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SPECTRAL PROPERTIES OF LINEAR VOLTERRA
OPERATORS

BRUCE A. BARNES

INTRODUCTION

Let T be a bounded linear Volterra integral operator acting on some rea-
sonable Banach space of functions. It seems probable that the following list of pro-
perties holds for T:

(1) The spectrum of T is connected;
(2) The Weyl spectrum of T is connected;
(3) If 1 e C and A — T is Fredholm, then ind(2 — T) < 0.

In this paper some of these properties are verified for certain Volterra oper~
ators on LP-spaces. Also, although this property does not hold for all Volterra
operators, it is shown that for a large class of Volterra operators

(4) T has no nonzero eigenvalues.

The basic situations considered here are as follows. First, let 7 = [0, 1] or
I = [0, o0), and (3(r) be a continuous nonnegative weight function on I = [0, co),.
oron [0, 1) when I =[O0, 1]. Let K(x, t) be a Volterra kernel on I X I, that is K(x, t)
is a measurable function with K(x, t) = 0 whenever ¢t > x. We consider Volterra
operators of the form

X

T()x) = Sl«x, DFOND  (fe L, )

with the assumption that 7" is a bounded operator on L?. Under certain hypotheses:
concerning K, it is shown that (1)—-(4) hold. The second situation considered here
is when the underlying Banach space is a scquence space £7(y), where {y(n)} is some
positive sequence of weights, and T is the Volterra operator determined by a lower
triangular matrix kernel K(n, m), K(n, m) = 0 if m = n. It is shown that in general:
(1)—(4) hold for T.
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When the underlying space is Hilbert space, Volterra operators can be studied
using the extensive theory of nest algebras: sce K. Davidson's book [6] for a
complete account. The methods used in this paper are largely single-operator
metnods, although some Banach algebra theory is used as a tool.

At this point we set some notation. If X is a Banach space, then 4(X) is the
algebra of all bounded linear operators on X. and #°(X) is the space of all com-
pact linear operators on X. Alse, @(X) and @4 X) denote the set of Fredholm oper-
ators and the set of Fredholm operators of index zero, respectively. For T & 4(A7):

#A(T) denotes the range of T

a(T) is the usual spectrum of 7T in #({X);

oT) =3 eCil - T¢ox);

W(T) = {/ieC:}i - T¢o(X)};

P(T) = {;cC:.—Te®X) with ind(2 — T) < C}.

@ (b) denotes the spectrum of an element b relative to a Banach algebra 4.

1. BASIC TOOLS

In this section we develop the basic results concerning spectral properties of
operators which we later apply to Volterra operators. The first is certainly known,
but is presented here for convenience.

PROPCSITION 1. Assiiine J',,} < HB(X)with T, -~ T in operaior voini.

(1) If a(T,) is connccted for all n, thea o(T) is connected;

() if w (T,) is connected for all n, then ¢(T) is connected ;

(3) if foi each n, T, has the property that whenever 7. 3= G and i — T, ¢ O(X),
then ind(2 — T)) < &, thei T has this same property; .

(4) if o(T,) == {0} for all n, then o(T) is connected, 3(T) is connected, and
whenever 7 # 0 and 7 — T e ®(X), then ind(i — T) = 0. Therefore in this case
e{(T) = W(T).

Proof. Let % be a Banach algebra with unit, and assume {b,} = % and b, b
in . Let A be a nonemtpty open and clesed subset of 64(h), and let U be an open set
with 4 ¢1 U. By [10, Theorem 2, p. 168] it follows that ¢.,(b,) ~ U is nonempty for
all n sufficiently large. Therefore if ¢.,(h) is disconnected, then o (b)) is
disconnected for all » sufficiently large. Both (1) and (2) arc consequences of
this argument.

Now assumec cach 7, has the propety in (3). Suppose 2 # 0 and 4 -~ Te¢
& @(X). Then for all n sufficiently large 2 — T, € &(X), and so by hypothesis
ind(A — T) < k. Thus ind(Z — T) < k by the continuity of the index [12, Theo-
rem: 3.2, p. 1151

(4) follows from (1), (2), and the continuity of the index.



LINEAR VOLTERRA OPERATORS 367

The next theorem is the main tool applied to prove spectral properties of
Volterra operators.

