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APPROXIMATION IN THE CLASS [OF QUASIDIAGONAL
OPERATORS

LAURENT MARCOUX

1. INTRODUCTION

1.0. Let 5 denote a complex, infinite dimensional, separable Hilbert space
and let A(#) denote the set of bounded linear operators acting on #. An operator
T in #(H) is said to be block-diagonal (resp. quasidiagonal) if there is a sequence
{P}2. © PF(H), the set of finite rank projections, converging strongly to
the identity such that TP, = P,T for all n > 1 (resp. {{TP, - P,T!! -~ 0 as n — c0).
The set of block-diagonal (resp. quasidiagonal) operators is denoted by (BD) (resp.
{QD)). It is well known that (BD) = (QD) and that moreover, given T € (QD)
and ¢ > 0, there exists T, €(BD) and K € #(3¢), the.compact operators on #,
such that 'K|' < ¢ and T = T, + K (cf. [5)]).

We shall also be considering the sets (Nil) = {M € B(H): M* = 0 for some
k > 1}, (BDN) = (Nil) n (BD), and (QDN) = (Nil) n (QD). It was in response
to a question of P. R. Halmos [5, Problem 7] that the closure (Nil) of the set of
nilpotent operators on # was given a spectral characterization in a series of papers
culminating in [1]. In particular, it was shown that if 7€ #(¥) is quasinilpotent,
then T e (Nil). Recall that 7' is said to be quasinilpotent if its spectrum o(T) = {0};
we denote the quasinilpotents by (Qnil).

In his dissertation [18], L. R. Williams posed the question: “Is (BDN) =
= (QD) n (Nil)?”’ (It has been shown by Herrero that (QDN) = (BDN), [8]).
Clearly (BDN) = (QD) n (Nil). That there exists an operator L in (QD) n (Nil)
which cannot be approximated by elements of (BDN) is also a result of Herrero [7]
where he exhibits a trace obstruction to approximations of this type. Investigation
of this question led him to define a new class (ZTR) of “zero-trace’’ quasidiagonal
operators as follows:

1.1. DerFiNITION. A quasidiagonal operator T is in (ZTR)if T =~ @ T, where T,
n =1
is a finite dimensional operator such that tr(7,) = 0 for each n > 1, where tr(T},)

denotes the trace of T,, and = denotes unitary equivalence.
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1.2. In this oaper we further investigate the class (ZTR), answering some of
the questions raised in [7]. The question of whether or not quasidiagonal quasinil-
potent operators are limits of block-diagonal nilpotents is still open, as is the greater
question of completely characterizing (ES_N) In § 3 we offer some partial results
in this direction.

The author would like to thank Professors P. Guinand and D. A. Herrero for
interesting discussions, as well as thanking the referee for useful suggestions; in
particular a shorter proof of Proposition 3.9. This paper was written while the au-
thor was visiting the University of Victoria. The autor thanks the Department of
Mathematics and Statistics for their hospitality.

2. ZERO TRACE QUASIDIAGONAL OPERATORS

2.0. As was mentioned above, the class (ZTR) was defined by D. A. Herrero
in [7]. A useful tool in the investigation of this class is his function ¢ ,.: (QD) - - R*
which, in analogy with Apostol’s modulus of quasitriangularity, we shall refer to as
a trace modulus for quasidiagonals. We note that the class 2F(.#) of finite rank
projections is endowed with a natural partial order, i.e. F; < F, if and only if
ran F;, < ran F,, thereby allowing us to consider limits in this class.

2.1. DerintTioN. Given T € (QD), we define

\tr PTP P A :
gue(T)=1lim lim {inf WwPTP pe PF(H), P2 Q, |PT -TP| < ) .
t Qeg,?l(#) rank P

2.2. It is not difficult to see that ¢,.(T) < |T}. Using the function q.u(-).
Herrero obtained the following characterization of (ZTR).

2.3. ProprosItioN [7, Proposition 2.5). The following are equivalent for
T € (QD):
(i) T e (ZTR);
(i) T= A + K for some A in (ZTR) and some compact K;
(iii) given ¢ > Q, there exists K, € #(#), with |K,| < ¢ such that A, = T --
- K, € (ZTR);
(“’) gue(T) = 0.

2.4. The class (ZTR) is reasonably rich and contains the compact operators,
any normal operator with O in the closure of its essential numerical range, and of
course (BDN) < (ZTR) implies (BDN) < (ZTR). Using the techniques of [7),
the next lemma follows without much difficulty. We include the proof in order to
make the paper as self-contained as possible.
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2.5. LEMMA. Let T €(QD) and K € H(H). Then gudT + K) = que(T).

