bott isomworphism in Lemima 2 end ¢y, j € Z;2Z, is the Thom-Connes
isomorphism (sce [3}).

Proof. The proof is straightforwerd because £, and ¢; arce isomorphisms.

Proof of Theorem 2.

1. Computation of y,. Recall that the extension (y,) in Theorem 1 gives rise
t0 a six-term exact sequence

Kos > KyCHV, F) > Ky By

élI i 1‘30
!

KB «—— K;CHV, F)«—-KyJy = 0.
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By [11, Theorem 4.14], the isomorphism Ext(B,, J;) = Hom(K,B;, K¢J;) =

= Homy(Z, Z2) associates the invariant y, € Ext(B,, J;) to the connecting map
8, : KB, - K,yJ;.

Since the Thom-Connes isomorphism commutes with K-theoretical exact

sequence (see [14, Lemma 3.4.3]), we have the following commutative diagram
(j e Z/27):

é.
oo = K() —— K,C¥(V, F) —— K (B) —— K;41(J) —> ...

[

> KC(F) —> KiCo(V) —> K;Co(Wy) =5 K1 Co(Fy) — - -

In view of Lemma 1, the following diagram is commutative

8.
L KCo(V) K;Co(V) —> K;Co(Wy) =5 K41 Co(Vy) — ...

Tﬂl Tﬁl ]”l Iﬂl
1 g,

c = Koyl = K Co(RPN(0, 0, 0)) — K;_y4, . K, —— ...

(jeZ2Z).

Consequently, instead of computing J, : K;B, — KgJ;, it is sufficient to com-
pute §, : KoA4; — K[, . Thus, by the proof of Lemma 3, we have to define dy([p] —
— [e,]) = J,[p] because dy([e;]) = 0. By the usual definition (see [13, p. 170}), for

1] € Kod,y, 3o([p]) = [e2¥7] € K,I, where p Is a preimage of p in (a matrix alge-
bra over) C,(R*\(0,0,0)) i.c. v,p = p.

We can choose p(x, y, 2) = —7—2— plx, ), (x, ¥, 2) € R*\ (0, 0, 0).

V1422

Let p, (resp. p_) be the restriction of pon R? x R, (resp. R? X R_). Then
we have

24

50([[}]) = [e‘.’ni;] = [e2ni[;j€-] . [eeﬂi!_] e
& K,(Co(RY ® Go(R,) ® Ky(Co(RY) ® Co(RL)) = Ko

By {13, Section 4], for each function f: R, -» Q,,E'o\(ﬁz) such that lim f(1) =
o

t— 4
———

=~ lim f(r), where 0,Co(R2) = {a € M,C,(R?), e =1d}, the class [f]e€

400
€ K, (Co(R?) ® Cy(R,)) can be determined by
[f1=w, [Byi-ilu.}
where W, == 2—]— S Te(f'(2)f ~1(z))dz is the winding number of f.
i

Ry
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By simple computation, we get dy{p] = Ib]_ ([u,] +1b] [¢. ] Thue
v (1, 1) e Homy(Z, Z2) = Z2.

2. Compitation of y, . The extension (7,) gives rise to a six-term exact sequernes

0 = Kol K E, K,B.
A
¢ &
1 0
4
K.B, KB, KyJy.

By 11, Theorem 4.14], 7, = 9 € Homu(K B, , K Jo) = Homz(Z?2, Y. Similariy to
part 1, taking account of Lemma 2, we bave the following commutative diagram
(j ¢ Zj27):

)
%

5 K,J; KiBl > K"Bcz —> }<‘JV 1.]2 _———> ..
T, ? t t
l‘"i iaj “i loj 1
== KC V) — K G -0 KCol i) - K Co(V) —> ...
A A A
by ]\["2 B, By

Jo

> K1, —> K;C(SY) — K;C* > Ko dy —— ... .

Thus we can compute d, : K,C* — K, I, instead of Jy: K¢B, - Ky Jy. Yirst, we will
compute Sfe;). An element &; € C(SY) with the property that vo(@,) = ¢; is given
by £,(e*) = I,(0), where /| € C[0, 2] is a function satisfying

L(0) = L,(27) = 1

r 37

oo

]

L) =0 if p¢

9

Lot 2y, (resp. €ya, Ora. €44) be the restrictiorn of @, en (0, = 2} {resp. =2, =)
1 P- €125 C13. €12
(7, 3,2), (3,2, 27)).
We get

. 4 K
2nic 2ai

Sl == fe - M=% e e Ky
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[ ™
e

By [3, Lemma VI. 5], we get

2nie. 2nic,
e M =wyulm), [ M = wyfud

where i, and wy, are the winding numbers given by

w2

1 d 2ric.  —2mic
wp=—\—1( Mec¢ Ydop= -1
U oni S do p
4]
1 [ d | eeid, e
Wy=——4\—( e dep = 1.
14 i S do ) @
3n/2
Thus, §5(fer]) = — [ws] + [

Similarly, dyle;] = [w;-4] — [w), i = 2,3, 4. Then 7, = §, € Homz(Z*, Z?) is.

given by the matrix

-1 0 0 [

The proof is complete.
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