THiEOREM 2. Let X be a Banach space. Assume Y is a dense subspace of X, Y is
a Banach space, and the embedding of Y into X is continuous. Assume T € B(Y) has
an extension T € B(X) with o(T) = {0}. Then

(1) o(T) is connected ;

(2) T has no nonzero eigenvalues;

(3) o(T) = W(T) = (T)V $~(T).

Proof. Let % be the algebra of all T € #(Y) which have an extension T € Z(X).
&% is a Banach algebra which is studied in [1] and [4]. Now assume T € # and that
o(T) = {0} Consider yr: & — Z(X) given by y(S) = S € #(X). Then y is a con-
tinuous unital algebra monomorphism of # into #(X). By {3, Theorem 4.5] every
component of ¢,4(T) has nonempty intersection with 6(y(T)) = o(T) = {0}. There-
fore 0,(T) must be connected. By [l, Theorem 5.2] 64(T) = o(T) U o(T) =
= o(T) U {0}. Since 0,(T) is connected, it follows that 0 € o(7") and o(T) is con-
nected.

The proof of (2) is clear; T has no nonzero eigenvalue since T has no nonzero
eigenvalue,

To prove (3), note that it is always true that

o(T) 2 W(T) 2 o(T)u &~(T).

Iflea(T), 7 #0,and i ¢ (T)U P~(T), then 2 — T e ®(X) and ind(Z — T) > 0,
In this casc 2 must be an eigenvalue of T, contradicting (2). Therefore

@) a(T)\A{0} = (&(T) v &~(T) \ {0}.

As noted in the proof of (1), 0 € o(7). Suppose 0 ¢ &(T) U @~(T). Then T ¢ &(X)
and ind(T) > 0. Therefore Je > 0 such that for {4 <eg A — Te®(X) and
ind(A — T) > 0[12, Theorem 3.2, p. 115). This fact and (4) imply that 0 is an iso-
lated point of o(T). Therefore by (1) o(7) = {0}, so C € w(T) a contradiction.

Let p be a fixed regular Borel measure on the interval 7 = [0, 00) or on I =
=[0, 1]. Also assume y is continuous in the sense p({b}) = 0 for all b € 1. Assume
X is some Banach space of y-measurable functiens on 1. For a > 0, let

M,={feX:f=90 p-ze onl0,a]l.
Wc assumc that M, is closed in X for all @ > 0. Set

o ={TeBX): T(M,) = M, for all a > 0}.

11 — 2244



368 BRUCE A. BARNES

Then 7 is a closed subalgebra of #(X). For Te s/, a > 0, let T, € #(M,) be
the restriction of T to M,.

PropesSiTION 3. Assume T € 7.
(D) 0. AT) = (L o(T) U a(T):

(2) o AT) < olT) € 6,(T);
(3) Assumie span{M,:a > 0} is dense in X. If 6 (T) is disconnccted, then
a(T,) is disconnected for some a > 0.

Proof. To prove (1) we characterize when 7" € & is invertible in 7. If T ¢ o
is invertible in o7, then it follows easily that T is invertible in 4(X) and T, is inver-
tible in #4(M ) for all a > 0. Conversely, assume S = T~* exists in Z(X) and 7, is
invertible for all ¢ > 0. 1f f e M, then { = T,(g) = T(g) for some g «: Af,. There-
fore S(f) +: g € M, . This proves S(M,) = M, for all @ > 0, so S & .7 by defini-
tion. Then (1) follows directly from this characterization of invertibility in 7.

(2) follows from genreral Banach algebra theory [5, Proposition 12, p. 25].

Now assume g (T) is disconnected, so

0, (TV=0uv0,c VU,

where o, and o, arc nonempty disjoint compact sets and U; and U, are disjoint
open sets with o, < U, &k = 1, 2. Fork = 1, 2, choose y, a cycle in U, surrounding
g, and satisfying the usual requircments so that

is the nonzero spectral projection corresponding to the spectral set ;. Thus,
I=E + E,, E,E, = E;E, := 0, and E,, E, € s/. Since span{}, :a > 0} is dense
in X, there exists a > 0 such that (£), # 0 and (E,), # 0. Then o(T} & 0 (1)
U, 0 Uy, and for & = 1,2

(‘LE'()a = 1;' g (}, - Ta)—ld;’..
2ri
Y

It follows that o(T,)n L’ and o(T,) n U, must both be noncmpty.

