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SUMS OF HOMOMORPHISMS ON
BANACH LATTICES

DAVID C. CAROTHERS and WILLTIAM A. FELDMAN

In this paper, we consider the problem of characterizing operators between
Banach lattices which may be expressed as sums of lattice homomorphisms and
the solid vector space generated by such operators. We will actually characterize
a somewhat larger class of operators having a “local’’ representation as a sum of
homomorphisms. In addition, we will examine "questions of absolute continuity
and compactness with respect to these operators.

. Operator 7" from Banach lattice £ to Banach lattice Fis a local homomorphism
if there is an increasing net of orthomorphisms {#/,} on F whose supremum is the
identity, such that each M,oT is a finite sum of lattice homomorphisms. If E and F
may be represented as (extended real valued) functions on compact spaces X and
Y respectively, then it will be shown in Section 2 that T is a local homomorphism

if and only if 7 can be expressed as an integral Tf{(y) = Sk(y, xX)f(x)do, where o

is the counting measure, k(y, x) is non-zero for at most a finite number of x, and y'
is in a dense open subset of Y. In Section 3, we show that if operator S is absolutely
continuous with respect to local homomorphism 7 in the sense of Luxemburg,
then S is also a local homomorphism. Section 4 investigates questions related to
compactness of local homomorphisms. For example, if T is a compact local homo-
morphism from C(X) to C(Y) (X and Y compact) and 0 < § < 7, then S is also a.
compact local homomorphism.

1. PRELIMINARIES

For Banach lattices E and F, L(E, F) will denote the class of bounded lincar
operators from E to F. T € L(E, F)is a lattice homomorphism if TfanTg = 0, for
all f and g in E satisfying fA g = 0. The set of all homomorphisms will be written
Hom(E, F). An| operator M € L(E, E) which is band preserving, ie. M(B) ¢ B
for every band (order-closed ideal) B of E is called an orthomorphism, and the set
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of all such opecrators will be denoted Orth{£). When an appropriate representation
for £ as a function space is possible, Orth(E) can be identified with the (.oll»mon of
multiplication operators on £ (see [8, Theoram 141.1]). If an orthomorphism is repre-
sentable as a multiplication by g, we will use the symbol g to denote this operator.
Let C(X) and C(Y) be the spaces of real valued continuous functions on com-
pact Hausdorfi spaces X and Y. If T e L(C(X). C(Y)) is a latticc homomorphism
then there is a positive # € C{Y) and a function ¢: ¥Y-. X which is coatinuous
when () % 0 such that Tf(») = r(»)f{o(y)) (see {2, Theorem 7.22}). This type of
representation may oc generalized to larger classes of Banach lattices ([4], [I]).
C’(X) may be identified with the space of bounded Radon measures on X.
Each x € X can be identified with a corresponding point measure ¥ ¢ C'(X) in a
natural way. A linzar eperator T € L{C(X). C(Y)) is determined by the valucs of
its adjoint 7% : C'(Y) - C'(X), restricted to these point measures in Y, andin fact
L(C(X). C(Y)) may h* identified with the sct of functions from Y to C'(X) conti-
ruous in the o(C'(X), C(X)) topology on C'(X). Lattice homomorphisms are then
preciscly those op,mtora for which T%y = r(1)e "(¥), with ¢o: Y. > X continuous
when r(y) # 0. For additional background information on positive operators
see [2], [6]. [7], (8]
If T: C(X)—~ C(Y) is a sum of lattice homomorphisms, then for cach yc Y,
there is a collection {x;, x,,...,x,} © X and positive real numbers a,.....q,

$o that Ty = Z a.v; (ie. Ty is a sum of elements of Hom(C(X), R)). However,

o
the condition 7%y s ¥} a;&; for ali y € ¥ is not sufficient to guarantee that 7'
izl

is a sum of homomorphisms, as demonstrated in the following cxample.
Exameri 1. Let ¥ = X = [0, 1] and let ¢,, ¢, : [0, 1] —~ [0, 1] be any continuous

functions satisfying ,(0) = 9,(0) and ¢,(y) £ @o(y) when y # 0. Define /1 from
[0, 1] to C'([0, 1]) by

l vy . i -
- M':(“ Dip + 1 0 so
h(y) = <
(0,) RERRY

tand et 7% U\[O H) ( [0, 1) be given by Tfiy) = <00, /).