Proof. We shall demonstrate that q.(7 + K) < q.(T) for all T e(QD),
Kex(#). Then q.((T + K) — K) < q..(T + K) and the result] follows. To
this end, choose T and K as above, let ¢ > 0, > 0 and choose 0 >0, Q € ZF ().
We wish to find P € 2% (A), P> Q, such that {|P(T + K) — (T + K)P|| < ¢ and

ltr P(T + K)P)

< gue(T) + 0.
rank P gue(T)

d . .
Let 0 < ¢ < min{;, —‘i} Since K is compact, we may first choose Q> 0,

Q, € PF () such that K — QuKQyl| <& and then Q) > Q,, Q, € PF(¥)
such that

Itr QK Q,|

<.
rank Q,

By definition of q,.(T), there now exists P> Q,, P € 2F(H#) with |PT — TP| < &
and

T <o
Then
WP(T' + K) ~ (T + K)P|| < |PT — TP|| + ||[PK — KP|| < ¢ + & <&
Also,
Y
But
1 PKP] _ [trPQKO)P| | ItrP(K - QKQP|
rank P rank P rank P
1rQeKQ,|

)
S g K 2 <= .
2

us ]trP(_T +7K)_IA’|._
rank P

were arbitrary, we conclude that ¢, (T + K) < ¢.(T), which we showed to be
sufficient to prove our claim.

Th < qulT) + 5. Since §>0,¢c> 0 and Q > 0, Q € PF(H)
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2.6. It is known [7] that (QD) = (ZTR) + CI. However, given 7 ¢ (QD),
the scalar 2 € C and R ¢ (ZTR) in the equation 7 = R + Al need not be unique.
For exampie, if N is normal, then N -~ A[ is in (ZTR_) whenever £ 1s an element of the
convex hull of the essential spectrum o{N) of N. We are thus led to the following

definitions.

2.7. Dertrion. For T e€(QD), we define o(T) == {4 €C: T -- Al & (Z'I'R)}.
Also, we define g(T) = inf{ 2 : 2 ex(T)}.

28. Lot Jat(T). Then T - Al € (£L1'R) and so by Proposition 2.3, given
& > 0 we can find K, compact such that | K, €eand Z,=(T - 4I) -- K, ¢ (ZTR).

Thus Z, = © (Z)), with tr(Z,), =0 for all # > 1. Since T = (Z, + A} + K,
o 1

20
we can write T = R, + K, where R, = @& (R)),, (R,), acting on .#, dim . # <co
n 1

and t(R.),

dim#,

the sct of all possible “normalized traces™” of 7. Note that since (ZTﬁ)'is obvious-
Iy closed, it foliows that 7(7T") is as weli.

Problem 2.7 of {7] asks whether dist[T, (ZTR)] = ¢.(T) for all 7" in (QD).

The answer is no. We shall provide a counterexample (§ 2.12) and demonstrate

that in fact. g,(T) == §(T). Thus g..(T) measures the norm of the smallest scalar

— 4 for all # > 1. Thus it is not unreasonable to think of (T} as

perturbation of 7" which lies in (ZTR), or again, measures the modulus of the smal-
lest normalized trace of 7. As such, we cannot expect g,.{ *) to be linear. However,,
the foliowing result. while easy to prove, is nonetheless useful.

2.9. Lemma, For T €(QD) and 7 € Cwe have
Ge(T) — 2. < guelT + 1) < Guu(T) + 2.

Proof. Simply use the same projections P which implement the velue of g (7))
tr P(T + AP

rank P .
2.10. Lemma. For T €(QD), dist(T, (ZTR)) € g.(T) < (7).

&)

in the estimate of

Proof. Assume 7 €1(T). Then by Proposition 2.3 and the above lemma,
GuelTY - 7 < gud T - 2I) = 0. Thus ¢.(T) < 2, and so g,.(T) < 5(7). That
dist(7. (ZTR)) € G.{T) is {7, Lemma 2.3} i

2.1t. THeortM. For T €(QD), gu(7T) = n(T).
Proof. Let
wPTP,

g = gue(T) = lim lim (i“f " P e PF(H), P2Q, [ PT-TP <t )
eabd Qcé».’i’u?} rank P
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For ¢ > 0 and Q € 27 (#), O > 0, we define