COROLLARY 4. Assume T e/ and o(T) = {0} for all a>0. Assume
span{M, :a > 0} is dense in X. Then

(1) o(T) is connccied;

(2) For all i # 0, 52(i — T) is dense in X. Thevefore if i — T ¢ O(X), then
B - T) = X.
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Proof. (1) follows directly from (1) and (3) of Proposition 3.
Now assume 4 # 0. Since (A — T,)(M,) = M, for all a > 0, it follows that
span{M,:a > 0} < #(. — T). This proves (2).

We need the following notation in the next theorem. Assume I = [0, 1] or

I =0, c0), and let X = Lr(I, ©) where pu is a continuous measure on 1. As before,
for a > 0 let

M,={feX:f(x) =0 pac onf0,adl}.

Also, for fe X and g € LY, p) where p=* + g™ = 1, set {g, > = ngd,u. When

I
X = £7(y) where {y(n)} is a sequence of positive weights, for n > 1 let

Jn={{bk}€thk=0 for 1 <k <n}.

THEOREM 5. Assume T € A (X) arnd T € 7 where either:

(i) X = LP(I, ) where u is a continuous regular Borel measure, 1 < p < co,
and of = {T € #(X): T(M,) € M, for all a > 0}, or

(ii) X = ¢r(y) where {y(n)} is a sequence of positive weights, 1 < p < co
and of = {T € #(X):T(J,) S Jyuy for all n > 1}.

Then o(T) = {0}.

Proof. We prove the theorem in the case where (i) holds; the proof when (ii)
holds is similar.

Assume that (i) holds. Then it is easy to establish that X has the properties:

(1) My =M {M,:0<a<b} for all b > 0;

(2) if gelyd, p), b >0, and (g, f> = 0 for all fe M, whenever b < a,
then (g, f> =0 for all feM,.

Now suppose that 4, € 6(7) and 2, # 0. Let E be the spectral projection cor-
responding to the spectral set {A,}. Note that o (17) == o(T), so that E € . Also
H(E) is finite dimensioral. When 0 < a < b, then dim(Z(E) n M) > dim(Z(F) n if,)-
Let m be the smallest positive integer such that

m

dim(9(E) 0 M)

for some a > 0. Note that if m = dim(#(E)n M,) and b > a, then either m =
= dim(#(Eyn M,) or AE)n M, = {0}. Now {a> 0:dim(%(E)nM,) =m}
has an upper bound. Let d be the least upper bound of this set. Fix ¢ such that
0 <c¢<dand dim(@E)NM,) =m for c < a<d. Let {f;,...,f,} be a basis
for #(E)Yn M,. Then {fi, fo,...,fu} S Z(E) 0 M, whenever 0 < a <d, so by
(D) {fis....fa} ©M,. Also, by the definition of ¢, Z(E) n M, = {0} for a > d.
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Let £, be the restriction of £ to M. Then there exist g, € L2, u), 1 < k <m,
such that

Eff) =% <z 15 (fe i),

If f'¢ M, with ¢ > d. then

= BN =L&i. Dhi+ o L8 IS

Therefore {g,, ) = 0 for 1 <k <m. It follows from (2) that (g, ,> = 0 for all
JeMy, V <k <mn But then (g;, /i> = 0 whenever 1 <k, j <m. This implics
£3 20, a contradiction.

Theorem 5 may be derived from the more fwcneral result [11, Thoorem 4.3.705
However, the proof given here has the virtue of being completely clementary.

By the previous theorem compact Volterra operators have zevo spoctrum. One
of the basic results we prove in the next two sections is a generzlization of this:
there are large classes of Volterra operators for which the spectrum is connected.
In the noncompact case there are numercus examples of Volterra operators of the
types 1 and U described just before Theorem 8 which do not have zero spectrum.
The same is true for the strictly lower triangular operators on sequence spaces con-
sidered in Section 3 (the unilateral shift on £2, for example).

2. VOLTERRA OPERATORS ON L7(;}

hiroughout this section 1 = [0, 1] or 7 =: [0, co) and (¢) ts a nonnegutive
continvous weight funciion on [0, 1) when I = [0, 1], and on all of f := [0, o) in
case. IDenote by #,(7) the sct of all measurable kernels K{x, #) on I 3¢ I such
that X, 1) = 0 whenever v > ¢ and the integral onerator

-
Int(KH1() = % NEAIMU RO
7

is a bounded opecrator on £L7(y).