Supnose 7= 80 ... + §, where cach S; is a lattice homomorphism ($7(-) -
=z i) qﬁ;i(-), 7 10, H + R s continuous and ¥, [0, 17 [0, 1] is continuous when
Py 0) 56 () # 0, then ¢, = ¢;(3), with j =1 or 2, in a n:ighborhood of
Yo I gfr) equals bolh ¢ and o, i'qfi":itaﬂy ofien near » = 0, then #{3) = 0 inlini-
tely often near md mey) = 0. I YAy = oa(p) (or a’/ {¥) = @4(1)) in a neigh-

AT
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borhood of » =0, then r(y) < (1 + sin(1 )2 (1) < (1 -- sin(1,3))/2) near

y =0 and thus limr,(3) < 0. We thus obtain a contradiction, since it is impossible
v

that 7*(0) have the appropriate representation.

In the preceding example, T#%p = ¢8, + a,%, for cach y €Y. Although T
cannot be expressed as a sum of lattice homemorphismis, 7" could be written as such
a sum if we can *“avoid’” y = 0. Morc explicitly, if g € C({0, 1]) satisfies g(0) = 0,
then the operator defined by T followed by multiplication by g can be written as a
sum of two latticc homomorphisms. This suggests the following definition.

DEFINITION. Let Eand Fbe Banach lattices. T € L{E, F) is a local omomorphism
if there is a net {A,} < Orth(£) with M, /[g, the ideniity operator on E, and
M.oT is a finite sum of lattice homomorphisms for each z.

2. CHARACTERIZATION OF LOCAL HOMOMORPHISMS

We begin by considering local homomorphisms from C(X) to C(Y), where X
and Y are compact Hausdorff spaces. 1y € C(X) will denote the constant one func-

tion. Note that the orthomorphism 1y is the identity on C(X).

TreoreM L Let T: C(X) -~ C(Y). The following are cquivalent.
1) T'is a local homomorpliism.
i) There is a dense open set G < Y such thot for each y, € G there exist a neigh-
n
borhood B(y,) of y, and non-negative functions fy, ..., f, € C(X) satisfying S fi=
i=1
= lyand
(Tof)*y € Hom(C(X), R)
Jor all y € B{y,).

itiy There is a dense open set H < Y such thet for cach y € H there are real
numbers a;, ..., a, and x,, ..., x,€X satisfying

n
T#y =Y, af,.
1

iv) There is a dense open set Hc Y and a real valued function k on ¥ x X
such that, for cach y € f, k(y, x) = O except for a juéite nunber of x € X, and

T = g/\'(y, ) fix)de
X

for all fe C(X), where o is the counting measure.
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Proof. We note first that the relation 7fiy) = (T, > implies that (i) and
{iv) are cquivalent. To show that (i) implies (iii), suppose that (v} = C(¥), g,5 1y

Was

and that g o7 = \ S; where each S, is a lattice homomorphisiz, ie. &7/1y) =

!
(e (1) for an approprxate i; and ¢;. Let A be the set {y & ¥ ; g.(») — 0for
cvcr) «}. Since g, % "y, 4 has empty interior. Let [7 — /4°. For », € F], find g, with
gz‘}( ¥) > 0. Thus

(zy " TYivy =g, (;O)T == 2, PO )

(L]
i=1
We may let ¢, = 7y, )_}gao(yo) and x; = o,{1,) to obiain (ii).
For (i) = (i). we will need the following fact: If Ty, = }_, ax;, o >0,

and the x; are distinei elements of X, thea there is a neighborhood U of ¥y suen that
£l

Jor each y € Uy we Lave THy = y bz, where by > 0 depends onn 3, =, G X ase dis-

3

f=l

tinet, aind W= n.