I(T,& Q) = {x: 7] = g.(T) and

PP A’:P > 0, |PT - TP|| < c} =0}.
rank P

inf{
By definition of ¢,,(7T), I'(T, &, Q) # O for all such choices of ¢ and Q. Moreover,
a simple diagonal argument shows that I'(T, ¢, Q) is in fact closed and hence com-
pact for all ¢ and Q. We may partially order these sets by inclusion. Note that the
now directed family {F(T, g, 0):e>0,0<0¢€ Q’F(Jf)} is easily seen to possess
the Finite Intersection Property, and so

0

>0

Let c¢i”g € I'(T) for the appropriate 0 < y < 2n and consider R=T —
- (cg)l. Let ¢ > 0 and choose 0< Q € 2F (o). From the definition of I'(T, ¢, Q)
we can obtain a sequence {P,}2, such that P, > Q, [P, T — TP,| <¢ and

P, TP, . 1
LS €"g| < - -. Then note that |[P,R — RP,|| < ¢ and
rank P, n
tr P,RP, _ | ttP, TP, trP,(e"gD)P,| |trP,TP, evg| < 1
rank P, rank P, rank P, rank P, T on

Thus ¢ (R) = 0, and so e?q € ©(T); that is, n(T) < ey, = ¢ = qu(T). Combin-
ing this with the above lemma, #(T) = g (7). 7

2.12. THE COUNTEREXAMPLE. We now provide an example of an operator
7' in (QD) for which dist(T, (ZTR)) is strictly less than g..(7T).
1
Consider the binormal operator 7 = d _j d acting in Z(# @ ). We
t 0

first wish to determine ¢ (7). Let 0 < ¢ < 1 /70]/'5“ and let Q > 0 be a finite rank
projection. If P > Q is a finite rank projection such that TP — PTj < &, then
preeisely the same kind of analysis as in [7, § 3] reveals that there exists a projection
Xy on # such that

X, 0
P = €E B @ H
. [0 Xo] ( )
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satisfies "P - - Py’ < 7¢ < 1. Thus rank P = rank P, = 2 rank X,,. Then

| W PTP —trPTP, | ArPTP - trP)TP,

rank P h rank P

(P PYTP + U PT(P - Py)

< <7ITF+7 T]F
rank P

{Note. This last step follows from the fact that both (P — P,)TP and P,7T(P - - Py)
have rank less than or equal to rank £ and norm less than or equal to 7 T+e.) Thus

;trPTP|—_|trP0TP‘,;_A < 7!/58
rank P
1 4 .

Morcover, PyTP, = | %0 5 Xo|. Thus TP TPo. _mank Xy b e

rank P rank P 2

_ 0 U]

ticular then, "trHIiZ_"P = L (7 1/5)5 . 1t foliows that ¢.(T) > -2 . In fact,

rank P 2 5 5

.. . . 1 . 1
it 1s obvious that by letting ¢ approach zero we obtain ¢, T) > 5 Smce(T‘ " -I) =

111

1<I
2 2 . . . 1 . 1
= is obviously in (ZTR), (T} < _-so that ¢ (7T) -
I 2 2
0o - I
2
1
0 9 1
As for dist(T, (ZTR), let R = i e B(# @H). Then N =
-7 0
) 4
I Lt
=T -R= i 4 is seif-adjoint with  specttum (V) = Go(V) =
I 0
L4

= {(1 -+ }'2)/2, (1 --¥2)/2}. From the comments before Delinition 2.6 we conclude
that N ¢(ZTR) as 0 is in the convex hull of o N) But then aisy(T, (ZTR))
ST Now R 114 < gue(T).

. . . i &7
As pointed out by the referce, ifwe fix 0 <6 <1 und st 7" = B
HEUBRUN
&
. o - I
o o 2 L )
then the same analvsis with ¢ <, and R = 5 yvields Gue(T) =
& ¢
-1 0

2

but disy(T, (ZTR)) < §,2. This shows hat the two quantitics arc not comparable.
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2.13. Still another question from [7] asks whether or not ©(T) is convex for all
quasidiagonal operators T. No counterexample is known. However, note that if
gue(T) = g # 0, then cither there exists a unique 0 € 6 < 2r such that I'(T) =

={ei%}, or 7(T) is not convex. This is because the average of any two such e"1g and

Y

(emiq has modulus less than ¢ = n(T’). Proposition 2.16 provides an example of a
large class of quasidiagonal operators for which the set of normalized traces is
convex. First we need a definition.