Moany of the results of this section involve a weak boundedness condition on K
which we now deline. When J is a subset of 7, we use the notation ¥, for the charac-
teristic function of J.

DermirioN. A kernel Kx, ©) in I x I is locally bounded if the kernel
K=y Oypo,a(3alt) 15 bounded whenever O < o < 1 when =0, 1], and for
all @ > 0 when [ == [0, c2).
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it is not difficult to verify that when K(x, t) is locally bounded on I, then there
exist k(x) and /(r) positive continuous functions on f == [0, co), or on [0, !) when
I = [0, 1], such that

IK(x, )] <k()(t) for all x, t €[0, co), or for all x, ' €{0, 1) when [ = [0, 1].

The next two theorems are the main results of this section. It is always assum -
ed that p > 1 and p~' 4+ ¢~ = 1. If Q is a topological space, then C(Q) denotes
the space of all complex-valued bounded continuous functions on Q.

THEOREM 6. Fix p, 1 < p < oo, and assume K € U (y). Set T =1Int(K) e
€ A(L(y)).
(1) If K is locally bounded, then:
(i) o(T) is connected;
(1) T has no nonzero cignevalues;
(i) o(T) = W(T) = (T)u & (T).
(2) If {K,} < U \y), each K, is locally bounded, and |T — Int(K))| - 0,
then parts (1) and (iii) above hold for T.

Proof. We do the proof in the case where I'=[0, o0); the proof when I=[0, 1]
is the same. Assume K is locally bounded on I. As noted above there exist k(x)
and /(r) continuous positive functions on I such that

(a) 1K(x, t)] < k(x)i(t) for all x, t €I

First assume 1 < p < co. Define e(x) on I by

p(x) = [(1 + k7L + p(x))(1 + xB)] .

Note that ©(x) has the following properties:
(b) v(x) € C(I);
(c) v(t)? € C([0, x]) for all x €/,
(d) v(x)k"(x) € L'(y).

Also, define

Sy
]
for all x el. Finally, let
px) = (e (x e ),

Then p{x) is a bounded continuous weight function on I

Next wc prove
e ] co

/q
© J= S[Slk(x, r);vpu)l-ffy(r)dr]" p(x)3(x) dx < co.

0 ¥}
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Using (a) and the definition of w, we have

o
7 < S {
\L
Id
DG

20 ,.‘:' ;
= S/\"’(.\’)r(.\')c’“"""’él: 5h"(r)z*l*"(t)e(‘?““"”""';(t)dt} (XY dx =
s 3

1

k(1) (0) dr;; o) dx =

Sl 2

g

— S kr(x)e(x)e ™" (g — 1)" e~ VW L 1)jrdax) dx <

o

o0
2
< (g — H)"“”"C’S Er(x)e(x)e=¥g 4 1 n a3y dy =

0

[

= (g — 1)~ S/\”"(.\‘)l‘(.\‘)“,'(.\') dx.
U

This last integral is finite by (d). This proves J < co as claimed in (€).
By (b) p is a bounded continuous function ¢n /. Therefore 1.7(v) is continuously
and densely embedded as a subspace of L2(py). Deiine a kernel K by

K(x. 1) = K(x, Op(y—-.
Then

S} 2

0
"K(x. ) 9p(t)yit) de i
.

ts,

fq
plx){(x)dx.

€~
i
Y
prm—emy
Ca ™0

i

Therefore by (¢), K determines a Hellinger-Tamarkin operator on Lo(yp). et
T = Int(K) on LP(yp). Then T is a Volterra operator and 7 is comipact {9, Theorem
11.6, p. 275}, so o(T) = :0} by Theorem 5. Furthermore, T is an exteasion of I
since for fe LA(y),

T(fUx) = SK(.\‘, D fOp)y(rydt = SI\’(-\: D) de =2 T(Yx).
(U t)

Therefore part (1) follows from Theorem 2.
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Now assume p = co. Repeat the proof of the construction of p(x)and K(x, )
just as above in the case where p = ¢ = 2. Note that p(x)y(x) dx is a finite measure
on [0, oo). Therefore L®[0, co) is continuously and densely embedded in L3(py).
Also, T = Int(K) is Hilbert-Schmidt on L2(py). Thus, (i)-—(iii) follow just as before.

The properties in (2) follow from (1) and Proposition 1.

Theorem 6 holds when K is a Volterra kernel with T = Int(K) € 4(C({{)). For
the construction in the proof of Theorem 6 for the case p = co works equally as
well with C(f) as underlying Banach space in place of L™(I).