To verify this. find continuous functions s;, i =1, .. n, such that s45,) = 1
and s a8, = 0 waen 7 5% j. Suppose that 3, -» 3o and T5y, = L bALYZ L2, i, <a.
This would imply that max {T%y, -- T%, 5> > min{a, .. .,@,,}, o eonviradic-

1]

tion.
Assume that (iff) is satistied. We will call v, € H a pathological poine i Ty, =

12 &2
Yy a;%; and every neighborhood of v, contains a p such that 7o = ¥ b7,
f=1 R

for distinet z;, b; > 0. and m > in. We let P denote the set of all patholopica! roints

[
and note that P is ciosed. Let P, = {y EP; Top =N b2, m < } £, s closed
[EER

by the fact cited above. P, has empty interior, singe any non-cmpty onen s con-

tained in P would nccessarily contain points v where T = ‘§ b2, with ar arhi-
i~.
trarily large. Since P ~= ) P, . the Baire catezory theorem implies that /2 has empty
£

ingerior.
Let ¢ = H o P° and 1y, G. Suppose that Ty, L a.x; for disinet x;
and ¢; = 0. From the note at the beginning of the proof of (ifi) implies (n) and the

fact that y, ¢ P, there is a neighborhood U7, of », such that T%; : \ @ 0%,0)

g,:}l
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(n fixed) for all y € U, (a;,(3) = a;). We may find open sets Uy, ..., U, « X with
U,,..., U, disjoint and x; € U;. The sets U; may be used to determine a ¢(C’(X),
C(X)) neighborhood ¥V of T#y, by letting V' be the union of all sets of the form
{veC'X);|<{v-T%, 8>l <a;, i =1,...,n} where g; € C(X), g/(x;) = 1,and
support(g;) c U;. We may then let B(y,) = Ujn U, where Uy = (T*)~"Y(V) in

Y. For y € B(y,), y € U, implies T#y = ' a(»)3,(3). T*y €V implies that one
i=1

of the x;()) must be in each U; (we may assume, without loss of generality, that
x:()) € U;). We complete the proof by finding f; € C(X) with fi(x) = 1on U, f; > 0,

and Yy fi = Iy.
i=1

We now counsider (i) implies (i). Find B(y,) and f;, ..., f, as in (ii). In addition,
let ¥(1y) be a neighborhood of y, so that V(y,) = B(y,). Let i, € C(Y) be a function
satisfying 0 < /1,(3) < 1, 1,(3) = 1 on V(3,) and /(y) == O on B(y,)°.

Supposc W < G is open, and we have found /4, ..., h,€C(Y) and f}, ...,

S € C(X) such that T%y = ¥ hiG)Tef))*y where hi(y)(Tef7)*y € Hom(C(X), R)
i=1

for all y e W. Form the sum

ha) Y (Tl + (1 =) Y 0 (T,
. i=1

i=1

where y € Wu V(),). We may rearrange and combine the terms of the sum above
to obtain a representation for 7y with v e V{(y,)UW containing m + n terms,
similar to the representation for y € W.

If K< G is compact, the collection {¥()) .y €K} is a cover for K. Apply
the previous argument successively to the sets of a finite subcover of K to obtain
WK, {f}<CX), and {h}=C(Y) with T*() = % h(y) (T-f)*y for yew,

i=1
where 1,(y) (Tef;)*y € Hom(C(X). R).
If g, € C(Y) with the support of gy contained in K, then Z,oT may be written
as a sum of homomorphisms, i.c.

EelFy =¥ re:0)

i=1
where
o) = TSy
HTSf750

13 = WTfysy (g (3.
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Cororeary. 11 C(X) - C(Y) is a local homomorphism if and enly if there is @
dense open st G < Y such that, for each vy € G, there is a gg € C(Y) with 2,0104) > 0

n
end non-pecative f;. ..., 1, € C(X Y= 1., such that each g, o1 ¢t iv a lottice
& 1 Jn ° Ji X 1] Ji
i=1

homomorphism.