2.14. DeriNiTION (cf. [4]). We define the class (QD),, = {0,, ® B + K: 0,
is the zero operator on a space of dimsnsion m (0<m< co), Be(QD), Ke #' ()} ~.

2.15. The class (QD),, is obviously invariant under compact perturbations
and is known to contain the class (QD)nor of quasidiagonal operators which are
limits of algebraically n-normal operators (for potentially different #n’s); i.e. are
dimits of operators T which can be written as nXn operator matrices with commuting
mormal entries. Armed with these definitions we obtain the following..

2.16. ProPoSITION. Let T €(QD),. Then ©(T) is convex.

Proof. Clearly it suffices to consider only the case where T = 0, @ B™ + K
as above. In fact, since gu (T — AI) = g7 — AI — K) for all 2 €C, we may
assume 7 = 0, @ B®). Moreover, since m < co it is easy to verify that
Gl T --A1) == ¢ (B — A) for all 1 e€C. Thus we may assume that T =

o]
= B = @ B,, where B, & B acts on #, =~ # foreachn > 1. Foreachk >1,
n o1

k
we let R, be the orthogonal projection onto the space @ 5, .
n=1

Now assume that 2; and 4, lie in 7(T’). Since this latter set is closed, it will
suffice to show that for allintegers0 < a < b, A= (:) A+ {{)_;_a) Ay €t(T). To
this end, let ¢ > 0, 9 > 0 and choose @ > 0 in 2F(5¢). (As in {7}, it suffices to
<onsider the case where ranQ < ranRy for some & > 0.) :Then for i =1, 2 we

RS N

can find P; > @ in PF(#) such that ranP; < ran Ry, (for some sufficiently large

tr P,TP, .
2;>0), {P,T - TPl <6 and| - "~ % — | < e
rank P; i
iM
Let M = max(M;, M,) and set £, = @ H;, iz 1. Let p, = rank P,
J=(i=1)M -1

e = rank P, and set k;, = ap,, k, = (b — a)p,. Then

kipy + kopy b kwy + kopy b

.._._,.]_C_l.pl_,_ .q_ and ___ZSZPZM — (b = a) .
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Take k, copies of P. acting on the spaces F,, E,, ..., E;. and k, copies of P, zcting

. . ) L .
on the spaces Ef;l.;.)w . ...,}ELI -k, . Finally, let P = Pf‘ @ Py® with respect to
lzw~:-lr2
@ E;. Then P> Q and "PT - TP'| < J. Furthermore,
i1

=

tr PTR P ko te(PyTP;) + kytr(P,TP,) ( ay, b - a\, !<
A i R - A Al
rank keypy + kops b ) ! ( b |
[ ! S TP, :
< A LG tI‘P TP -~ /ﬁ]! @+ _J:E-_- UPJ‘P- — Ay <
]‘1[’1 + /wi%] Py i Kpy + keps P2 !
a ) (b -a
| e+ —— e=c¢
( b b
We conclude that 4 ¢ o(T'), and hence that (T) is convex. b4

2.17. A potential candidate for a quasidiagonal operator T for which =(T) is
not convex is based on the following result of Herrero and Szarek [111. They showed
that there exists a universal constant ¢ > 0 such that for all dimensions » > 2, one
can find nilpotents 27, (of order at most 5, in fact) such that dist[M,, Red(L{C*)]>c,
where Red(L(C")) _ﬁcnmes the set of orthogonally reducing matrices in L{C").

Clearly it is possible to inductively choose a sequence {k(n)};i",1 of positive integers
FaNED §

satisfving &() > 2 %7 A(J). Consider the Herrero-Szarck nilpotents i7,,., € L{(CH*")
i1

and let Q, = (--1)’I;(,) + My, for n>1. Finaily, let @ = O 0, . It is not hard

to sce that {1, --1} 22 1(0Q). To show that 0 ¢ 7(Q) (i.e. q,.r(Q) 9& 0 and (@) is not
convex), it would suflice to prove that any finite rank projection P “almost commut-

o]
ing’” with Q, = @1 o1 (.0 POy — QyP;l is small) must have rank P ¢ {Zk(’i’j
~ 1}:j e F < N, F finite}, and that an analogous statement holds true for Q. —=
=: © Q,,. On the one hand, it can be shown that there do exist Pe 27 (3¢ ) almost

commuting with Q; which are far away from the obvious commuting nrolections,
these latter being the oaes that project onto finitely many of the Cs. On the
other hand, the oncs so fur constructed ma‘vm “nice”” rank. Morcover, Szarek {13]
has exhibited a nilpotent operator T = @ T, of a form similar to that of @ and