TusorEM 7. Let I = [0, 00). Assume K € U \(y), and set T = Int(K) € ZL(y)).
Then

() If K is essentially bounded, then
(1) o(T) is connected;
(i) T has no nonzero eigenvalues ;
(iii) o(T) = W(T) = o(T) u &~(T).

(@) If {K,} < ¥\(y), each K, is essentially bounded, and ||T —1Int(K,)| -0,
then parts (i) and (iii) above hold for T.

Proof. First assume that K is essentially bounded. In this case
T(L'(y) € L0 LY(y) < L3 (y).

Set Y = L*n LXy), and let T, be the restriction of T to Y, so T, € #(Y). By [2,
Theorem 4] if T, has the properties (i) — (iii), then 7" does also. Let k(x) = h(f) =
=1 K]|&>. Now repeat the same construction of p and K as in the proof of Theorem 6
using p = q = 2. Then K is a Hilbert-Schmidt kernel on L2(py). Also, Y is a con-
tinuously and densely embedded subspace of L%(py), and T_ = Int(K) on L*(pyy
is an extension of T,. Thus, Theorem 2 implies that 7, satisfies (i)-—(iii), so as
noted above, the same is true of 7. This proves (1).

Part (2) follows from (1) and Proposition 1.

There are two types of Volterra kernels of special interest to which we shall
apply the ideas and results of this section. One of these classes of kernels are those
of the form:

() K(x, 1) = H(x, t) k(x — )x10,%(t) where k € LY(I) and H e L>(I x I).

The Volterra operators determined by kernels of type (I) are considered in Theo-

rem 11. At present we prove several results concerning operators with kernels of
the following type:
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n L
(T K(x, t) = ( ) 1,’/j(.‘c)<,7,(z))x[u,,\.](r) where ; and ¢; are measurable {unc-
in

tions on J, 1 < j < my, and K & % (I).
When for each j, ; and o; satisfy some weak boundedness propertics, (hen K will
be locally bounded (or essentially bounded) so Theorem 6 (or Theorem 7} will
apply..

In the next two results we consider kernels of type (I1) where the functions
o; and y; satisfy some integrability conditions.

THiCrEM 8. Ler [ =:{0, oo). Fix p, I <p <oo. Assume ¥, € Lé(y) and
w; € L0, x1, y) whencver x > 0, for 1 < j <. Assuine

K, =3, w,-<.\-)<,oj<z))zio.xl<’z> e 7,0,

\Jj-t

Set 7' = Int(K) € H(L)).
iy o(T) is connected;

(i1) T has no nonzerv eigenvalues;

(iit) o(T) = W(T) = ox(T) y & ~(T).

Proof. Let

o{t) = sup{p;(1)i: 1 <j<m}, and Y(x)= 2 i),

jool

WNote that / € L?(y) and ¢ € LY[0, x], ) whenever x > 0.

Assume 1 < p < co. The proof of the result proceeds along the same lines
as the proof of Theorem 6. Let

w(x) = S(p(t)q','(t)d?,
0
and let p(x) = e~ "™, Define J just as in the proof of Theorem 6. Then
co
Sl
i
co

oo

V)

W(x)20()p() ~4(1) dt‘B p(xX)y(x)dx =

/7':

-t

C&fﬁa

p/a
IO LN O dz] p(X)p(x) dx.



LINEAR VOLTERRA UPERATORS 375

Applying [13, 11.54, p. 361]

(p(t)ﬂc(fl—l)w(f)y(t) dr < (g — 1)~ (ew-vw® _ 1),
0
Therefore
0

J < S‘/,(x)p[(q — 1)—1(c(q-1)»v(x) _ ])]p//[e-w(x)y(x) dx <

Y]

< (g — l)"’/"Sn//(x)”y(x) dx < oo.

0

From this point the proof proceeds exactly as the proof of Theorem 6.

THEOREM 9. Fix p, 1 < p < oo. Assume for 1 < j < m that

(1) ¢; € L%y); and

(2) y; € L7([a, 00), y) for all a > 0 wher I = {0, c0), or ;€ L?({a, 1], 1))
Jor all a€(0, 1) when I = [0, 1].

Further, assume

m

K(x, t) = (E l//j(x)(/)j(t))li",x](t) € U ().