Proof. Suppose that T is a local homomorphism. For 1, € G, find Biy,) and
His o fy asin Theorem [, condition (ii). Let g, satisfy gy(3y) == 1 with the support
of g, contained in B(1y,). Conversely, given g, and fi, .. ../ Jet By} = (vt 00 >
> 1 2} to verify condition (ii) in Theorem 1.

We will now consider Banach lattices that can be represented (in the sense of
Schacfery as continuous extended real valued functions. Given a Banach lattice &
with quasi-interior point ¢, we will identify £ with continuous extended real-valve
functions on a compact topological space X, cach function! finite on a dense subset
(c.g. sec {7, Theoren 4.5]). The ideal generated by the quasi-interior poini ¢ 18
densz in K and corrosponds to C(X). The operators on £ correspond to the point-
-wise detined operations for the functions on sets of finiteness. We will ilentify tie
clements in E with functions on X.

Eet £ and F be Bunach lattices with quasi-interior points. Assume 7' is a lat-
tice homomorphism from F to F, E and F are represented as continuous extended
real-valued functions on X and Y respectively, and T(e) is finite on Y. Now ¥ from
E to ¥ can be realized as a weighted composition operator (see {4, Theorem 1]} in the
sense that 77(3) == #{1)Re)) for all y in {y:r(3) > 0} and Tf(3) = Ofor all ¥in
the interior of r~*(0* where ¢ from Y to X and » from Y to R are continuous on
{y :#(») > 0}. For brevity, we write Tf(r) = r(3) flo(y)) for all yin a dense subsct
of Y (r and ¢ contiruous only on {y :+(;) > 0}). If so described, this deterimines a
unique continuous extended real-valued function on Y.

TuvoreM 2. Let T mep a Banach lottice E with a quasi-interior poinf ¢ ivto @
Banach lastice F. The following are equivalent.

(i) T is a locdi homomorphisin.

(i1) Let X be a representation space for E (with e = 1y) and Y a representatios
space for F with Te finite on Y. There is a dense open set H< Y such that for euch
Yy in I, there ave real snumbers ay, ..., a, aind Xy, ..., X, it X satisfying

(TN = ¥, aftx)

Jor all £ 0 in E.
(i) For X and Y av in (i), and & the counting measure,

Tf = Sk(- , ¥) flx)de
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where k is a real-valued function on Y < X and for cach y in H,k(y, x) = 0 except
Jor a finite number of x in X. It is understood by this equelity that for each f in E,

(T G) = g/«y, ) f(x)do

for cach y in a dense set and Tf is uniquely determined by continuity.

Proof. We first show that (i) implies (ii). Let £ and F be Banach lattices with
representation spaces X (with e = Iy) and Y (with Te finite) for £ and F respecti-
vely. Now 7 restricted to C(X) (the ideal generated by ¢) maps C(X) into C(Y).
From Theorem 1, we know that 7 (on C(X)) satisfies 7%y = %, ¢;%; for each y ina

it
dense open subset H. Furthermore, as in the proof of Theorem 1, g, 7 =Y, §;

for homomorphisms S;. The lattice homomorphism §; can be rcalized as a type of

weighted composition operator (see [4, Theorem 1]) so that (S;f) = a,f(x;) for all

yina dense open set ;. Now H, = (’% H; 0 (g7 40))° is dense and open in (g7 (0))°.
i=1

Thus for i =\_J F,, condition (ii) is satisfied.

Condition (iil) is just a restatement of condition (ii). We now prove that (ii)
implies (i). Restricted to C(X), condition (iii) of Theorem 1 is satisfied so that g,o7 =
=Y, §;for functionsin C(X). Now each S; as a map from C(X) into F is dominated
by g,oT and can thus be extended to a positive operator on all of E(S,(fAne) is
Cauchy in F). In turn, since S({(fAg)ane) = S{(fane)r(grne)] =0 for fand g
positive and disjoint, it follows that S; is a lattice homomorphism on £ and (i) is
satisfied.

We observe that condition (iii) implies that if T: £-» F is a local homomor-
phism and 0 < S < T, then S is a local homomorphism. Since the sct of local ho-
momorphisms is clearly closed under finite summation, we have the following

corollary.