Iz

a constant ¢ > 0 for which sup|P,T — Tﬂ,‘ > ¢ for all sequences (P}

e

o PF(H) satisfying P, 1T strongly and suprank(P, — P,..,) is bounded. This

n

nilpotent is therefor: in (QD)YN(QD)no: . However it is not known at present whether
7' € (QD)o .
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A proof that a counterexample of this form to the question of the convexity
of o(T), T' € (QD) does exist, or indeed, that one does not exist, would also shed light
on an interesting problem of approximation by block-diagonal nilpotents, which
forms the subject of the next section. The interested reader is referred to [11], [13],
[4] and their references for more details.

3. BLOCK-DIAGONAL NILPOTENTS

3.0. As mentioned in § 1, the question of determining whether Q € (QD) n
n (Qnil) implies Q e(ﬁ—ﬁﬁ) is open, as is the question of characterizing (BDN).
One direction taken in [8] and [4] is to ask whether given Q@ €(QD) n (Qnil)
and the canonical map n: B(#) — B(H) /A (H), does CH(n(Q)) admit a faithful
unital representation p onto a space J#, such that p(n(Q)) is quasidiagonal in
A ,)? If this were always the case, then by using Voiculescu’s Theorem [14],
one could show that given & >0, there exists a finite dimensional nilpotent operator
M and a unitary operator U (M and U depending on ¢) such that |0 — U*(Q @
@ MU < e Herrero [8, Theorem 2.5] has shown that this latter condition is

sufficient to deduce that Q € (BDN).
However, Szarek’s example T = @ T, of a block-diagonal nilpotent which is
n:1

not in (QD)n,, suggests that such a representation is not absolutely necessary to

the proof that Q € (Eﬁﬁ), and also serves as a candidate for a Q € (QD) n (Qnil)
for which such a representation might not exist! The results of this section provide
more cvidence that such representations might not always exist, as they are not
necessary to any of our proofs. We begin with the following.

3.1. DerFINITION. An operator T in (QD) is said to belong to the class (DSN)

[eo]
if 7' @ T,, where each T, is a finite dimensional nilpotent operator. T is said
n L

to be a direct sum of nilpotents.

3.2. Rimark. (BDN) & (DSN) & (ZTR). Moreover, given @ €(QD) n
N (Qnil), Herrero [8] has shown that given ¢ > 0, there exists Q" € (DSN) n
N (Qnil) with {|Q -- Q'|l < .

3.3. For use in the next two propositions, we record here the following result
which is essentialy Lemma 2.3 of [8]. We require a mildly stronger formulation
which falls out immediately from the proof of that lemma. The proof, while not
included in that paper, in turn follows directly from Lemma 5.10 of [9] and Lemma
2.2 of [8].
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3.4. LemMa. Let T € L(C?), 0 < d <oo and let k > 1. Assume that R & L(C?),
0 <a<oo is a nilpotent of order m such that nulR > (k — 1)d. Let « >0
wid f > spr(T), the spectral radius of T. Then there exists anilpotent M ¢ L{C/@C¥)
of order at most k -+ m - 1 such that

} B ok
IT@R - M. <2/20T + (1 + 23&1/2){ alT” + § + /;01}

3.5. RusmArRK. As noted in [8), for a proper choice of x and 8, we obtain
ITOR - M <A4[T @R [ THV

3.6. PropostiioN. Let Q €(QD) n (Qnil) and Be(BDN). Then 0 ® B ¢
< (BDN).

Proof. By Remaric 3.2 we may assume Q = @ @, € (DSN) r (Qnil) and
a1

= A

B = @ B, € (BDN), B” == 0 for some m > 1. We assume Q, acts on ., & C¥)

for e&ch n>1. From the spectral radius formula, we know that lim Q% . Q.

k=00
In what follows, it may help to think of X as arbitrary but temporarily fixed with
respect to .
For each &k > 2, we define a function p,: N - N such that p(»)
pk:n~1‘t pﬁn‘,
= - Ddi), p0) = 0 and let Ry, = . @l . B, for > 1. Then we
(R

ray rewrite Q0 @ Bz é»ﬁ‘(_)nR(”_;‘,) for each & > 2. By Lemma 3.4 and Remerk

3.5 we deduce that [0, O R, - Mgy < 4.0@ B!, 0F WM for o suitably
chosen M, ;. nilpoient 0’ order af most (‘!; + m - 1) acting upon the same spoce
that @, ® R,y acts upon.