Set T = Int(K) € B(L*(y)). Then o(T) is connected, and for all 2 # 0, AL — T)
is dense in LP(y).

Proof. Let M, and T, be as in the set-up for Theorem 3. Hypotheses (1) and
(2) imply that T, is a compact Volterra operator on L?(M,, y) for all a. Therefore
o(T,) = {0} for all @, and the result follows from Corollary 4.

Before considering kernels of type (1) we need a result concerning some special
kernels. The space of weakly compact linear operators on a Banach space X will
be denoted by #(X). Two important facts we use concerning this space arc first,
W(X) is a closed ideal in Z(X) [7, Corollary 4, p. 483, and Theorem 5, p. 484}, and
secondly, in the case where T e W (X) with X =LP for p=1 or p = oo,
T e A (X) [7, Corollary 13, p. 510, and Corollary 5, p. 494].

ProOPOSITION 10. Let (Q, 1) be a o-finite measure space. Assume K € L2(QX Q)
and A and B are subsets of Q having finite micasure such that

Kx,) =0 if (x,1)¢ 4 X B.
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For 1 < p < oo, let T, = Int(K) acting on L?(9).
(1) T, cH (L), 1 <p < oo;
Q) T,c# (L"), p=1, oo.

Proof. If 1< p< oo, then T, is a Hellinger-Tamarkin operator and hence
compact.

Now assume p = 1. Let S; be the unit ball of L}(Q), and set J= T'y(S,).
For all feJ, £ < Q, E measurable,

Sfd,u < 8 “ K. 1), f@) d/u(t)}d_u(x)g( S du);;lc‘m.
E ' Ead B Era
“Therefore
r
lim ( S fd,u):() uniformly for feJ.
w(EnAd)-v
Eia

Noting that all the functions f € J are zero off’ 4, it follows that J is a weakly sequ-
entially compact subset of L}(Q) by [7, Corollary 11, p. 294). Therefore 7T, ¢ ¥ (L}HQ)).
For the case p == oo, let ]:’(',\', 1) = K(t, x) for x, t ¢ Q. Set (T), :- Int(i’\’) @
& 47 (LA(Q)) by the previous argument. But T, is the adjoint of (T°), , so by [7, Theo-
tem 8, p. 485], T € ¥ (122(0)).
Now we consider spectral properties of Int(A') when K is a kernel of type (I}

ThHrorREM 11. Assume T has Lebesgue measure (y(t) = 1), Assume
E{x, t) = H{x, DE(x — 0,50

where H € L®(1 > I) and k€ LY(I). For 1 <p <co, set T, = Int(K) € S(L?).
(M) If T = [0, 1), then o(T,) = {0}.
() If I = [0,00) and 1 < p < oo, then o(T ) is connected and o(T) = (T
U @(T,).

Proof. Yor cach p the operator T', € Z(L?) and
FT, < "HU kD,
choose a sequence {k,} = L'(f)nL*> such that |k, — kjj; — 0. Set

K (x, 1) = H(x, )k (x — Dype(t), and T, , = Int(K,) € Z(L?).

np
Thea

u,p..



LINEAR VOLTERRA OPLRATORS 377

First assume / = [0, 1]. For 1 < p < oo the operators T, , are compact since the
kernels K, arc essentially bounded. For p = 1, oo, by Proposition 10 the operators
T, , are weakly compact. Therefore 7, € #(L?) when 1 <p <oco and T:e
e A (LP) for p =1, oo, as noted before Proposition 10. It follows that o(7T,) =
= {0} for all p.

Now assume / = [0, co). Since for each #n, K, is an essentially bounded kernel,
(2) follows from Theorem 6, Theorem 7, and Proposition 1.

The next two theorems are based on the fact that the form of certain Volterra
kernels forces the corresponding Volterra operator to be nilpotent. If K(x, t) is
a kernel with |K| € % ,(y), then let K" be the nth interated convolution of K
computed in the usual way. Thus, for n > 1

(Int(]{))n = Int(K(:::n))_
If |K| € % ,(y) and ¢ > 0, then define:
0 if0< x<eg;

K{x, D ={K(x,t) ifx>candt<x—e¢;

0 if x>¢and t> x — &

Since |K;! < |K| ¢ %, (7), we have K € U ().

Lemma 12, Fix ¢ > 0. For n > 1 if either 0 < x < ne, or x > ne and
> x - ne, then K& (x, 1) = 0.