COROLLARY. The collection of all differences of local homomorphisws is a solid
vector subspuce of L(E, F).

The set of local homomorphisms is Jarger than the solid subspace of L(E, F)
generated by finite sums of lattice homomorphisms. For a given local homomor-
phism 7, there is no uniform bound on the number of terms in the representation of
Ty as a sum of elements of Hom(C(X), R). Even if such a uniform bound were
imposed, however, T still would not necessarily be dominated by a sum of homo-
morphisms, as demonstrated by the following example.
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Exavers 2. fet ¥V = {0,1] and X = 3(N) = {1,2,..., »}, the one poiat
compactification of the natural numbers. Let {7} « ({() Ih be a sequence of non-

-zero functions with the ,ohowmg properties: {(r;71(0))° is connected, () —

peAr; =00 7o f > 1, and \ 7(3) = 1 for »€l0,1]. Note that these propertics

imply that for each » =[O, 2). F (n) > 0 for at most two ¢, D2line £: 10, 1] » C'((N)
as follows

{rl(y)l SRR+ B L., rel0 )

. vl

Note that /i is contiruous for the a(C’, C) topoiogy on C'(xN). Dcline 7 CizN) »
- C(I0,1]) by T2y = () /3. Let {».} < {0, 1] satisfy r(3,) = 1 (which implies
¥~ 1) Note that ¢! ”) 17— 2N is continuous if and only if ¢ 15 constant. Con-

"

sicer Z S;, where cocnn 8 is a lattics homomorphism and  SFy == s{1)04()

for «.ppropmte s; and ;. I s(1) > 0, then ¢,(3) is constant in a neighborhood of
=1, and @y,) = i for at most a finite number of #. We may couaclude that

Wncrc is an A, so that ov,) # M when in > M. Altemativciy. if 51 <+ 0, there
13 a number M, so that s(1,) < I 2nwhenm > Af;. Thus.if i >max{d,..... 4},

3
then V' sdr,)or,) cannot be greater than (12w, and we conciude that it is

i="

Ia
impossible for T to be dominated by % 3;.
i=1

3 . ABSOLUTE CONTINUITY FOR LOCAIL HOMOMORPHISMS

Recali (Luxemburg, [5]) that S: E-» £ is absolutely continuous with respect
to 7' if Sf is in the band generated by Tf for all > 0 in £ If S is absolutely
continuous with respect to T, we write S <€ 7. In this section, we show that if ¥
is a local homomorphism and pesitive S < T, then S is also a local homomorphism.

Limyva L Let § and T be positive linear operators from E to Fwith T a lettice
homomorphism and S <€ T. Then S is a luttice homomorphism. Further, let E and F
be renpeseated as continuous extended real-valued functions on X and 'Y respectively
with S(1x) and T(1y) finite on Y. Given that Tf(3) = (W) e3)) Jor ¥ in a dense sud-
set, then S = ro(y i 00)) foir a dense subsct, and ry(y) = 0 if 1 (}) ==
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Proof. Suppose g Af =0 (implying Tf A Tg = 0). Since Sf= V (Sf A nTf)
and Sg = V (Sg A mTg), we have

»

SfATg = (V (SfArT)A(V(SgAmTyg)) =

Fi?

= V ((SFAnTYy A (VY (SgAmTg))) =

i

=V V(SfanTfa SgamTg) = 0.

n m

For a proof of the last assertion, assume that Sf(¥) = r(¥)f(@s(¥)).

Let A; == {y :ri(») > 0}and 4, = {y :rs(y) > 0}, and let Z¢ denote the inte-
rior of ry1(0). Now Z{ U A, is dense in Y. For y in Z} U A,, there exists a g > 0
in C(X) such that Sg()') = 1 and Tg is zero on a neighborhood of y. Since Sg A n7g |
1 Sg, this is impossible, so that ZYn 4, = O. Now 4, n 4, is dense in A4,. For
yin A, n Ay, assume that ¢(3) # @,()). Choose f; and f; in C(X) so that fiAf, =0
and fi(@(») > 0 and f5(p;(3)) >0. This contradicts S7; AnTf, 1 Sf] since T, is zero
on a ncighborhood of y but Sfi(y) > 0. Thus ¢ = ¢, on A4, n A, (a dense sub-
set of A,). We may now write Sf()) = ro(¥)f(¢(r)} for all y in a dense subset,
namely (A4, n A,) U Z8, where ZJ is the interior of r5%(0). Here, if r(y)=0
then ry(3) = 0.