[ere ]
Let M, = @ M, ,,. Then A7, is clearly a block-diagonal nilpotent of order at
PSS ’

most & + 2 -- 1 and

:g @ B - A{[:;‘ ‘: bljpg)r @ R(n uy ﬁ (6] ') 4(Q @ B'. ;.Q;‘x)lﬂ“:'l

Since the right hend side of this cguation converges o zero as & tends to
infinity, Q @ B < (BDN). 3

3.7. Note. Although the proof of this proposition is very in {luvour to that
of lemma 2.5 of [8]. the conclusion is very dmcvcm For here onc no loager needs
imitaitely many blocks B, of B as above to look the same, and porhaps most signifi-
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-cantly, the size of the blocks B, no longer needs to have an upper bound! In particular,
if @ €(QD) n (Qnil) and T is Szarek’s nilpotent sitting in (QD)\(QD),or, then
Q @ T €(BDN). We shall sec another occurence of this type of phenomenon in
Proposition 3.12.

3.8. NotaTion. Let (Nit), = {4/ € (Nil) : M* = 0} and (BDN), = (BD) n
N (Nil),.

[eo]
3.9. PROPOSITION. Let B = @ B, € (DSN) and fix &k > 1 an integer. Assume
n=l

lim [|BY|¥* = 0. Then B e (BDN).

n—-00

Proof. The condition implies that B is essentially nilpotent of order k. A quan-
titative version of Olsen’s Theorem [12] as found in [6, Corollary 7.6] shows that
given ¢ > 0 we can find K compact, ||K|| < ¢ such that (8 + K) is nilpotent of
-order k, and as such is in (QD) n (Nil),. From [8] we deduce that (B + K) €

€ (BDN),. Since ¢ > 0 was arbitrary, B € (BDN). %

3.10. CorROLLARY, Let Q = é—; Q.. € (DSN) n (Qnil) and assume that for some
f1-:1
Sixed I > 1, liminf)|Qk||* = 0. Then Q  (BDN).

Proof. Let {n;}%., be a subsequence of N such that lim||Q¥ |[¥* = 0. Apply
j=oo J

the above proposition to B = @ Q,,j to get that B € (BDN). Then Q = 0, @ B’
n-—=1
where O, = @ @,,and Q, € (DSN) n (Qnil). Proposition 3.6 now applies to
”¢("j)?—):1

show that @ = Q, @ B € (BDN). Z
3.11. The following observation would also seem to suggest that for Q € (QD),

o)
ncither the size of the blocks in the equation Q = ® @, + K., i[iKj, <& K, €
n =1

€ (') nor the possible non-existence of faithful representations p of C*{(=(Q))
for which p(n(Q)) is quasidiagonal may provide the full picture in the characteriza-
tion of (BDN).

Recall that for T € #(5¢), T is said to be algebraic if there exists a non-zero
polynomial p such that p(7) = 0. We denote the sct of algebraic operators by
(Alg). Following the notation of [4], we shall writc (AlgQD) for (Alg) n (QD).
We mention that Voiculescu’s description of (Alg) as the set of biquasitriangular
operators [15] readily implies that (ATg) 2 (QD), and it is an interesiing open pro-
blem to determine whether (AlgQD) = (Alg) n (QD) is equal to (Alg) n (QD)=
= (QD) (cf. [4] for partial resuits).
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The observation mentioned above is that the proof of Proposition 5.4 in [7]
goes through with only slight notational modifications to prove the following:

3.12. ProrosiTioN. If T e (A]gdﬁ) aind N is a normal operator such that o(N)
is coitnected and includes {O} Ua(T),then N& Te (B_D.l\?).

3.13. The statement in {7] required that T € (QD)nor . Since (QD}po; is known to
be a proper subset of (AlgQD), this result is genuinely stronger.

3.14. A few other results concerning whether Q €(QD) n (Qnil) implies
Q «(BDN) are known (cf. I7), [8], [9]). For cxample, it is known that if Q has {0}
as an essential reducing eigenvalue, then Q € (BDN). (This follows from Prornosi-
tion 3.6 as well.) The problem may very well possess a finite dimensional solution.

A sufficient condition for such 2 Q to belong to (BDN) would be to show that if
TeL(C® and T*Y* <y, then T - M. =20 for some M elL{C" satisfiing
M" =0 and 6 = O(c) is independent of z. Campell and Gellar [3], [6] have nartial
results in this direction.

Research supported by an NSERC Posedoctoral Fellowship.
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