Proof. For n = 1 the statement holds by the definition of K,. Assume it
holds for some #. Assume O < x < (1 + 1)s. We prove that

(1) Kfx, 2)KF(z, t) = 0.

When 0 < x < ¢, then K, (x, z) = 0. Suppose ¢
when z > x — ¢, and K¥(z, 1) =0 when 0
thesis. This proves (1) in this case.

Now assume x > (n + 1)e and ¢t > x — (n + 1)e. Then K, (x, z) = 0 when
z>x —¢, and K&FD(z, t) = 0 when either 0 < z < ne or when z > ns and
t >z — ng, again, by the induction hypothesis. Suppose z < x — ¢&. Then
t>x —(n+1De=(x —¢ — ns >z — ne. This proves (1) in this case also.

Finally, note that since (1) holds when either 0 < x < (n + 1)¢ or when
x2z2m+ Deand 1 > x — (n + 1, then

x <+ De. Then K(x,2) =0
z < ne by the induction hypo-

VA

KEHoo(, 1) = SKc(x, KONz, y(z)dz = 0
1

under the same conditions.
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TaEorYNM 13, Let T== (0. 1] and 1 < p < oo Assuine 'K & ¥ (p), and sot
T, = Int(K) & A(L2(,)). Ao, for & > 0 let (1), = Int(K,) acting on L7(;).

(1) If for some ¢ >0, K ~ K, is essentially bounded, then o(T,) = {0},

(2) If dim ST, —(T), | = 0, then o(T,) is comiected, o(T,) is connected, and

[t

o(T,) = W(T).

Proof. The key fact here is that (T,), is nilpotent by Lemma 12. Therefore if
T, = (T, >0 as ¢ ->0%, then, T, is a limit of nilpotent opcrators. Thus,
Proposition 1(4) applies. This proves (2).

Now assume as ir (1) that K — K, is essentially beunded for some & > Q.
Applying Proposition 10, we have T, — (7)), is in &(L7) if 1 < p<oe and
is in WL if p=1,00. Now T, = (L,--{1,),) -+ (T),, and (T} =: 0 for
some n by Lemma 12. 1t follows that T7e. /(L) for | < p < oo, and 77, ¢
& W (L") for p«: 1, co. Therefore 6(7',) = {0} by Theorem 5.

Turorny 14, Let 1= [0, c0). Assume K € #,(7), and let T, = Intik) e
AN, Set Px, 1) = K(x, Opwnlt), and O, , = Int(P,) € ALA). If K is
ocally bounded end "1, — O, , - 0 as /.-» oo, then 6(T,) == {0}.

Proof. Let

Nox, 1) == KUx, )10 eopf X Hmay(0);
"D/;,'(A', E’) = ]\/{3\', I)Z[g;;_)(.\")Z[;\,,;A)(l).

Since i ; is essentially bounded by hypothesis, Proposition 10 implics that §; , -
= Int{s;) is in # (L") when | < p < oo, and is in ¥ (L7} when p =1, cc. Also.
from the definition,

Nix, 2)N Az, ) =0 foraliz > 0.
Therefore R; , = Int(X',) acting en L? has the property (R, ) = 0. Note that

o

Xi.p

= S,Lp - R}.-;*

s0 (0, Y is in A (LP) for | < p <cc.zad is in ¥ (LF) for p = 1, cc. By hypethesis
F - Q3,0 »0 as /4 oo, and therefore I ¢ (L7) for I < p <oc, and
Tt w(Lr) for p =: 1, cc. [t follows that o{T) = {0} by Thecrem 5.

3. VOIL.TERRA OPFRATORS ON SEGQUENCE SPACES
In this section we corsider spectral propertics of lincar operators on sequerce

spuces where the matrix of the operator is sirictiv lower trianguiar. D. A. Herrero
has proved many interesting resulis concerning opcraters with a lower triangular
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matrix when the underlying space is a Hilbert space. Cne of his theorems implies
that when such an operator has zero diagonal, then the spectrum is connected.
This result (and much more) can be found in his preprint [8].

Throughout this section {y(k)} is a sequence of positive weights. For 1 € p <
< oo, a matrix kernel {K(n,m)},n,m > 1, is in % (7) if K(n,m) = 0 whenever
s zn and Int(K) € #4(¢7(y)). Here

Int(K)B)n) = 3 Kn, DbEyk) (b = (b} € ().
k. -1

When K € % (y), then K is automatically “locally bounded’’, so perhaps it is not
surprising that a result for T = Int(K) analogous to Theorem 6 can be proved

‘without further restriction on K.
To carry out the construction we need the following fact.