TueoreMm 3. Let £ and F be Banach lattices with compact representation spaces
X and Y respectively. Let S and T be positive linear operators from E to Fwith S(1y)
and T(ly) positive. If T is a iocal homomorphism, then the following are equivalent.

(i) S< T (in the sense of Luxemburg).

(i) If Tf(y) = Y, aifix) for all y in a dense subset of y, then Sf(y) = ¥, b;f(x)
and a; = 0 implies that b; = 0.
In this case, S is also a local homomorphism.

Proof. Assume that (ii) is satisfied. Then for > 0 in E, Sf(»)AnTf(3)]
1 Sf(») forall y in a dense subset and hence Sf AnTf 1 Sf, establishing (i). Now
assume that (i) is satisficd. As in the corollary to Theorem 1, g0 = ¥, g.oTef;

for T restricted to C(X) and each g o7of; is a lattice homomorphism. For £ > 0 in
E, /' ane converges to fin norm and g,2T(fAne) - g,Tfand Y, B 0Tof(fAne) -

— ¥, (g,0Tof)f so that g,0T = Z g,0Tof; on E.Since §,°8 < g oTand T,o080f; <

< §aoTc;fi,Lcmma 1 implies that EzaSofi is a lattice homomorphism. In addition,
assume that 7f()) = Y] a;f(x;)for all y in a dense subsct. Now Tf(3) = ), (Z o T)(D)

for y in a dense subset. Now Lemma 1 applies to g,oSof; < ?g"onoj-} so that
Y. (€. Soff0) = () = Y, bif(x) and if a; =0, then b, = 0.
7 i
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4. COMPACTNFEFSS PROPERTIES FOR LOCAL HOMOMORPHISMS

in this section, we consider compact local homomorphisms, deriving & numbe
of results, including a characterization of the norm closure of the set of compoct
local homomorphis:is. We restrict our attention to operators from CLY) to C(¥y
where X and Y are compact and Hausdorf?

PROPOSITION. Let T be ¢ positive conipact operator from CXY o CiY L Suppose

thot T = re cach T, is a lattice hosnoinoipiism. Then cacin T,

i

s compect.

Proof. An operator § from CLX) to C{Y) is compuct if and only i $7: Y.
- CXY 1S nor cor i vms (e.g. sce [3, VI 7.1D)Since T isasumefhon

.
rorphisms,

for each y we have 77 2‘ bx;, vhere & <L and the x; £X are distinet. Thus
T" iz \, for somz 4, Ef we Iot {3,} bea net with y, - 1, we may complete the
proof by showmu 'I".:’ 7 'y 0. Since Tiy,— THv (0, C)), there is an 7

»

= a8 and v, # ooy, then

so that 77y, AR, := 0 \th £ 0y and % 2 oy, M T3
sy, - T fr, where % > 2.

If we assume 77y 3¢ 0. the previous inequality, along with the fact that
— T3 .50, imply that there is an %, so that 77y, = ¢, for z > 7. Thus

>

(1]
- A . B
R ax;, --ax, = 4, -4,
) D
Sincz
. . A ,
My 4y = x<(a:z - M)-\i:) v 1X>. -4,
we conclude
>0
Thus T 7> C'(X) is norm continvous, and T is compact.

We denote by 7 the band of C'(X) generated by {&; x € X'}, This band will
be called the aroniic part of C'.

Levya 2. Ler T CX) »C(Y) be a coimpact lvcal homomorpiisin.  Thew
T% maps Y te Cj.
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Proof. Suppose z € Y and {z,} < H is a net converging to z with H as in Theo-
xem 1, (iil). Sincs T#z, € C,, T*z,} converges to T*z in norm, and bands in C'(X)
are norm closed, we have T%z e CJ.

Tueorem 4. Let T: C(X)— C(Y) be a compact local homomorphism and sup-
Dpose S:C(X)-C(Y)with 0 ST Then S is also a compact local homomor-
phism.

Proof. That S is a local homomorphism follows from Theorem 1. To show

o0
that § is compact, let y,— y in Y. Since T#pis in C, we may write T%y = E a;x;

[had?
i=1

oo
for some sequence {x;} = X. T*p, — T*y in norm implies that T%y,= ¥} a;,%; +v,
i=1
o ad A . oo .
where v}l - 0. Hence $*y = Y b,%; and S¥y, = ¥ b; ,&; + p, with0<); ,<a; ,,

i=1 i=1

;<a;, and 0 <y, < v,. Also note that Z b; % Z x; (a(C’, C)

i=1

[ee]
=Y, 1b;, — b;l. Given positive integer, k, we have

o o0
‘1 ]bi,a - b:] < Z ]ai,1] + lail <
=k i=k

<2y laf + | T%, — Tyl
i=k

[==]
Given & > 0, if we choose K sufficiently large so that ¥, |a;| < ¢/5and choose o,
i=K
K-1 )
so that 37 b, - byl, |T%p, — T#v|l, and ||u,/l are all less than 5/5 when @ > o,
i=1
then we may conclude

e o || & ; I <
”Sya - S}',! = [ \ (bl a bi)*\.i -+ lua“
i=1 I
K-1 o
< Y 10ia b+ % Dy, = b+ gl <
i=1 i=K

when a > %y, and hence S is compact.
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TueoreM 5. Let T: C(X)— C(Y) be compact aad positive. T is in the worm
closure of the collection of compact local homomorphisms (and, in fact. the norin
closure of the collection of finite sums of homomorphisms) if and only i’ 1% meps Y
to C;.

Proof. We begin by assuming that for compact T, there is a sequence {S,} of
compact local homemorphisms so that .S, — T - 0. Since SF:Y - Lmd C{:
is norm closed, it follows that 7% : Y -» C/.

To prove the reverse implication, let T be compact and 7%: Y. » (7. Given

N
X, write 7y = Z ay)x; + L b,Z; where (h;) and

§o:1 i=-1

i

‘ ~$T Iy .

a collection {xy,...,xy}

{z;} depend on y and the x; and z; are distinct. For yy, 35 € Y, we have 79 -
o 4 }_‘ ary) — @3.). Hence, each @(y) is continuous. Given 1€ Y,

©o " N :
. - . , [P, A
we may write T%yy -: Yy a.®;. Given ¢ > 0, there isan Nso that " Ty, - Vel <

N o
< /3. For each p, express Ty as ¥, a0)% + V) 5:2; (alyg) = a). There is
i1 il

a neighberhood ¥V of 3, so that

N
Y g a(y) <e3 and IT%y — Toni<e/3 for yev.

il

Thus, for y € ¥V we conclude

l N A h - o ” - N A IA
' Ty - ), a; (J)\z.! TPy = Topl + iT7% — ), @it
i H Ii i1 i

N
~~=i2(a a(’)))&l( 3+9/3+u/3—-£
{ i1

Repeat the above for each y € Y to find V(3), a neighborhood of y, on which an
inequality similar to the above helds. Obtzin 2 finite collection of these, V, ..., V,,
so that on ¥, we have

3

[ s |
! Ty* - HEI ai,k(y)xn',,kl’ <eé
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Combine these into a single collection {¢,(»), ..., ¢, (M} and {z,...,z,} and let
@{») = z;. Notc that

m N '
”” - Y, () o)) < fT V- 3, )‘l[f
il . o

for each k to complete the proof of the theorem.
As a final comment, we note that if C(Y) is Dedekind complete and T: C(X) -

- C(Y) satisfies T%y = ¥, a;X; (n fixed) for each y € ¥, then T is the sum of »n
i1

lattice homomorphisms. A proof of this will be given in a future paper dealing with

sums of homomorphisms on Dedekind complete spaces.
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