LemMa 15. Let {b(/c)}/@l be a sequence of nonnegative numbers. Set w(l) = 0

n—1
and w(n) = Y, b(j) for n > 2. Then
i
\;—v‘ b(k + ])ew(k«f-u < ew(;mz).
k0

Proof. Define b{t) on (0, o) by

bt) =bk) forte(k -1,k k> 1.

t

Let [#] denote the largest integer s such that m < ¢. Define B{) = Sb(u) du, and
0
note

B(t) = \[; blk) + (¢ — UPbia) + 1.
L1

Therefore whenever ¢ is not an integer, B'(¢) == b{{t] + 1). By [13, 11.54, p. 361]

X
gB’(t)eB(l) dr < eBlv) _ i < eB(Y).
Y

Now w{[t] + 1) < B(t) < w({t] + 2) for t > 0. Therefore

X X
Sb([t] + Dev @+ dy g SBr(,)med[ < eBlx) LeWlxI+d)

0 V]



380 BRUCE A. BARNLS

Taking x = n >0 in this inequality, we have exactly the inequality in the statement
of the lemma.

THEOREM 16. Fix p, 1 < p < co, and assume K € U (7). Set T = Int(K)
€ B0(y). Then
(i) a(T) is connecied.
When p = 1, assuming {y(k)} is bounded away from zero, then (i) hoids. In any case:
(i) T has no nenzero eigemvalue;
(i) 6(T) = W(T) = ox(T) y ®~(T).

Proof. Since K is u strictly lower triangular matrix, in this case an elementary
computation shows that T has no nonzero eigenvalue. Therefore (ii) and (iii) hold.

The proof that o(7") is connected is analogous to the proof of Theorem 6.
First choose sequences of positive real numbers {k(m)},»1 and {i(/j)}»: with
the property

K, ), <kb(j) (=172 1).
Assume 1 < p < oo and p~* 4+ g~ = 1. Make the following definitions:
w(n) = (1 + k() ~7(L + y@) 272 (n>=1);

k) = hikye(ky = yk) (k> 1);

m--1
w(l) =0, wim) =Y blk) (m>2);
£

p() = e(We "™  (m > 1).

Now we prove that

20 pla
| Sk a0y | pene

n it j 1 4

15 finite. From Lemma 15 it follows that

-1
VR el < (g — 1)t Dn
jo1
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for n > 2. Using this ineqaulity we have

[ee)
A}
|

I<Y,

n-2

["yf Kh(7)p (Y () ]”"’ P () =

o n—1 . el
= 3 koryootne |y ey e s
j=1

n=2

< i k(n)”y(n)v(n)e“""”[(q — 1)—(p/q)e(p/q)(q—l)W(n)] =
n =2

= (g~ D=0 3 Kepp(motn) < (g — D=7 ¥ n-t.
n==2 n=2

By definition {p(n)} < ¢*, so ¢7(y) is continuously and densely embedded as
a subspace of £7(yp). Define a kernel K by

R(n, j) = K, pp()™* (> 1, j> D).

Then by definition

® [ x ole
J=13% [ Yy, 1K(n, J')l"p(j)v(j)J p(m)y(n).

n=1} j=1

Since J is finite, K determines a Hellinger-Tamarkin operator T = Int(K) on £?(yp).
It follows that T is compact, and since K € % (yp), o(T) = {0} Furthermore, just
as in the proof of Theorem 6, T is an extension of T. Therefore (i) follows by applying,
Theorem 2.

Now assume p = 1 or p = co. Using p = g == 2, repeat the construction
of p, K, and T just as above. In this case T is a Hilbert-Schmidt operator on

¢*(py). Note that ) p{nyy(n) < co. Therefore in the case p = oo, £ is continuously

ne=1
and densely embedded in £*(py). Also, T is an extension of T so (i) holds by The-
orem 2. If p = 1 and {y(n)} is bounded away from zero, then £*{y) is continuously
and densely embedded in £2(py). Therefore as before (i) holds for 7.

We note that when K is a matrix kernel with X(n, m) = 0 whenever m > n
and 7 = Iny(K) € %(,), then the conclusions of Theorem 16 hold for T.
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